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Abstract

In this paper we generalize the differentiation lemma of measure and integration theory for those
functions that are not differentiable on both sides in finitely many points, so that the interchange
of the one-sided differential operator and the integration with respect to an arbitrary measure is

guaranteed. The central prerequisite is that these are cadlag or caglad functions.

S can be seen in the literature (e.g. Bauer| (1992), [Elstrodt (2018), Klenke (2020)), the

differentiation lemma|is a relevant theorem in measure and integration theory. It is a

tool for mathematical proof. However, it does not apply to functions that are not dif-

ferentiable in finitely many points in the first argument. In this paper, the|differentiation lemma)

is generalized for such functions as long as one-sided differentiability is guaranteed. Therefore,
we consider the one-sided differential operators and extend the preconditions accordingly. In
particular, we require that the functions are cadlag or caglad functions as long as the second

argument is kept constant.

*Phone: +49 40 6541-2378, e-mail: esslinger@hsu-hh.de.
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1. Definitions

First, we introduce some definitions.

Definition 1. Let I C R be a nondegenerate intervall. We denote the set of all cadlag respec-

tively caglad functions f : [ — R by C* (I) respectively C~(I).

Definition 2. Let D C R and (), A, it) be a measure space. We denote the set of all y-integrable
functions f : QO — D by L,,(D).

Definition 3. We denote the right-sided respectively left-sided differential operator with re-
spect to x by 0 respectively 95 .

2. A generalization of the differentiation lemma

The following theorem is a generalization of the [differentiation lemmal It assumes four prop-

erties. For n = 0 in the third property, we obtain the classical case with a weaker requirement

for the derivative.

Theorem 4. Let I C R be a nondegenerate interval and f : I x Q0 — R be a function with the

following properties:
1. (f,w)eCT(HVweQ)V(f(,w)eC (I)Vw e Q).

2, (f(x+,-) € LL(R)V x € I\ sup 1) A (f(x—,-) € LL(R)Vx € I\infl).

.....

4. Vabela<b3he L,(Rf)VweO:

(|oF f(x,w)| < h(w) V x € [a,b)) A (|05 f(x,w)| < h(w) V¥ x € (a,b]).

Then

0 [ flx,w) dn(w) = ! 3uf (x,w) du(w) ¥ x € I\{a}

O

with

(pa) = | OFrsup D) Ff@)ectDVwen
’ (0r,infl) i f(,w) eCT(DVweD
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Proof. Firstlet n = 0. We obtain

2 [ @) du(@) = [ 2 flualnw) duw) v x € a1
Q Q

for each a,b € I with a < b, which corresponds to the statement. Now let n > 0. Assume,

w.lo.g.,
xi <x1Vie{l,.,n—1}

We define (I;)ieo,.,n) by the following case distinction:

1. For the case f(-,w) € C*(I) YV w € Q, we define

Iy:={xel|lx<ux},
I := [x,-,xiH) Vie {1,...,71 — 1} and
Lii={xel|x>x,}.

2. For the case f(-,w) € C~(I) V w € O, we define

Iy:={xel|x<ux},
I = (xz-,xl-H] Vie {1,...,71 — 1} and
L :={x€el|x>ux,}.

With

07 f(x1,w)| <coVwe Q= x; #infl
and

|07 f(xn, w)| <0V w e Q= x, #infl,

we define fo, f, : I x O — R by

folx,”) = {f(x,-) ?fx<x1 "
flxg—, )+ (x —x1)0 f(x1,-) ifx>x;

fn(x’.) — {f(xn+,-) + (x — xn)ajf(xn,.) lfx < x, |
fx0) if x > xy
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flxi+, )+ (x —x;)0f f(xi, ) ifx <
filx,)) =4 f(x,) if x € (x;, xi41) -
f(xiga—, )+ (x = xi1)0y f(xisa, ) if x> X
This gives us the following five properties for f; and I; with i € {0, ..., n}:

L fi(x,-) € L(R)Vx el

%fi(x,w)) <ooVxel,we
3. ‘%fi(x,w)) <hw)Vxel,weO

4 fi(x,-)=f(x,-)Vx el
5. 0xlyer fi(x,w) = lyep 2 fi(x,w) Vx € I\{a},w € O

Together with the (differentiation lemma)), we obtain

/axfxwdy /a Zﬂxezﬂxw)dﬂ( )

i /;’ () dp()
i=0 o)

for each x € I\{a}. O

A. Appendix

Theorem 5 (differentiation lemma [Bauer| (1992)). Let I C R be a nondegenerate interval and f :
I x O3 = R be a function with the following properties:

1 f(x,)e LiR)Vxel

2.

aaxf(x,w)‘ <ooVxelwe.

3. 3he LLRY):

%f(x,w)‘ <h(w)VxeLweq.
Then
aax/f(x'w) du(w) = /aaxf(x,w) du(w)Vx el
Q Q
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