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The transport properties in the dilute gas limit have been calculated by the classical-trajectory method
for a gas consisting of chain-like molecules. The molecules were modelled as rigid chains consisting
of spherical segments that interact through a combination of site-site Lennard-Jones 12-6 potentials.
Results are reported for shear viscosity, self-diffusion, and thermal conductivity for chains consisting
of 1, 2, 3, 4, 5, 6, 7, 8, 10, 13, and 16 segments in the reduced temperature range of 0.3 − 50.
The results indicate that the transport properties increase with temperature and decrease with chain
length. At high temperatures the dependence of the transport properties is governed effectively by
the repulsive part of the potential. No simple scaling with chain length has been observed. The
higher order correction factors are larger than observed for real molecules so far, reaching asymptotic
values of 1.019 − 1.033 and 1.060 − 1.072 for viscosity and thermal conductivity, respectively. The
dominant contribution comes from the angular momentum coupling. The agreement with molecular
dynamics calculations for viscosity is within the estimated accuracy of the two methods for shorter
chains. However, for longer chains differences of up to 7% are observed. © 2013 American Institute
of Physics. [http://dx.doi.org/10.1063/1.4793221]

I. INTRODUCTION

The transport properties of a dilute gas can be related to
the intermolecular forces between molecules by means of the
kinetic theory.1, 2 The ability to relate the macroscopic proper-
ties of a gas to a molecular description has historically yielded
a rich research seam. Numerous studies have been performed
to elucidate what the dominant molecular interactions are that
govern transport properties. However, the early studies were
hampered by the lack of a full kinetic theory for polyatomic
gases. Even when such a kinetic theory became available the
complexity of the collisional dynamics made the calculation
of transport properties computationally prohibitive.

One area that received sporadic attention was how the
shape of a molecule influences transport properties. Initial
work focused on models with a simple, but reasonably realis-
tic intermolecular potential, that allow for the exact solution
of the collisional dynamics. The resulting development of the
kinetic theories of rough spheres2, 3 and loaded spheres2, 4–7

were the first attempts to study the effects of anisotropy and
by proxy the effects of shape. This was followed by the pi-
oneering work of Curtiss and co-workers8–10 on the kinetic
theory of spherocylinders. The collisions were approximated
as collisions between two rigid bodies and the intermolecular
potential was replaced by on-contact interactions. By intro-
ducing two dimensionless parameters, the eccentricity of the
spherocylinder and a measure of the moment of inertia, they
effectively accounted for the shape of a molecule and its mass

a)Author to whom correspondence should be addressed. Electronic mail:
v.vesovic@imperial.ac.uk.

distribution. Through a subsequent series of numerical simu-
lations, Sandler and Dahler11 were able to perform a system-
atic study of the dependence of transport properties of sphe-
rocylinders on these two parameters and hence provide a first
indication of the role of the shape of molecules in determining
transport properties.

The last few decades have seen major advances in our
ability to calculate the transport properties of simple, di-
lute molecular gases directly from the full, ab initio in-
termolecular potential. Such calculations have been per-
formed for a number of molecular systems: diatoms,12, 13 lin-
ear triatoms,14–16 spherical tops,17, 18 and polar asymmetric
tops.19, 20 The molecular collisions were computed by means
of classical trajectories, while the full kinetic theory of poly-
atomic gases1 has been used to calculate the transport prop-
erties. The accuracy of the calculated transport properties is
generally commensurate with the best available experimental
data. The usefulness of these calculations is specially evident
at low and high temperatures, where experimental data are of
lower accuracy or non-existent, and the current calculations
can and do provide a better way of estimating transport prop-
erties. Although these studies have improved our insight into
the dominant molecular processes that govern the transport
properties, no systematic studies of the influence of the shape
of molecules have been undertaken.

The recent advances have not been limited to dilute gases
only. The developments in molecular dynamics (MD) have
allowed for the calculations of transport properties to be per-
formed over most of the phase space. However, the computa-
tional considerations and lack of accurate non-additive three-
body potentials for most systems have limited a large number
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of the molecular studies to the use of model intermolecu-
lar potentials. In principle, the accuracy of a molecular dy-
namics calculation can be tuned to a desired accuracy level.
In practice, the computational resources limit the accuracy
achievable, and in general for most molecular dynamics stud-
ies the accuracy is much lower than that routinely achievable
by a combination of the kinetic theory and classical-trajectory
calculations.

Galliéro and co-workers have carried out molecular dy-
namics simulations of ideal fluids to examine in a system-
atic manner their thermodynamic, interfacial, and transport
properties,21–24 and to quantify effects such as the hardness
of the intermolecular potential,25–29 molecular polarity,30, 31

shape,32–34 and flexibility.35 Ultimately, the use of these sim-
plified models has allowed Galliéro and co-workers to for-
mulate correlations for the estimation of the properties of
real fluids.22, 30–32 Of particular significance to the present
work are the studies reporting the viscosity32 and thermal
conductivity33 of flexible Lennard-Jones (LJ) chains, which
are currently being extended to rigid chains by Delage
Santacreu et al.35

Recently, Patra and co-workers36 have reported the
viscosity and self-diffusion coefficients of two and three-
dimensional Lennard-Jones chains of varying lengths and
have examined how the dimensionality affects the transport
properties of dense fluids. In a separate development, Yu and
co-workers37–39 have used Lennard-Jones chain fluids to gen-
erate equations to predict the self-diffusion of real fluids and
in the process have relied on MD results in the dense fluid re-
gion. The work was recently extended to viscosity by means
of the Stokes-Einstein relationship.40 They have noted the
lack of data for chains in the dilute gas limit, a gap that the
current work is addressing.

Here, we take advantage of the recent developments in
the classical-trajectory calculations to examine how the shape,
or more precisely, the length of a molecule influences the
transport properties of a dilute gas. We focus on a gas con-
sisting of chain-like molecules that interact through a realis-
tic soft, anisotropic intermolecular potential. In particular, we
report on the shear viscosity, thermal conductivity, and the
self-diffusion coefficient, the three transport properties that
are weakly influenced by the anisotropy of the intermolecu-
lar potential.

II. THEORY

A. Intermolecular potential

The molecules are modelled as rigid chains consisting of
ns spherical segments, tangentially joined, each of mass ms

and diameter σ . Such chains, by definition, do not posses
vibrational degrees of freedom and being linear have only
two degrees of rotational freedom. We further assume that
the chains interact through a combination of site-site inter-
molecular forces. The sites are placed at the center of each
segment and therefore there would be ns sites per chain. The
choice of σ as the distance between neighboring sites is ob-
viously not unique and was guided by the need to compare
with molecular dynamics simulations. The site-site interac-
tion is modelled by a simple LJ 12-6 potential. The potential

is characterized by two parameters: the parameter σ defines
the characteristic length at which the intermolecular potential
is zero, while the parameter ε defines the characteristic energy
that represents the well-depth of each site-site interaction po-
tential. The choice of a Lennard-Jones 12-6 potential is not
necessarily governed by how realistically it can represent the
actual interaction between the real molecules, but by the fact
that due to its simplicity it has been used by the molecular dy-
namics community to simulate transport properties of model
systems, thus allowing us a comparison with the molecular
dynamics results.

The effect of increasing the length of a rigid chain has
two consequences. The anisotropy of the overall intermolec-
ular potential, describing the interaction of two chains, will
increase. The moment of inertia will also increase, leading to
an easier exchange of the rotational and translational energy
during collisions. Both the anisotropy and the inelastic colli-
sions will have an effect on the transport properties of a gas.

B. Transport properties

The shear viscosity η, the product of the number density
and the self-diffusion coefficient nD, and the thermal conduc-
tivity λ of a gas consisting of molecules represented by rigid
chains can be expressed in the limit of zero density as

η = kBT

〈v〉0

f (n)
η

S(2000)
, (1)

nD = kBT

m〈v〉0

f
(n)
D

S′(1000)
, (2)

λ = 5k2
BT

2m〈v〉0

S(1001) − 2rS

(
1001
1010

)
+ r2S(1010)

S(1010)S(1001) − S

(
1001
1010

)2 f
(n)
λ ,

(3)
where 〈v〉0 = 4(kBT/πm)1/2 is the average relative thermal
speed, kB is Boltzmann’s constant, m is the molecular mass, n
is the number density, and T is the temperature. The parame-
ter r is given by r = ( 2

5
crot
kB

)1/2, where crot is the contribution of
the rotational degrees of freedom to the isochoric heat capac-
ity cV . As the rigid chains are assumed to be linear, there are
only two degrees of rotational freedom and as the calculation
is done classically r2 takes the value of 0.4. The quantities
S(2000), S′(1000), S(1010), S(1001), and S

(1001
1010

)
are gen-

eralized cross sections. They include all of the information
about the dynamics of the binary collisions that govern trans-
port properties and in turn are governed by the intermolec-
ular potential energy surface. The notation and conventions
employed in labelling the generalized cross sections are fully
described in Refs. 1, 14, and 17. The quantities f (n) are the
nth-order correction factors that can be expressed in terms of
generalized cross sections.15, 41–44 In this work, we have calcu-
lated up to the third-order correction factor for viscosity and
up to the second order for thermal conductivity in line with
our previous work.17, 18, 45 No complete higher-order expres-
sions for the self-diffusion coefficient have been developed
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and hence we have calculated the product nD only in the first
order, as given by Eq. (2) with f

(n)
D set to unity. The higher-

order correction factors, f (n), account for the effects of higher
basis-function terms in the perturbation-series expansion of
the solution of the Boltzmann equation.1 As the expansion is
performed both in the velocity and angular momentum space,
one can distinguish two types of contributions to the higher-
order correction factors. The velocity coupling in the second-
order expansion for viscosity involves three basis functions
(&2000, &2010, and &2001), while that for thermal conductivity
involves five basis functions (&10st, 1 ≤ s + t ≤ 2).1, 44 For
the angular momentum expansion, a single additional basis
function, &0200, suffices for viscosity, while for thermal con-
ductivity the expansion is performed by the inclusion of the
tensorial basis function &1200|1. The complete expressions for
higher order correction factors for viscosity and thermal con-
ductivity are already available in the literature15, 17, 43, 44 and
due to their length will not be given here.

If one considers the perturbation-series expansion in
terms of total energy, rather than separating translational from
internal energy as is done traditionally, one can derive a
much simpler expression for thermal conductivity.1, 46–48 In
this total-energy flux approach, originally proposed by Thi-
jsse and co-workers,46 the thermal conductivity in the first-
order approximation is inversely proportional to a single cross
section and is given by

λ10E = 5k2
BT

2m〈v〉0

1 + r2

S(10E)
, (4)

where S(10E) is a linear combination of the three cross sec-
tions used to describe the thermal conductivity in the two-flux
approach,1, 46–48

S(10E)= 1
1 + r2

[
S(1010)+2rS

(
1001
1010

)
+r2S(1001)

]
.

(5)

C. Reduced properties

The objective of this study is to examine the influence
of the length of a molecule and the resulting intermolecular
potential anisotropy on the transport properties. Therefore, in
this work we refrain from calculating the absolute values of
the transport properties of gases consisting of rigid chain-like
molecules. This would have required fully defining the site-
site potential by ascribing specific values to the parameters ε

and σ together with a value for the mass of a segment, ms.
Instead we define reduced transport properties as follows:

η∗ = η
σ 2

√
msε

, (nD)∗ = (nD)σ 2

√
ms

ε
,

λ∗ = λ
σ 2

kB

√
ms

ε
. (6)

The definition of the reduced transport properties is equiv-
alent to that already used in the literature.32, 33 The reduced
generalized cross sections S∗(p q s t

p′q ′s ′t ′

)
have been normalized

with respect to πσ 2 and are functions of a reduced temper-
ature T* which is defined as T* = kBT/ε. It is important
to note that this definition of reduced temperature, in terms

of site-site well-depth, is only unique for a spherical poten-
tial. For non-spherical potentials, that arise for any chain-like
molecule made up of more than one segment, both the well-
depth and the parameter σ vary with orientation of the two
chains. Hence, there are a variety of energy scaling parameters
that one can employ. If the transport property is weakly de-
pendent on anisotropy, it is more appropriate to use the well-
depth of the spherically averaged component of the full inter-
molecular potential as the energy scaling parameter. However,
this introduces its own complications and it could be justified
only if the chain-like molecules were used to represent real
molecules, such as alkanes.

D. Numerical evaluation of the generalized cross
sections

The generalized cross sections for rigid Lennard-Jones
chains were computed by means of classical trajectories us-
ing a modified version of the TRAJECT software code.49 For
a given total energy, translational plus rotational, classical
trajectories describing the collision of two chains were ob-
tained by integrating Hamilton’s equations from pre- to post-
collisional values (initial and final separation: 1000σ ). The
total-energy-dependent generalized cross sections can be rep-
resented as nine-dimensional integrals over the initial states.
They were calculated for 29 values of the reduced total en-
ergy, E* = E/ε, ranging from 0.1 to 1000, by means of a sim-
ple Monte Carlo procedure, in which the initial states were
generated utilizing pseudo-random numbers. At each energy
up to 107 trajectories were computed. The number of trajec-
tories had to be reduced significantly for low reduced ener-
gies, because the computational demand to achieve a suffi-
cient accuracy for a given trajectory is increasing as the en-
ergy decreases. The final integration over the total energy to
obtain the temperature-dependent generalized cross sections
was performed using Chebyshev quadrature.

Taking into account the Monte Carlo errors of the gen-
eralized cross sections and the symmetry under time reversal
of production cross sections, we estimate that the precision of
the transport cross sections used in Eqs. (1)–(3) is of the order
of 0.2%, while the precision of the production cross sections
is of the order of 1%. At the level of transport properties this
translates to a precision in the computed values of shear vis-
cosity, self-diffusion, and thermal conductivity of the order of
0.2%, 0.2%, and 0.5%, respectively.

Tables of the shear viscosity, self-diffusion, and thermal
conductivity coefficients calculated in this work as a function
of temperature and chain length have been deposited with the
Electronic Physics Auxiliary Publication Service.50

III. RESULTS

A. Viscosity

Figure 1(a) illustrates the behavior of the reduced viscos-
ity as a function of the reduced temperature T* for a number
of selected chains of different length, while Figure 1(b) il-
lustrates the behavior of the reduced viscosity as a function
of the number of segments for a number of selected reduced
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FIG. 1. Reduced viscosity η* of rigid Lennard-Jones chains as a function of
the reduced temperature T* and the number of segments per chain ns obtained
using a third-order approximation.

temperatures. The increase in the chain length leads to a de-
crease in the viscosity; the largest changes in the viscosity
are observed for the shorter chains. At any particular reduced
temperature, the decrease in viscosity does not obey any sim-
ple power law as a function of number of segments.

In their seminal work on evaluating transport property co-
efficients of fluids consisting of rigid spherocylinders, San-
dler and Dahler11 postulated that the observed decrease in
the reduced viscosity, normalized with respect to the mass
of a spherocylinder, can be solely attributed to the increase
in the average projected area of a spherocylinder. Their find-
ing was based on the analysis of the viscosity of sphero-
cylinders of varying moments of inertia and eccentricity, but
the longest spherocylinder examined corresponds to our 2-
segment chain. For chains consisting of spherical segments
the projected area, averaged over all orientations, Achain, can
be expressed as Achain = (π /4)σ 2B(ns)ns, where B(ns) is a
slowly varying function of ns. For a chain consisting of a sin-
gle segment it takes a value of 1, for a 2-segment chain it
is 0.925, for a 4-segment chain it is 0.887, while for an infi-
nite chain length it asymptotically reaches a value of 0.849.
Hence in a first approximation, we can assume that the func-
tion B(ns) is constant and the projected area, averaged over
all orientations, is simply proportional to the number of seg-
ments, ns. This is consistent with the argument of Sandler and
Dahler11 that the projected area of a spherocylinder, averaged
over all orientations, is given by (π /4)σ 2(1 + L/σ ), where L
is the length of a spherocylinder. If the decrease in viscosity
is entirely due to a change in geometry, then the reduced vis-
cosity η*, normalized with respect to the mass of a segment,
Eq. (6), should scale with 1/

√
ns. Our results indicate that this

is in general not the case, although with a careful choice of a
reference chain it can be made to work in a limited temper-
ature range. For instance, the viscosity of the hexadecamer
can be obtained within ±20% by scaling the viscosity of the
tetramer, based on solely the increase of the projected area
and of the mass. Hence, our results indicate that although the
increases in average projected area and mass play an impor-

FIG. 2. Index α as a function of the number of segments per chain ns ob-
tained from fitting to the reduced viscosity η* (!) and to the product (nD)*
(").

tant part in reducing the viscosity, they are not, as Sandler and
Dahler proposed, the sole effects. This may not be surprising
since the generalized cross sections for hard-body potentials
are proportional to the projected area, while those for more
realistic soft potentials usually are not. The only way that the
proportionality can be maintained is to allow the projected
area to be temperature dependent, a development that was not
explored in this work.

For all the chains studied the viscosity increases with
temperature, while the rate of change decreases with increas-
ing temperature as illustrated in Figure 1(a). At high reduced
temperatures, corresponding to high collision energies, the
repulsive wall of the intermolecular potential dominates the
molecular interaction. For a purely repulsive, spherical inter-
molecular potential (V ∝ r−α) it can be shown that the vis-
cosity, in the first-order approximation, exhibits a T(1/2 + 2/α)

temperature dependence.2 The analysis performed on the
present results indicates that the viscosity, in the first-order
approximation, of all the chains conforms to this temperature
behavior in the range 5 < T* < 50. The goodness-of-fit, mea-
sured by the statistical parameter R, is better than 0.9994 for
all the studied chains. Hence, at high temperatures, T* > 5,
the viscosity of the chain is determined by the effective re-
pulsive potential. Figure 2 summarizes the hardness of the ef-
fective repulsive potential, measured by index α, for different
chains.

As the chain length increases, so does the hardness of the
effective repulsive wall. For a spherical LJ 12-6 potential the
attractive part contributes up to very high energies. Hence, in
the temperature range of interest here, the index α of the ef-
fective repulsive potential is not 12, but slightly higher. For
viscosity, the dominant collisions occur at reduced energies
of roughly 3T*.51, 52 The slope of the LJ 12-6 potential in the
energy range 15 < V ∗ < 150 is best described by the effec-
tive repulsive potential with an index α of about 13 − 14.
The analysis summarized in Figure 2 indicates that for a sin-
gle sphere the viscosity is determined by the effective repul-
sive potential with an index α of 13.2. For longer chains, α
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FIG. 3. Comparison of the reduced viscosity η* of rigid Lennard-Jones
chains obtained in this work (CT), calculated up to the third order, with those
using molecular dynamics35, 58 (MD).

increases to 23 for a chain consisting of 6 segments and to
33 for a chain consisting of 16 segments. For chains con-
sisting of more than 3 segments, the index α of the effec-
tive repulsive potential increases essentially linearly with the
number of segments. The importance of hard collisions, as
the chain length and non-sphericity increase, has also been
observed in recent studies of thermodynamic properties. The
advances in the SAFT-Mie EOS53–55 indicate that the larger
molecules interact through a potential with increasingly more
repulsive wall than the smaller and more spherical molecules.
For instance, it has been reported that the power index of the
repulsive part of the Mie potential used to represent alkanes
increases from 15.6 for butane to 20.8 for dodecane.56 Fur-
thermore, recent studies,57 based on the thermodynamic scal-
ing of viscosity of alkanes, also support the observation that
the steepness of the effective repulsive potential tends to in-
crease with chain length.

As previously discussed, Delage Santacreu and co-
workers35 have also computed the zero-density viscosity of
rigid chains interacting through site-site LJ 12-6 potentials,
but using molecular dynamics. The simulations were per-
formed at four reduced temperatures in the range 2.5 < T*
< 6 for 2, 3, 4, 6, 8, 10, 12, and 16 segment chains. The values
have been recently superseded by new, more accurate values
of zero-density viscosity that are currently unpublished.58 As
we have not performed classical-trajectory calculations for 12
segments, we have interpolated our results as a function of
chain length to estimate the reduced viscosity at the two high-
est temperatures. Figure 3 illustrates the deviation of the re-
duced viscosity obtained by the MD simulations58 from those
of the present paper. The agreement is good, all the deviations
lie within the claimed accuracy of the MD results of 5%, ex-
cept for longer chains where deviations of up to 7% are ob-
served. However, for the higher reduced temperatures one can
discern a systematic trend, even for shorter chains. For longer
chains, the systematic trend persists leading to a viscosity of
the hexadecamer obtained by MD simulations that is 6.8%
higher than the current results. As the accuracy of the cur-

FIG. 4. (a) Second-order viscosity correction factor f
(2)
η of rigid Lennard-

Jones chains as a function of the reduced temperature T*. (b) Contribution
of the angular momentum coupling to the second-order viscosity correction
factor: ns = 2 (-), ns = 3 (--), ns = 4 ( · · ), ns = 6 (- · -), ns = 8 (-- · ),
ns = 16 (- · · ).

rent CT calculation is more than an order of magnitude better
than that of the MD calculation, it is likely that the systematic
trend can be attributed to the combination of the MD calcula-
tions and approximations used to obtain an MD value at zero
density.

We next consider the contribution of the higher-order cor-
rection factor f (n)

η to the shear viscosity. Figure 4(a) illustrates
the temperature dependence of the second-order viscosity cor-
rection factors f (2)

η for a number of selected chains of different
length. At low reduced temperatures f (2)

η increases rapidly,
before beginning to level off in the region 5 < T* < 10. The
magnitude of the correction increases with the chain length,
which is a direct result of the increase in the non-sphericity
of the potential. For the hexadecamer, the longest chain stud-
ied in this work, the second-order correction factor reaches
a value of approximately 1.032 at the highest temperature.
The major contribution to the second-order viscosity correc-
tion factor comes from the angular momentum coupling that
also governs the viscosity decrease in the presence of an ex-
ternal magnetic field. Figure 4(b) illustrates that the second-
order viscosity correction factor due to angular momentum
coupling exhibits a similar behavior as the overall correction
factor, increasing with increasing temperature and increasing
chain length and reaching a value of 1.024 for the longest
chain.

The overall behavior can be attributed to the non-
sphericity of the potential and its differing influence on trans-
port of linear and angular momentum. The anisotropy of the
potential increases with increasing chain length, making it
easier to induce changes in the angular momenta of the chains
through collisions. This also leads to a stronger coupling be-
tween angular momentum and velocity. The result is that both
cross sections S(0200) and S

(2000
0200

)
increase rapidly with in-

creasing chain length. According to the current calculations,
the two cross sections increase roughly at the same rate. The
second-order correction factor due to the angular momentum
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coupling, given by

f (0200)
η =




1 −

S

(
2000
0200

)2

S(2000)S(0200)





−1

, (7)

is thus governed primarily by the ratio of the production
cross section and the viscosity transport cross section, i.e.,
S

(2000
0200

)
/S(2000). The influence of the change in angular

momentum is, as expected, much smaller for the viscosity
cross section S(2000) than for the production cross sec-
tion. Thus, the increasing chain length, which leads to in-
creasing non-sphericity, will result in an increase in the ra-
tio S

(2000
0200

)
/S(2000) explaining qualitatively the observed be-

havior of the second-order viscosity correction factor as illus-
trated in Figure 4(b).

The second-order viscosity correction factor, illustrated
in Figure 4(a), shows essentially the same qualitative behav-
ior with temperature as observed for real polyatomic gases.
However, its magnitude, especially at high reduced tempera-
tures, is much larger than has been previously observed. The
largest molecule studied so far, using an ab initio intermolec-
ular potential, was CO2.14 For CO2, the higher order viscosity
correction factor reaches a maximum value of 1.011 at the
highest temperature studied, while for N2 and CO the max-
imum reached is of the order of 1.007.12, 13 It is difficult to
make a direct comparison between the anisotropy of CO2 and
the site-site potential surfaces employed in this work. How-
ever, the ratio of the CO bond length (0.116 nm) to the value
of σ (0.3 nm), based on the approximate size of the carbon
and oxygen atoms is about 0.4. This is much smaller than
the ratio of 1 used in this work for the chain-like molecules,
indicating that using this simple measure of anisotropy the
full ab initio CO2 potential is less anisotropic than our 2-
segment chain. Hence, it may be not surprising that the magni-
tude of the second-order viscosity correction factor for chain-
like molecules is larger than was observed for real molecules
so far.

For molecules interacting through a purely repulsive po-
tential of the type described previously, it is also possible
to calculate the second-order velocity correction factor for
viscosity.2 The magnitude of the correction factor is solely
a function of the hardness of the potential, measured by the
index α, and is independent of temperature. The near tem-
perature independence of the second-order velocity correc-
tion factor calculated in this work further supports our ear-
lier statement that at high temperatures the repulsive wall of
the intermolecular potential dominates the collision dynam-
ics. Furthermore, if one uses the effective values of the index
α, reported in Figure 2, to calculate the second-order velocity
correction factor for a repulsive potential, one obtains values
of 1.0085, 1.0100, and 1.0115 for 2, 6, and 16 segment chains,
respectively. This compares reasonably well with the values
of 1.0068, 1.0083, and 1.0092 obtained in this work at T* =
50.

The third-order viscosity correction factors are very sim-
ilar to the second-order ones. Differences of at most 0.05%
are observed, thus showing that even for a very highly non-

FIG. 5. Reduced self-diffusion coefficient of rigid Lennard-Jones chains as
a function of the reduced temperature T* and the number of segments per
chain ns.

spherical intermolecular potential the basis function expan-
sion in velocity converges very rapidly.

B. Self-diffusion coefficient

Figure 5(a) illustrates the behavior of the reduced product
of number density and the self-diffusion coefficient, (nD)*,
as a function of the reduced temperature T* for a number of
selected chains of different length, while Figure 5(b) illus-
trates the behavior of the product (nD)* as a function of the
number of segments for a number of selected reduced tem-
peratures. We observe similar behavior to that of viscosity.
The increase in the chain length leads to a decrease in the
product (nD)*. Depending on temperature, the hexadecamer
diffuses 100–220 times slower than a single monomer. No
simple power law dependence on number of segments can
account for this behavior, either overall or at a given reduced
temperature.

Similar to the viscosity, the product (nD)* increases
with temperature with the most rapid change observed for
the shortest chain. The high reduced temperature behavior,
5 < T* < 50, can be accurately described by a T(1/2 + 2/α) tem-
perature dependence exhibited by repulsive intermolecular
potentials. The goodness-of-fit as measured by the statistical
parameter R is better than 0.9993 for all the chains studied.
Hence, similar to viscosity, at high temperatures the self-
diffusion of the chain is determined by the effective repulsive
potential. Figure 2 summarizes the hardness of the effective
repulsive potential, measured by the index α, for different
chains. It can be observed that the effective repulsive potential
describing (nD)* is marginally softer than the analogous
effective viscosity potential. This is not too unexpected as the
dominant collisions that contribute to the self-diffusion coef-
ficient come from lower energies51, 52 than those for viscosity
and consequently probe regions of the potential where the ef-
fect of the attractive contribution slightly softens the potential.
However, the difference between the two effective potentials
at the level of transport properties is marginal. Making
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FIG. 6. (a) Parameter A* of rigid Lennard-Jones chains as a function of the
reduced temperature T*: ns = 2 (-), ns = 3 (--), ns = 4 ( · · ), ns = 6 (- · -), ns
= 8 (-- · ), ns = 16 (- · · ). (b) Comparison of the parameter A* for Lennard-
Jones spheres (black solid line), CO2 (red solid line), and CH4 (green solid
line) with that for Lennard-Jones chains (blue lines): ns = 2 (-), ns = 3 (--),
ns = 6 (- · -).

use of the index α obtained from (nD)* to calculate the
temperature dependence of the reduced viscosity would
result in an additional 1% − 2% error in viscosity.

C. Parameter A*

Numerous studies indicate that diffusion coefficients and
viscosity have a similar temperature dependence59 and hence
it is of interest to examine their ratio. It is customary in kinetic
theory to do this by defining the dimensionless parameter A*
as59

A∗ = 5
6

S(2000)
S′(1000)

. (8)

Figure 6 illustrates the behavior of the ratio A* as a
function of the reduced temperature T* for a number of se-
lected chains of different length. At low temperatures, the
ratio A* increases rapidly with temperature before levelling
off at reduced temperatures of approximately T* = 1.0 −
3.0, the exact value increasing with increasing chain length.
As has already been observed, even for weakly non-spherical
molecules,14, 17, 45 the ratio A* at higher reduced temperatures
is a few percent higher than that obtained for molecules in-
teracting through a spherical intermolecular potential. The in-
creasing non-sphericity of the potential (i.e., increasing chain
length) has a marginal influence on the magnitude of A*. In
fact for any chain consisting of more than 3 segments the vari-
ation of A* is less than 1% for reduced temperatures T* above
1. The weak dependence of A* on the non-sphericity of the
potential indicates that the non-spherical nature of the poten-
tial impacts in a similar way both the viscosity cross section
S(2000) and the self-diffusion cross section S′(1000). The
observed increase in the magnitude of A* for chains compared
to spheres can thus be attributed to the importance of the in-
elastic, rotational-translational energy exchanges. Most of the

evidence comes from calculations using the Mason-Monchick
approximation (MMA)17, 60–62 that use a full anisotropic po-
tential, but ignore the impact of rotational-translational energy
exchange. The MMA calculated viscosity is always closer
to the value obtained by means of the classical-trajectory
calculation than is the MMA value of (nD)*. Mason and
Monchick63 also demonstrated that inelastic energy exchange,
due to the presence of rotational degrees of freedom, enters
viscosity as a second-order effect and (nD)* as a first-order ef-
fect. Thus, it is safe to assume that the inelastic collisions have
a marginally larger effect on the diffusion of the molecules
rather than on the exchange of momentum and hence, re-
sulting in A* values that are a few percent larger for chain
molecules than for spherical molecules.

As has been previously argued, at reduced temperatures
higher than approximately T* = 5 the transport coefficients
are essentially determined by the effective repulsive poten-
tial. If the effective repulsive potentials for both viscosity and
diffusion are the same, the ratio A* would be constant. How-
ever, as illustrated in Figure 2, the index α of the effective
repulsive potential is not the same for the two transport prop-
erties. For a sphere the effective potential for viscosity has a
larger α, while for longer chains the converse is true and the
effective potential for the diffusion coefficient has a larger α.
Hence, for spheres interacting through a Lennard-Jones 12-6
potential the ratio A* increases weakly with temperature for
T* > 5, while for chains consisting of more than 3 segments
the ratio A* decreases weakly with temperature.

It is interesting to note that for all the polyatomic
molecules studied so far14, 17, 45 A* exhibits a similar temper-
ature behavior as depicted in Figure 6(a). Figure 6(b) com-
pares the behavior of A* for CH4 and CO2 with the results
obtained in this work for chain-like molecules. CH4 and CO2

were chosen out of the molecules studied as examples of
molecules with the smallest and largest intermolecular poten-
tial anisotropy.

The calculations for real molecules were based on the ab
initio potentials, so it is not straightforward to assign an ap-
propriate value of the well-depth in order to adequately scale
the temperature. As there is no single energy scaling param-
eter that corresponds to the well-depth of the Lennard-Jones
12-6 site-site potential, we have used the value correspond-
ing to the well-depth of the spherically averaged ab initio po-
tential. Hence, there remains a level of uncertainty in the T*
position of the A* values of CH4 and CO2 depicted in Fig-
ure 6(b). However, it is the magnitude of A* at high tempera-
tures that we are primarily interested in. As we have already
discussed, the magnitude of the higher-order viscosity cor-
rection factor is larger than that observed for real polyatomic
gases. This is a direct result of the anisotropy of the poten-
tial dominating the angular momentum coupling contribution.
For A* all the indications are that the anisotropy only enters
through inelastic collisions, which contribute to the effective
cross sections, but do not have a dominant effect. Hence, at
high reduced temperatures the values of A* of CH4 and CO2

are approximately what we would expect based on geometric
considerations. The temperature dependence of A* for CH4

and CO2 resembles that for 1-segment and 2-segment chains,
respectively.
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FIG. 7. Reduced thermal conductivity of rigid Lennard-Jones chains as a
function of the reduced temperature T* and the number of segments per chain
ns obtained using the second-order approximation.

D. Thermal conductivity

The reduced thermal conductivity was calculated by
means of the two-flux approach, Eq. (3). Figure 7(a) illus-
trates its behavior as a function of the reduced temperature
T* for a number of selected chains of different length, while
Figure 7(b) illustrates the behavior as a function of the num-
ber of segments for a number of selected reduced tempera-
tures. We observe a very similar behavior to that of the vis-
cosity and diffusion coefficients. The increase in the chain
length leads to a decrease in the thermal conductivity, while
the increase in temperature leads to an increase. At any par-
ticular reduced temperature, the decrease in thermal conduc-
tivity does not obey any simple power law as a function
of number of segments. At high reduced temperatures, the
thermal conductivity is determined by the effective repul-
sive potential similar to what is observed for viscosity and
self-diffusion.

The values of reduced thermal conductivity have also
been calculated by means of the Thijsse approach, Eqs. (4)
and (5). The agreement with the calculations based on the
first-order two-flux approach (Eq. (3) with f

(n)
λ = 1) is excel-

lent. The deviations increase slightly with increasing temper-
ature, but never exceed 0.6% for any of the chain molecules
studied. The variation of the deviations with chain length is
negligible and is just outside the claimed uncertainty of the
calculation. The current results are in agreement with the pre-
vious findings based on studies of small molecules (N2, CO,
CO2, CH4, H2S, and C2H6),15, 18, 20, 44, 46 where the two ap-
proaches for calculating thermal conductivity were equally
effective. It is reassuring that the total-flux approach gives
very good estimates of the first-order thermal conductivity
even for highly eccentric molecules. This provides further
evidence that a single cross section, S(10E), is sufficient
to describe closely the behavior of the thermal conductivity
and can be used for correlating thermal conductivity of real
fluids.

FIG. 8. (a) Second-order thermal conductivity correction factor f
(2)
λ of rigid

Lennard-Jones chains as a function of the reduced temperature T*. (b) Con-
tribution of the angular momentum coupling to the second-order thermal con-
ductivity correction factor: ns = 2 (-), ns = 3 (--), ns = 4 ( · · ), ns = 6 (- · -),
ns = 8 (-- · ), ns = 16 (- · · ).

We next consider the contribution of the higher-order cor-
rection factor f

(n)
λ to the thermal conductivity. Figure 8(a)

illustrates the temperature dependence of the second-order
thermal conductivity correction factors f

(2)
λ for a number of

selected chains of different length. The temperature depen-
dence is similar to that observed for the viscosity correction
factor, with a rapid increase followed by a levelling off at
higher temperatures. However, the magnitude is much larger.
The thermal conductivity correction factor reaches values of
1.06 − 1.07 at the highest temperatures compared to 1.02 −
1.03 for the viscosity correction. What is interesting is that the
magnitude of the correction does not change monotonically
with chain length, and the shortest chain studied, ns = 2, dis-
plays a more rapid levelling off than that observed for longer
chains. In order to rationalize the large magnitude observed
we examine separately the influence of increasing the chain
length on the second-order correction factor due to velocity
polarization and that due to angular momentum coupling. The
correction due to a velocity polarization shows the expected
behavior, increasing both with temperature and chain length
with a magnitude slightly larger than that observed for viscos-
ity. However, the correction due to angular momentum cou-
pling exhibits an unusual behavior for the 2-segment chain
as illustrated in Figure 8(b). More puzzling is the magnitude
of the correction of the order of 5% at high temperatures
which has not been observed for any real gas studied to date.
Nevertheless, a similarly high angular momentum correction
factor (f (2)

λ = 1.051) has been reported11 for a model sys-
tem consisting of spherocylinders of unit eccentricity, which
corresponds to a 2-segment chain. The thermal conductivity
in the second-order approximation, taking into account only
the angular momentum coupling contribution, is given by Eq.
(3) with each of the three cross sections S(1010), S

(1001
1010

)
,

and S(1001) replaced by the equivalent “second-order” cross
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sections given by15

[
S

(
10st

10s ′t ′

)]1200

2

= S

(
10st

10s ′t ′

)
×



1 −
S̄

(
1200
10st

)
S̄

(
1200
10s ′t ′

)

S

(
10st

10s ′t ′

)
S̄(1200)(1)



 . (9)

In this paper, we follow the standard notation1, 14, 17 and the
overbar is indicated only when the barred and unbarred cross
sections differ. The angular momentum coupling correction is
dominated by the production cross section S̄

(1200
1001

)
, which is

much larger than the production cross section S̄
(1200

1010

)
. This is

not surprising since the former is more influenced by inelas-
tic collisions. This observation led Viehland and co-workers43

to neglect the latter when deriving their approximate expres-
sions for the influence of the angular momentum coupling
on thermal conductivity. Consequently, the second-order an-
gular momentum polarization correction primarily influences
the cross sections S(1001) and S

(1001
1010

)
, effectively decreas-

ing the former and increasing the latter. The overall effect is
to increase the thermal conductivity, as can be most easily
seen from Eqs. (4) and (5). Thus, the large magnitude ob-
served in Figure 8 is directly related to the large effect that the
second-order correction has on the S(1001) and S

(1001
1010

)
cross

sections. A similar behavior was observed for real molecules
when they were approximated as rigid rotors.15, 45, 47 How-
ever, when the rigid-rotor approximation was relaxed and the
molecules were allowed to transport energy in the vibrational
modes, the effect of the second-order correction on the two
cross sections decreased. This led to a smaller overall con-
tribution of the second-order thermal conductivity correction
for real gases than has been observed here.15, 45, 47 It is not
clear if these observations can be generalized or if they are
due to a fortuitous cancellation of individual contributions. If
the previous results based on studies of the thermal conduc-
tivity of CO2 and CH4 can be generalized, then one can pos-
tulate that the second-order thermal conductivity correction
factors are unusually large because the chain molecules are
treated as rigid rotors. If the chain molecules are made flexi-
ble and allowed to vibrate, the second-order correction would
be smaller. It remains to be seen if real gases made of long
chain molecules display large second-order correction factors
for the angular momentum coupling, or if it is simply an arti-
fact of treating chains as rigid rotors.

The ratios of transport properties play an important part
in our understanding of the interconnections between differ-
ent properties at the level of kinetic theory and can also pro-
vide a useful way of predicting one property from the knowl-
edge of another. In Sec. III C, we examined the parameter A*,
while here we focus on the Prandtl number,

Pr = Cpη

mλ
= 7

2
η∗

nsλ∗ , (10)

where Cp is the isobaric heat capacity and the second equation
is valid only for the linear rigid chains considered in this work.

FIG. 9. (a) Prandtl number of rigid Lennard-Jones chains as a function of the
reduced temperature T*: ns = 2 (-), ns = 3 (--), ns = 4 ( · · ), ns = 6 (- · -), ns
= 8 (-- · ), ns = 16 (- · · ). (b) Comparison of the Prandtl number for Lennard-
Jones spheres (black solid line), CO2 (red solid line), and CH4 (green solid
line) with that for Lennard-Jones chains (blue lines): ns = 2 (-), ns = 3 (--),
ns = 6 (- · -).

For monatomic species at temperatures where electronic
excitations are negligible, the Prandtl number is exactly 2/3
in the first-order approximation. Its temperature dependence
arises from the ratio of the higher-order correction factors.
Figure 9(a) illustrates the temperature dependence of the
Prandtl number for a number of selected chains of different
length. As is observed for real fluids, the Prandtl number of
chains also decreases with increasing temperature approach-
ing a constant value at higher temperatures. The temperature
dependence is strongest for the 2-segment chain and it de-
creases steadily as the length of the chain increases. At low
reduced temperatures the Prandtl number converges to a value
of 0.8 irrespective of the chain length, while at higher tem-
peratures the longer chains converge to a Prandtl number of
approximately 0.75. The Prandtl numbers of CO2 and CH4,
shown in Figure 9(b), exhibit a stronger temperature depen-
dence at lower temperatures, but are of similar magnitudes as
the Prandtl numbers of the chains.

IV. SUMMARY AND CONCLUSIONS

The shear viscosity, the self-diffusion coefficient, and the
thermal conductivity have been calculated for a dilute gas in
the reduced temperature range 0.3 − 50. The molecules of
the gas were modelled as rigid chains consisting of a number
of spherical segments, that interact through a combination of
site-site Lennard-Jones 12-6 potentials. The calculations were
performed for chains consisting of 1, 2 ,3 ,4, 5, 6, 7, 8, 10, 13,
and 16 segments.

All three transport properties show a similar behavior, in-
creasing with temperature and decreasing with chain length.
At high temperatures, the observed temperature dependence
corresponds to that of molecules interacting through a spher-
ical, repulsive potential. Hence, it can be argued that at
high temperatures an effective repulsive potential governs the
transport properties of a gas. The hardness of the effective
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potential increases with the chain length, supporting the re-
cent thermodynamic studies based on the SAFT-Mie EOS,
that also indicate that the larger molecules interact through
a potential with an increasingly more repulsive wall than the
smaller molecules.

No simple scaling of transport properties was observed
with the number of segments. Hence, the conclusion based
on studies of spherocylinders that the decrease in transport
properties with increasing chain length can be solely at-
tributed to the increase in projected area and mass is not
supported.

The higher-order correction factors have been calculated
up to the third order for viscosity and up to the second or-
der for thermal conductivity. The observed temperature de-
pendence is similar to that observed for real systems, with the
correction factors displaying a rapid increase at low reduced
temperatures and levelling off at higher reduced temperatures.
The dependence of the correction factors on the number of
segments shows the expected behavior for viscosity, with the
correction factor broadly increasing with the length of the
chain. For thermal conductivity, some unusual behavior has
been observed typified by the 2-segment chain. The contri-
bution to the correction factor due to the velocity coupling is
small, of the order of 1% − 2% at most, implying that the con-
vergence in the velocity basis function expansion is fast. How-
ever, the magnitude of the contribution to the correction factor
due to angular momentum coupling is much larger, reaching
values of 5.7% for thermal conductivity. Although such high
values have been observed for other model systems, where
the rotation is the main way in which these molecules relax,11

for the real gases studied so far the values are much smaller.
Based on the calculations for real gases a hypothesis was put
forward that for non-rigid chains, that can vibrate, the correc-
tion will be smaller.

Two quantities that measure the ratio of transport proper-
ties, namely, A* and the Prandtl number, have also been ex-
amined. They display a weak temperature dependence above
approximately T* = 1 − 2 and are weak functionals of the
length of the chain. The latter indicates a weak dependence
on the anisotropy of the potential. Analogous behavior was
observed for monatomic systems were A* is only weakly de-
pendent on the intermolecular potential.

The comparison of the present calculations with those
carried out by molecular dynamics simulations indicates a
good agreement for shorter chains, within the claimed accu-
racy, while for longer chains differences slightly larger than
the claimed accuracy are observed.

It is interesting to compare the results for chains with
the behavior of real systems, where so far similar calcula-
tions have been based on smaller molecules. The comparison
shows that for the transport properties studied in this work,
which are only weakly dependent on the anisotropy of the po-
tential, the proposed chain model with intermolecular sites at
the center of each segment, can be used to adequately model
the real molecules studied so far. Thus, one could model, on
geometric grounds, the CO2 molecule as a 2-segment chain
and the CH4 molecule as a 1-segment chain. However, if we
are interested in a property that is primarily determined by the
angular momentum coupling and is thus strongly dependent

on anisotropy (e.g., the higher-order correction factor for the
angular momentum coupling) the present chain model is too
anisotropic. To model CO2 as a 2-segment chain, one would
have to reduce the site-site separation.
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