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A five-dimensional potential energy surface (PES) for the interaction of a rigid methane molecule
with a rigid nitrogen molecule was determined from quantum-chemical ab initio calculations. The
counterpoise-corrected supermolecular approach at the CCSD(T) level of theory was utilized to com-
pute a total of 743 points on the PES. The interaction energies were calculated using basis sets of up
to quadruple-zeta quality with bond functions and were extrapolated to the complete basis set limit.
An analytical site-site potential function with nine sites for methane and five sites for nitrogen was
fitted to the interaction energies. The PES was validated by calculating the cross second virial coeffi-
cient as well as the shear viscosity and binary diffusion coefficient in the dilute-gas limit for CH4–N2
mixtures. An improved PES was obtained by adjusting a single parameter of the analytical poten-
tial function in such a way that quantitative agreement with the most accurate experimental values
of the cross second virial coefficient was achieved. The transport property values obtained with the
adjusted PES are in good agreement with the best experimental data. © 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4902807]

I. INTRODUCTION

For low-density gases, the thermophysical properties are
governed solely by binary interactions and therefore by the
intermolecular pair potentials. Provided that the pair poten-
tials are available, it is possible to calculate the second virial
coefficients and transport properties in the dilute-gas limit
using statistical thermodynamics and the kinetic theory of
gases,1 respectively. One requires the intermolecular poten-
tial energy surfaces (PESs) to be determined using high-level
quantum-chemical ab initio methods for the calculations to
be accurate. For small molecules, such calculations are nowa-
days routinely carried out, and accurate pair potentials ex-
ist for, among others, methane,2 water,3 hydrogen sulfide,4

hydrogen,5 nitrogen,6 carbon dioxide,7 and ethylene oxide.8

Thermophysical properties have also been calculated for a
number of these PESs.2, 4, 6–11

In this work, we extend our recent studies of pure
gases2, 4, 6–11 to binary CH4–N2 mixtures. This system is suf-
ficiently simple, on a molecular level, that the calculation of
both the intermolecular PESs and of the thermophysical prop-
erties is computationally feasible. Although intermolecular
potentials of two unlike polyatomic molecules have been re-
ported previously, this is the first time that transport properties
of such a system have been evaluated from accurate ab initio
potentials. Hence, we have an opportunity to validate the ki-
netic theory expressions for mixtures, which up to now have
always been used in an approximate form. Furthermore, the
accurate knowledge of thermophysical properties of CH4–N2
mixtures is of interest in different fields ranging from plan-
etary science to oil and gas. Nitrogen and methane are the

a)Electronic mail: robert.hellmann@uni-rostock.de

main constituents of Titan’s atmosphere, and the dynamic in-
teraction between the lakes and the atmosphere is currently
of special interest.12–16 Natural gas, which is predominantly
methane, also contains nitrogen, which not only reduces its
calorific value, but plays an important part in the liquefaction
process.

In the dilute-gas limit, the thermophysical properties of
CH4–N2 mixtures are governed by the CH4–CH4, N2–N2, and
CH4–N2 pair potentials. Accurate CH4–CH4 and N2–N2 po-
tential functions are available and have been used to compute
the second virial coefficients and transport properties of the
pure gases.2, 6, 9, 10

Only three research groups have studied the CH4–N2
pair potential using quantum-chemical ab initio calculations
so far. The potential of Schindler et al.17 is based on super-
molecular Hartree-Fock (HF) calculations with basis sets of
triple-zeta quality for 21 points on the intermolecular PES.
A site-site potential function was fitted to the computed in-
teraction energies. The dispersion interactions, which can-
not be described with the HF method, were determined sep-
arately by fitting to the cross second virial coefficient B12(T).
More recently, Shadman et al.18 computed 204 points on the
PES at the MP2 level of theory with basis sets up to aug-cc-
pVQZ19, 20 and extrapolated the resulting interaction energies
to the complete basis set (CBS) limit. However, they only fit-
ted simple isotropic potential functions to the interaction en-
ergies. The most recent investigation of the CH4–N2 molecule
pair was conducted by Kalugina et al.21 They computed 700
points at the CCSD(T)22 level of theory with the aug-cc-pVTZ
basis set,19, 20 but did not attempt to fit an analytical potential
function for the whole PES.

In this paper, a new CH4–N2 pair potential is presented.
It is based on supermolecular CCSD(T) calculations for 743

0021-9606/2014/141(22)/224301/10/$30.00 © 2014 AIP Publishing LLC141, 224301-1
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points on the PES. Basis sets up to aug-cc-pVQZ19, 20 with
bond functions have been applied, and the resulting inter-
action energies have been extrapolated to the CBS limit. A
site-site potential function is used to represent the PES analyt-
ically. The new potential function has been tested by comput-
ing thermophysical properties of dilute CH4–N2 gas mixtures.
The cross second virial coefficient has been calculated utiliz-
ing the Mayer-sampling Monte Carlo (MSMC) approach.23

The analytical potential function has been further improved
by performing an empirical adjustment using the most ac-
curate experimental data for the cross second virial coeffi-
cient as guidance. Transport properties in the dilute-gas limit
have been determined by means of the classical trajectory ap-
proach in conjunction with the kinetic theory of molecular
gases.1, 24–30 The accuracy and usefulness of this approach has
been demonstrated for several pure molecular gases and atom-
molecule gas mixtures.4, 6–11, 31–33 In this paper, we limit our
investigation of the transport properties to the shear viscosity
and the binary diffusion coefficient. Results for the thermal
conductivity will be reported separately, as they involve new
theoretical developments that go beyond a simple validation
of the intermolecular potential. The calculation of the thermo-
physical properties was performed in the temperature range
70 K to 1200 K. The lower limit was chosen to mimic the
lowest temperatures on Titan and thus allow for applications
in planetary studies.

In Sec. II, the ab initio calculations for the CH4–N2
molecule pair and the analytical potential function are de-
scribed. In Sec. III, the calculation of the cross second virial
coefficient is discussed, and the results are compared with ex-
perimental data. The methodology for the calculation of the
transport properties is presented in Sec. IV, and the results are
again compared with experimental data. Summary and con-
clusions are given in Sec. V.

II. INTERMOLECULAR POTENTIAL

A. Ab initio calculations

For all ab initio calculations, the CH4 and N2 molecules
were treated as rigid rotors. In accordance with previous work
on the CH4–CH4 and N2–N2 potentials,2, 6 we used a C–H
bond length of 1.0990 Å and a N–N bond length of 1.1014
Å. These values correspond to the zero-point vibrationally
averaged geometries, see Refs. 2 and 6 for details. Within
the rigid-rotor approximation, each configuration of the two
molecules can be expressed by the distance R between the
centers of mass of molecule 1 (CH4) and molecule 2 (N2) and
the four Euler angles θ1, ψ1, θ2, and φ. Details concerning
the precise definition of these angles can be found in the sup-
plementary material.34

Altogether 43 distinct angular configurations and 18
center-of-mass separations between 2.0 Å and 10.0 Å were
considered, leading to 774 (43 × 18) configurations, 23 of
which were discarded because of excessive molecular over-
lap at small distances. For eight further configurations in the
highly repulsive region of the PES, the quantum-chemical
computations failed due to near linear dependencies in the ba-
sis sets used.

The interaction energies V (R, θ1, ψ1, θ2, φ) were calcu-
lated utilizing the supermolecular approach including the full
counterpoise correction35 at the frozen-core CCSD(T) level
of theory with the aug-cc-pVXZ basis sets with X = 3 and
X = 4.19, 20 Both basis sets were supplemented by a small
3s3p2d1f set of bond functions located midway along the R
axis with exponents of 0.1, 0.3, and 0.9 for s and p, 0.25
and 0.75 for d, and 0.45 for f. The correlation contribu-
tion to the interaction energy, VCCSD(T) corr, was extrapolated
to the CBS limit using the two-point scheme proposed by
Halkier et al.,36

VCCSD(T) corr(X) = V CBS
CCSD(T) corr + α X−3. (1)

Extrapolation of the HF contribution was not necessary, since
it converges much faster to the CBS limit than the correlation
contribution. Therefore, we used the HF interaction energies
from the aug-cc-pVQZ computations to approximate the CBS
limit.

The results of the quantum-chemical ab initio calcula-
tions for all 743 configurations can be found in the supple-
mentary material.34 The Mainz-Austin-Budapest version of
ACES II37 and its successor CFOUR38 were employed for
all ab initio calculations.

B. Analytical potential function

A site-site potential function with nine sites for CH4 and
five sites for N2 was fitted to the computed interaction ener-
gies. Each individual site-site interaction is represented by

Vij (Rij ) = Aij exp(−αijRij ) − f6(bij , Rij )
C6 ij

R6
ij

− f8(bij , Rij )
C8 ij

R8
ij

+ qiqj

Rij

, (2)

where Rij is the distance between site i in the CH4 molecule
and site j in the N2 molecule. The damping functions fn are
given by39

fn(bij , Rij ) = 1 − exp(−bijRij )
n∑

k=0

(bijRij )k

k!
. (3)

The total intermolecular potential is obtained as the sum over
all site-site interactions,

V (R, θ1, ψ1, θ2, φ) =
9∑

i=1

5∑
j=1

Vij [Rij (R, θ1, ψ1, θ2, φ)].

(4)

The positions and partial charges qi and qj of the sites in the
two molecules were taken from previous work on the CH4–
CH4 and N2–N2 potentials.2, 6 In the CH4 molecule, there is
one site on the carbon atom, one on each of the four C–H
bonds at a distance of about 0.97 Å from the carbon atom,
and one opposite to each hydrogen atom at a distance of about
0.73 Å from the carbon atom. In the N2 molecule, one site is
at the center of mass, and the other four are near the nitro-
gen atoms at distances of about 0.45 Å and 0.68 Å from the
center of mass. Hence, there are three different types of sites
in each molecule and nine types of site-site interactions. The
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FIG. 1. CH4–N2 pair potential as a function of the distance R for 10 of the 43 considered angular configurations. The ab initio calculated values are represented
by colored symbols and the fitted analytical potential function by solid lines. The small gray circles represent the values obtained by Kalugina et al. (Ref. 21)
for angular configurations 1 and 4.

parameters A, α, b, C6, and C8 for these nine types of inter-
actions were optimized in a nonlinear least-squares fit to the
743 ab initio interaction energies. The C6 parameters were
constrained so that the isotropic average of the C6 dispersion
coefficient for CH4–N2, C6 iso = ∑9

i=1

∑5
j=1 C6 ij is equal to

the accurate value of 96.94 a.u.40 obtained from dipole oscil-
lator strength distributions (DOSDs).

Figure 1 shows the distance dependence of the ab initio
calculated values and of the fitted analytical potential func-
tion for 10 of the 43 considered angular configurations. The
interaction energies are given in Kelvin, i.e., they have been
divided by Boltzmann’s constant kB. In Fig. 2, the fitted inter-
action energies are plotted against the corresponding ab ini-
tio values for energies up to 10 000 K. The deviations from
a straight line are very small, demonstrating the high qual-
ity of the fit. The analytical PES exhibits only one distinct
equilibrium structure with De = 237.54 K. It corresponds
very closely to the minimum of angular configuration 4 in
Fig. 1. The parameters of the analytical PES and the details
of the equilibrium geometry are given in the supplementary
material.34

In our study of the CH4–CH4 potential,2 we also used the
highly accurate CCSD(T) method and the zero-point vibra-
tionally averaged geometry of CH4 for the calculation of the
interaction energies. However, using a vibrationally averaged
geometry does not fully account for vibrational effects on the
interaction energies. Vibrations strongly influence the polar-
izability of methane41, 42 and consequently the strength of the
dispersion interactions. By increasing the dispersion contribu-
tion of the analytical potential function, we achieved satisfac-
tory agreement with experimental data for the second virial
coefficient over a wide temperature range.

For the CH4–N2 potential of the present paper, it was
again necessary to adjust the analytical potential function in
order to obtain good agreement with the most accurate ex-
perimental data for the cross second virial coefficient (see
Sec. III). We tested two different approaches. In the first ap-

proach, the C6 parameter for the interaction between the sites
in the centers of mass of the molecules was adjusted, which
resulted in an increase of De to 245.21 K. In the second ap-
proach, we adjusted the C8 parameter for that particular site-
site interaction, resulting in a De value of 248.24 K. Both ap-
proaches result in nearly identical changes of the cross second
virial coefficient for all but the lowest temperatures. The C8
adjustment should be preferred, since the C6 site-site param-
eters were constrained in the fit to yield the accurate DOSD
value for C6 iso. Thus, the potential function with the C8 ad-
justment was used for all further calculations.

For completeness, we also compare our PES with
the most recently published ab initio interaction energies,
obtained by Kalugina et al.21 using the CCSD(T) method

FIG. 2. Interaction energies from the fitted analytical potential function ver-
sus the corresponding ab initio values.
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with the aug-cc-pVTZ basis set. Figure 1 shows their results
for two angular configurations. Even without the adjustment
of the C8 dispersion contribution, the present potential fea-
tures significantly deeper wells. The improvement in our PES
can be attributed to the use of larger basis sets, extrapola-
tion to the CBS limit, and the use of vibrationally averaged
monomer geometries (as opposed to equilibrium geometries)
in the present work.

III. CROSS SECOND VIRIAL COEFFICIENT

The classical cross second virial coefficient for rigid
molecules as a function of temperature is given by

Bcl
12 = −NA

2

∫ ∞

0
〈f12〉�1,�2

dR, (5)

with

f12 = exp

[
−V (R,�1,�2)

kBT

]
− 1. (6)

Here, R is the distance vector between the centers of mass
of the two molecules, �1 and �2 represent the angular ori-
entations of molecules 1 and 2, respectively, and the an-
gle brackets denote an average over �1 and �2. To take
quantum effects into account, we replaced the intermolecular
pair potential V in Eq. (6) by the quadratic Feynman-Hibbs
(QFH) effective pair potential,43 which can be written for the
CH4–N2 molecule pair as

VQFH(T ) = V + ¯2

24kBT

[
1

μ

(
∂2V

∂x2
+ ∂2V

∂y2
+ ∂2V

∂z2

)

+ 1

I1

(
∂2V

∂ψ2
1,a

+ ∂2V

∂ψ2
1,b

+ ∂2V

∂ψ2
1,c

)

+ 1

I2

(
∂2V

∂ψ2
2,a

+ ∂2V

∂ψ2
2,b

)]
, (7)

where μ is the reduced mass of the molecule pair, x, y, z
are the cartesian components of R, I1 and I2 are the mo-
ments of inertia of molecules 1 (CH4) and 2 (N2), the angles
ψ1,a, ψ1,b, ψ1,c correspond to rotations around the principal
axes of CH4, and ψ2,a and ψ2,b are the corresponding angles
for N2.

We used the MSMC approach of Singh and Kofke23 to
compute the cross second virial coefficient for 58 tempera-
tures between 70 K and 1200 K using the hard-sphere fluid
with σ = 4.5 Å as reference system. Results for all tem-
peratures were obtained simultaneously by performing multi-
temperature simulations6, 23, 44 with a sampling temperature of
70 K and 2 × 1010 trial moves. For each MC trial move, one of
the molecules was displaced and rotated. Maximum step sizes
for the MC moves were adjusted in short equilibration periods
to achieve acceptance rates of 50%. The second derivatives
of the pair potential in Eq. (7) were evaluated analytically.
Computed virial coefficients from eight independent simula-
tion runs were averaged. The expanded uncertainty (coverage
factor k = 2) of the Monte Carlo integration is smaller than
0.03 cm3 mol−1 for all temperatures.

FIG. 3. Deviations, 	 = B12 − B
QFH
12,adj, of experimental and calculated val-

ues for the cross second virial coefficient of the CH4–N2 molecule pair from
values obtained with Eq. (8): �, Roe (Ref. 45); �, Martin et al. (Ref. 46),
reanalyzed; ©, Jaeschke and Hinze (Ref. 47); �, Ababio et al. (Ref. 48),
reanalyzed; ······, upper and lower estimated error bounds for B

QFH
12,adj; – –

–, results for unadjusted potential; — · —, classical results for adjusted
potential.

We fitted the following analytical function to the values
obtained with the adjusted potential including the QFH cor-
rection:

B
QFH
12,adj

cm3 mol−1 =
1∑

k=−5

ak(T ∗)k + a−0.5√
T ∗ , (8)

where T∗ = T/(100 K), a−5 = −9.277, a−4 = 16.82, a−3
= −71.45, a−2 = −13.89, a−1 = −270.3, a0 = 31.41, a1
= −0.1404, and a−0.5 = 78.44. Equation (8) reproduces the
calculated values to within ±0.012 cm3 mol−1.

In Fig. 3, the present results for the cross second virial co-
efficient are compared with selected experimental data.45–48

The data of Jaeschke and Hinze,47 derived from isothermal
pV T measurements with both a Burnett and an optical ap-
paratus, are the most accurate ones with expanded uncertain-
ties (k = 2) of 0.5 cm3 mol−1. We used these data as refer-
ence for the adjustment of the ab initio potential function (see
Sec. II B). Apart from two data points, the agreement with the
values of Jaeschke and Hinze47 is within ±0.15 cm3 mol−1

for the adjusted potential, whereas for the unadjusted poten-
tial deviations up to −2.9 cm3 mol−1 are obtained. Most of
the data of the other workers were replicated within their
claimed uncertainty. The data of Ababio et al.,48 for which
no uncertainties are given, exhibit a large scatter compared
to the other illustrated data and are not compatible with the
data of Jaeschke and Hinze.47 We note that we have reana-
lyzed the measurements of Martin et al.46 and Ababio et al.48

using more accurate values2, 6 for the pure-component virial
coefficients.

Table I lists the calculated values obtained for both the
unadjusted potential (Bcl

12, B
QFH
12 ) and the adjusted potential
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TABLE I. Calculated cross second virial coefficients (in cm3 mol−1) for the CH4–N2 molecule pair.

T (K) Bcl
12 B

QFH
12 Bcl

12,adj B
QFH
12,adj u

(
B

QFH
12,adj

)
T (K) Bcl

12 B
QFH
12 Bcl

12,adj B
QFH
12,adj u

(
B

QFH
12,adj

)
70 − 482.2 − 454.8 − 513.5 − 482.9 14.0 310 − 13.7 − 13.2 − 15.9 − 15.4 1.1
75 − 416.2 − 395.1 − 441.9 − 418.5 11.7 320 − 11.5 − 11.0 − 13.5 − 13.1 1.0
80 − 364.1 − 347.4 − 385.7 − 367.4 10.0 330 − 9.4 − 9.0 − 11.4 − 10.9 1.0
85 − 322.1 − 308.6 − 340.6 − 325.9 8.6 340 − 7.4 − 7.0 − 9.4 − 8.9 1.0
90 − 287.5 − 276.4 − 303.7 − 291.6 7.6 350 − 5.6 − 5.2 − 7.5 − 7.1 1.0
95 − 258.7 − 249.4 − 272.9 − 262.8 6.7 360 − 3.9 − 3.6 − 5.7 − 5.4 1.0

100 − 234.2 − 226.3 − 246.9 − 238.4 6.0 370 − 2.4 − 2.0 − 4.1 − 3.7 1.0
105 − 213.2 − 206.4 − 224.7 − 217.4 5.5 380 − 0.9 − 0.5 − 2.6 − 2.2 1.0
110 − 195.0 − 189.2 − 205.4 − 199.1 5.0 390 0.5 0.9 − 1.1 − 0.8 1.0
115 − 179.1 − 174.0 − 188.7 − 183.1 4.6 400 1.9 2.2 0.2 0.6 1.0
120 − 165.1 − 160.6 − 173.9 − 169.0 4.2 420 4.3 4.5 2.7 3.0 1.0
130 − 141.6 − 137.9 − 149.1 − 145.3 3.7 440 6.4 6.7 5.0 5.2 1.0
140 − 122.6 − 119.6 − 129.2 − 126.0 3.2 460 8.4 8.6 7.0 7.2 1.0
150 − 106.9 − 104.5 − 112.8 − 110.2 2.9 480 10.1 10.3 8.8 9.0 1.0
160 − 93.9 − 91.8 − 99.2 − 96.9 2.6 500 11.7 11.9 10.4 10.6 1.0
170 − 82.8 − 80.9 − 87.6 − 85.7 2.4 520 13.1 13.3 11.9 12.1 1.0
180 − 73.2 − 71.6 − 77.6 − 76.0 2.2 540 14.4 14.6 13.3 13.4 1.0
190 − 65.0 − 63.6 − 69.0 − 67.6 2.0 560 15.6 15.8 14.5 14.7 1.0
200 − 57.7 − 56.5 − 61.5 − 60.2 1.9 580 16.7 16.9 15.6 15.8 1.0
210 − 51.3 − 50.2 − 54.9 − 53.7 1.7 600 17.7 17.9 16.7 16.8 1.0
220 − 45.7 − 44.7 − 49.0 − 47.9 1.6 650 19.9 20.1 19.0 19.1 1.0
230 − 40.6 − 39.7 − 43.7 − 42.8 1.5 700 21.8 21.9 20.9 21.0 1.0
240 − 36.0 − 35.2 − 39.0 − 38.1 1.5 750 23.3 23.4 22.4 22.5 1.0
250 − 31.9 − 31.2 − 34.7 − 33.9 1.4 800 24.6 24.7 23.8 23.9 1.0
260 − 28.2 − 27.5 − 30.8 − 30.1 1.3 850 25.7 25.8 24.9 25.0 1.0
270 − 24.8 − 24.1 − 27.3 − 26.6 1.3 900 26.6 26.7 25.9 26.0 1.0
280 − 21.7 − 21.1 − 24.1 − 23.4 1.2 1000 28.2 28.2 27.5 27.6 1.0
290 − 18.8 − 18.2 − 21.1 − 20.5 1.1 1100 29.3 29.4 28.7 28.8 1.0
300 − 16.2 − 15.6 − 18.4 − 17.8 1.1 1200 30.2 30.3 29.6 29.7 1.0

(Bcl
12,adj, B

QFH
12,adj). The uncertainties for B

QFH
12,adj, which are also

listed in the table, were conservatively estimated as follows:

u
(
B

QFH
12,adj

) = max

(
1

2

∣∣∣BQFH
12,adj − B

QFH
12

∣∣∣ , 1 cm3 mol−1

)
. (9)

As illustrated in Fig. 3, all the data, with the exception of
four datum points of Ababio et al.,48 fall within the estimated
uncertainty bounds of the calculated values.

IV. TRANSPORT PROPERTIES

A. Theory

The transport properties of dilute gas mixtures can be cal-
culated using the kinetic theory of molecular gases.1, 24–30 For
each transport property, a system of linear equations needs
to be solved. For the shear viscosity η of a binary mixture
consisting of species A and B, the system of equations is
given as

∑
p′q ′s ′t ′

[
S̄

(
p q s t

p′q ′s ′t ′

)(2)

AA

X
p′q ′s ′t ′
A +S̄

(
p q s t

p′q ′s ′t ′

)(2)

AB

X
p′q ′s ′t ′
B

]

= δp2δq0δs0δt0 xAC2000,

∑
p′q ′s ′t ′

[
S̄

(
p q s t

p′q ′s ′t ′

)(2)

BA

X
p′q ′s ′t ′
A +S̄

(
p q s t

p′q ′s ′t ′

)(2)

BB

X
p′q ′s ′t ′
B

]

= δp2δq0δs0δt0 xBC2000, (10)

where xA and xB are the mole fractions, X
p′q ′s ′t ′
A and X

p′q ′s ′t ′
B

are the solutions of the equation system, and C2000 = √
2. The

coefficients S̄
(
p q s t

p′q ′s ′t ′
)(k)

αβ
are given by

S̄

(
p q s t

p′q ′s ′t ′

)(k)

αβ

= δαβ

∑
γ

xαxγ 〈v〉αγ σ̄ ′
(

p q s t

p′q ′s ′t ′

)(k)

αγ

+ xαxβ〈v〉αβσ̄ ′′
(

p q s t

p′q ′s ′t ′

)(k)

αβ

, (11)

where 〈v〉αβ = (8kBT/πμαβ)1/2 is the average relative ther-
mal speed of molecules of types α and β. The index γ

runs over all mixture components. The quantities σ̄ ′(p q s t

p′q ′s ′t ′
)(k)

αβ

and σ̄ ′′(p q s t

p′q ′s ′t ′
)(k)

αβ
are temperature-dependent generalized cross

sections.1, 27, 30 They are determined by the binary collisions in
the gas and are therefore directly related to the pair potentials.
In our previous work on pure polyatomic gases, we used the
notation of McCourt et al.1 for the generalized cross sections.
For mixtures, we find the present notation involving primed
and double primed cross sections, due originally to Curtiss,27
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more convenient. The link between the two is simple, and the
interested reader is referred to Ref. 30 for further details. The
shear viscosity is obtained as

η = 1

2
kBT

(
xAX2000

A + xBX2000
B

)
. (12)

It is convenient to use Cramer’s rule or a linear equation
solver to determine the values of X2000

A and X2000
B . To ob-

tain the viscosity in the first-order approximation, we only
need to consider a single set of pqst and p′q′s′t′ values in the
system of linear equations (10), [pqst] = [p′q′s′t′] = [2000].
In the present work, we employ a third-order approximation
that includes the sets [2000], [2010], [2001], [0200], [2020],
[2011], [2002], [2100], and [2200]. It is consistent with
the third-order approximation recently introduced for pure
gases.7, 8

The use of Cramer’s rule to solve the system of lin-
ear equations (10) results in the viscosity being expressed in
terms of ratios of determinants,49 a result that in the first-order
approximation has traditionally been used by experimentalists
to help analyze their data. In doing so, they introduce an in-
teraction viscosity ηAB, which is defined by1

ηAB = mB

mA + mB

2kBT

〈v〉AB[σ ′(2000)AB + σ ′′(2000)AB]
, (13)

where σ ′(2000)AB and σ ′′(2000)AB are shorthand for

σ̄ ′(2000
2000

)(2)

AB
and σ̄ ′′(2000

2000

)(2)

AB
. The interaction viscosity is a use-

ful quantity, as it is independent of mixture composition and
only dependent upon the unlike CH4–N2 interaction.

The system of linear equations for the binary diffusion
coefficient D can be written as∑

q ′s ′t ′

[
S̃

(
1q s t

1q ′s ′t ′

)(1)

AA

X
1q ′s ′t ′
AB + S̃

(
1q s t

1q ′s ′t ′

)(1)

AB

X
1q ′s ′t ′
BB

]

= δq0δs0δt0
xAmA

xAmA + xBmB

C1000
A ,

∑
q ′s ′t ′

[
S̃

(
1q s t

1q ′s ′t ′

)(1)

BA

X
1q ′s ′t ′
AB + S̃

(
1q s t

1q ′s ′t ′

)(1)

BB

X
1q ′s ′t ′
BB

]

= −δq0δs0δt0
xAmA

xAmA + xBmB

C1000
B , (14)

where mα is the molecular mass of component α and C1000
α

= (kBT/mα)1/2. The coefficients S̃
(1q s t

1q ′s ′t ′
)(1)

αβ
are related to

those introduced in Eq. (11),

S̃

(
1q s t

1q ′s ′t ′

)(1)

αβ

= S̄

(
1q s t

1q ′s ′t ′

)(1)

αβ

− δq0δs0δt0δq ′0δs ′0δt ′0

× xβ

xα

(
mβ

mα

)1/2

S̄

(
1q s t

1q ′s ′t ′

)(1)

αα

. (15)

The product of the molar density and the binary diffusion co-
efficient, ρmD, is obtained as

ρmD = (xAmA + xBmB)2

mAmB

C1000
A X1000

AB . (16)

In the first-order approximation for ρmD, the only set of qst
and q′s′t′ values used is [000]. Note that in the first-order
approximation the binary diffusion coefficient is determined
solely by the CH4–N2 potential and is independent of the mix-
ture composition. In the second-order approximation, we also
include the sets [010], [001], [100], and [200]. This is con-
sistent with the recently published second-order approxima-
tion for the self-diffusion coefficient.33 To obtain a third-order
approximation, the sets [020], [011], and [002] are added to
those for the second-order approximation.

It is also of interest to examine the relation between the
binary diffusion coefficient and the interaction viscosity as a
function of temperature. It is customary in kinetic theory to
do this by defining the dimensionless parameter A∗ as1, 26, 49

A∗ = 5

3

μABρmD

ηAB

, (17)

where D refers to the binary diffusion coefficient evaluated
in the first-order approximation. Hence, A∗, like the interac-
tion viscosity and the first-order approximation to the binary
diffusion coefficient, is only a function of the unlike interac-
tion between the CH4 and N2 molecules. The studies carried
out so far on monatomic49 and polyatomic species9, 32, 50–52 in-
dicate that the value of this parameter is nearly independent
of the PES and only weakly dependent on the temperature.
These properties have led traditionally to the use of the value
of A∗ to infer the values of binary diffusion coefficients from
measurements of the viscosity of mixtures.49

B. Numerical evaluation of the generalized
cross sections

The generalized cross sections σ̄ ′(p q s t

p′q ′s ′t ′
)(k)

CH4−CH4

,

σ̄ ′(p q s t

p′q ′s ′t ′
)(k)

CH4−N2

, σ̄ ′(p q s t

p′q ′s ′t ′
)(k)

N2−CH4

, σ̄ ′(p q s t

p′q ′s ′t ′
)(k)

N2−N2

, as well as

the corresponding double-primed cross sections were com-
puted by means of classical trajectories using an extended
version of the TRAJECT software code.29 This code was
originally written for collisions between two linear rigid
rotors using expressions for the generalized cross sections
derived by Curtiss.27 The expressions for two nonlinear rigid
rotors were later derived and implemented by Dickinson
et al.30 Following their approach, the derivation of the
expressions for one linear and one nonlinear rigid rotor is
straightforward and was carried out as part of this work.

Classical trajectories describing the collision process of
two molecules were obtained for a given total energy, E = Etr
+ Erot, by integrating Hamilton’s equations from pre- to post-
collisional values (initial and final separation: 500 Å). The
total-energy-dependent generalized cross sections can be rep-
resented as integrals over the initial states. For each molecule
pair, they were calculated for 33 values of E, ranging from
20 K to 30 000 K (CH4–CH4), 30 K to 30 000 K (CH4–N2),
and 15 K to 60 000 K (N2–N2), by means of a simple Monte
Carlo procedure, in which the initial states were generated
utilizing quasi-random numbers. Up to 8 × 106 trajectories
were computed at each energy. For low energies, the num-
ber of trajectories had to be reduced significantly, because the
computational demand to achieve a sufficient accuracy for a
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FIG. 4. (a) Ratio of the viscosity in the third-order approximation to that in the first-order approximation. (b) Ratio of the binary diffusion coefficient in the
third-order approximation to that in the first-order approximation.

particular trajectory increases as the energy decreases. At the
lowest energy for each molecule pair, only 200 000 trajecto-
ries were calculated. The final integration over the total en-
ergy to obtain temperature-dependent generalized cross sec-
tions was performed using Chebyshev quadrature.

C. Results

The values obtained for the shear viscosity and the bi-
nary diffusion coefficient using the adjusted intermolecular
potential function are given for 155 temperatures between
70 K and 1200 K and 11 mole fractions in the supplemen-
tary material.34 The viscosity values obtained for the pure
components are more accurate than the previously published
values6, 9 due to the larger number of trajectories employed in
the present work and the use of a more accurate third-order
approximation for the viscosity. Nevertheless, the differences
between the two sets of calculations never exceed 0.1%. The
uncertainty of the computed transport property values due to
the Monte Carlo integration is estimated to be smaller than
0.1% for all temperatures and mole fractions.

The transport property values obtained with the unad-
justed CH4–N2 intermolecular potential agree within ±0.1%
for temperatures above 400 K with those for the adjusted po-
tential. The deviations increase towards lower temperatures,
reaching +0.5% for the shear viscosity and +1.5% for the
binary diffusion coefficient of an equimolar mixture at 70 K.

The variation of ρmD with composition is small, and it is
within ±0.1% for temperatures up to 360 K. At higher tem-
peratures, ρmD in the limit of pure N2 is systematically larger,
but the differences are at most 0.5%.

For both transport properties, the relative deviations be-
tween the first- and third-order results do not exceed 0.9% as
illustrated in Fig. 4. The second- and third-order results differ
by less than 0.1% for all temperatures and mole fractions.

The parameter A∗, defined by Eq. (17), exhibits the
typical behavior already observed for other polyatomic
gases.9, 32, 50–52 It increases with temperature from 1.072 at
70 K to 1.155 at 190 K and then remains relatively constant,
within 0.5%, reaching a value of 1.158 at 1200 K. Its magni-

tude, at all temperatures, is between the values for the corre-
sponding pure species, for which A∗ is defined in terms of the
self-diffusion coefficient and the viscosity.50

D. Comparison with experimental data

The viscosity values computed with the adjusted poten-
tial function are compared in Fig. 5 with the best available
experimental data,53, 54 selected on the basis of low quoted un-
certainty and obtained in viscometers with well-defined work-
ing equations. Two such data sets were chosen.

Kestin and Ro53 used an oscillating-disk viscometer to
measure the viscosities of pure nitrogen and four mixtures
at atmospheric pressure between 298 K and 473 K with
claimed uncertainties of less than 0.3%. However, it is known
that the viscometer used by Kestin and Ro suffered from a
design flaw concerning the temperature measurement using
thermocouples, which resulted in viscosity values that are

FIG. 5. Deviations, 	 = (ηexp − ηcal)/ηcal, of experimental viscosity data for
dilute CH4–N2 mixtures and the pure components from values obtained with
the adjusted potential function. The dotted line indicates the recommended
values given by Eq. (18).
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systematically too high above room temperature.55 Thus, the
uncertainty of their data at temperatures higher than room
temperature is more likely to be around 1%. In principle, an
exact comparison requires correcting these data for the ini-
tial density dependence of the viscosity. Since the Rainwater-
Friend theory,56, 57 which deals with this dependence, has not
been extended to gaseous mixtures, the correction has been
estimated using the theory for the two pure gases. The viscos-
ity values in the dilute-gas limit decrease roughly by 0.1%,
nearly independent of temperature. In addition, all experi-
mental data by Kestin’s group were obtained in relative mea-
surements based on a calibration, resulting in values that are
(0.1 − 0.2)% too high compared with theoretically calculated
ones, see, for example, Ref. 58. Considering the correction for
the initial density dependence and a possible recalibration, the
viscosity data of Kestin and Ro53 are in excellent agreement
with the calculated values at 298 K as illustrated in Fig. 5. At
higher temperatures, as expected,55 positive deviations of up
to 1.2% from the calculated values are found.

Two rotating-cylinder viscometers, one for pressures up
to 2.4 MPa and one for pressures up to 20 MPa, were used
by El Hawary54 to measure the viscosities of the pure com-
ponents and three mixtures between 253 K and 473 K (only
up to 373 K for pure nitrogen with the viscometer for low
pressures). We extrapolated the viscosity data obtained with
the viscometer for low pressures, for which a very low uncer-
tainty estimate of 0.06% is given by El Hawary, to the limit
of zero density. Based on the scatter of the data illustrated in
Fig. 5 and on the comparison with reference values for the
viscosity of the pure species (see below), together with the
comparison with the values of Kestin and Ro53 for the mix-
tures, we have no reason to believe that the uncertainty of El
Hawary’s data is any better than that of the data of Kestin
and Ro. At the highest temperature it is most likely worse.
Taking into account the proposed reassessed uncertainty of El
Hawary’s data, most of the extrapolated values are in good
agreement with the computed ones, although some values at
higher temperatures deviate by more than 1%.

Vogel measured the viscosities of pure methane59 and
pure nitrogen60 at densities of less than 1 kg m−3 using an
oscillating disk viscometer for temperatures between 292 K
and 682 K. He derived values in the zero-density limit from
the measured viscosities using the Rainwater-Friend theory.
Vogel estimates the uncertainty of his values to be less than
0.2%. The deviations from our computed values are nearly
independent of temperature and are on average +0.24% for
nitrogen and −0.45% for methane. Hence, our best estimate
for the shear viscosities of the pure gases is obtained by sim-
ply scaling the calculated values by 1.0024 and 0.9955 for ni-
trogen and methane, respectively. Assuming that for the mix-
tures the scaling factor depends linearly on the mole fraction,
we arrive at the following correction for the calculated values:

η = ηcal(1.0024 − 0.0069 xCH4
). (18)

The viscosities thus obtained are also indicated in Fig. 5. We
estimate the uncertainty of these values to vary from 0.15%
for pure nitrogen to 0.3% for pure methane in the tempera-
ture range of 300 K to 700 K, increasing to 1% at 70 K and
0.5% (pure nitrogen) to 1% (pure methane) at 1200 K. It is

FIG. 6. Viscosity of pure nitrogen (——) and pure methane (– – –) in the
first-order approximation, as well as interaction viscosity for the adjusted
potential function (— · —). The circles represent interaction viscosity values
obtained from the experimental data of Kestin and Ro (Ref. 53).

interesting to note that the deviations of the calculated values
from the values of Kestin and Ro53 and, to a certain extent,
from El Hawary’s54 values follow a similar trend to that of
Eq. (18), thus indicating that the deviations of the experimen-
tal data from the corrected viscosity values do not exhibit any
systematic trend with composition.

Figure 6 illustrates the behavior of the interaction viscos-
ity, defined by Eq. (13), as a function of temperature. It ex-
hibits a monotonic increase, and its value is within (1 − 2)%
of the geometric mean of the viscosity values for the pure
components in the first-order approximation, which are also
shown. We also plotted the values of the interaction viscos-
ity obtained from the experimental measurements by Kestin
and Ro.53 As no values are reported in the paper, we esti-
mated them from the universal function given in the paper.
The agreement is remarkably good, the deviations increas-
ing from 0.9% at 298 K to 1.7% at the highest temperature
measured (473 K). This indicates that for this particular mix-
ture obtaining the interaction viscosity by analyzing measured
viscosity values of the mixtures by means of the first-order
theory and by using values of A∗ obtained from spherical in-
termolecular potentials, which are on average (4–5)% lower,
does not introduce appreciable errors. It remains to be seen if
this is true for other mixtures. The values calculated for the in-
teraction viscosity using Eq. (13) and for the pure-component
viscosities in the first-order approximation can be found in the
supplementary material.34

In Fig. 7, the binary diffusion coefficients computed with
the adjusted potential function are compared with the exper-
imental data of Wakeham and Slater61 for a mixture with
xCH4

= 0.1 at atmospheric pressure. Wakeham and Slater
used the gas chromatographic method and estimated the un-
certainty of their data to be (3–4)%. Apart from one datum,
the deviations of the experimental data from the calculated
values are within ±4%. We conservatively estimate the un-
certainty of our calculated values to be 1% between 300 K
and 700 K, increasing to 2% at both 70 K and 1200 K.
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FIG. 7. Deviations, 	 = (ρmDexp − ρmDcal)/ρmDcal, of the experimental
values of Wakeham and Slater (Ref. 61) for the binary diffusion coefficient
of a dilute CH4–N2 mixture with xCH4

= 0.1 from the calculated values ob-

tained with the adjusted potential function.

V. SUMMARY AND CONCLUSIONS

A new intermolecular potential energy surface for the
CH4–N2 molecule pair was determined from quantum-
chemical ab initio calculations. The counterpoise-corrected
supermolecular approach at the CCSD(T) level of theory with
basis sets of up to quadruple-zeta quality including bond func-
tions was used to compute interaction energies for 743 ge-
ometries of the molecule pair. The potential energy surface
was represented by an accurate analytical site-site potential
function with nine sites for methane and five sites for nitro-
gen. It exhibits only one distinct equilibrium structure with
a well depth of 237.54 K. In order to properly account for
zero-point vibrational effects, the site-site potential function
was adjusted by fitting to the most accurate experimental data
for the cross second virial coefficient. The adjustment was
achieved by increasing the strength of the C8 dispersion con-
tribution, resulting in a slightly larger well depth of 248.24 K
for the equilibrium structure.

We have used the adjusted potential energy surface to
calculate the cross second virial coefficient, shear viscosity,
and binary diffusion coefficient of CH4–N2 gas mixtures and
compared with the best experimental data. The cross second
virial coefficient was computed using the Mayer-sampling
Monte Carlo approach.23 To account for quantum effects,
the quadratic Feynman-Hibbs effective pair potential43 was
used in these calculations. The transport properties were com-
puted using the classical trajectory method in conjunction
with the kinetic theory of molecular gases.1, 24–30 The calcula-
tions were performed in the temperature range from 70 K to
1200 K, and the recommended vales are given for the cross
second virial coefficient in Table I and for the transport prop-
erties in the supplementary material.34 The thermal conduc-
tivity will be the subject of a separate publication.

The computed values of the cross second virial coeffi-
cient, shear viscosity, and binary diffusion coefficient, using
the adjusted potential surface, are in good agreement with the
experimental data, which are available only in the temperature
range from 156 K to 671 K. We conservatively estimate the
uncertainty of the calculated values for the cross second virial
coefficient to vary from 14 cm3 mol−1 at 70 K to 1 cm3 mol−1

at 1200 K. For the viscosity of CH4–N2 mixtures, the uncer-
tainty of the calculated values is estimated to vary from 0.15%
for pure nitrogen between 300 K and 700 K to 1% for pure
methane at 1200 K. For the binary diffusion coefficient, the
corresponding uncertainty is estimated to vary between 1%
and 2%.

In conclusion, the proposed potential energy surface for
the CH4–N2 molecule pair has been validated against the
best available thermophysical data, which are generally repro-
duced rather well, and the computed values provide reliable
and accurate estimates of the cross second virial coefficient,
shear viscosity, and binary diffusion coefficient. The calcu-
lation of transport properties of a mixture that contains two
polyatomic species, reported here, is the first of its kind. The
good agreement with the experimental data also indirectly of-
fers the first accurate validation of the kinetic theory of poly-
atomic gas mixtures.
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