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Streuungsmafe

Ein Mensch der von Statistik hort,
denkt dabet nur an den Mittelwert.
Er glaubt nicht dran und ist dagegen,
ein Beispiel soll es gleich belegen:
Ein Jager auf der Entenjagd

hat einen ersten Schufl gewagt.

Der Schuf$ zu hastig aus dem Rohr,
lag eine gute Handbreit vor.

Der zweite Schufl mit lautem Krach
lag eine gute Handbreit nach.

Der Jager spricht ganz unbeschwert
voll Glauben an den Mittelwert:
LStatistisch ist die Ente tot.“

Doch wdr er klug und ndhme Schrot —
dies sei gesagt, Ihn zu bekehren —
wiirde seine Chancen mehren:

Der Schuf$ geht ab, die Ente stiirzt,

weil Streuung ihr das Leben kiirzt.

Eugen Roth (1895-1976)






Preface

After my Ph.D. thesis in 2004 it was clear to me that I would like to continue my scien-
tific work. Originally I came from capital market theory but I early decided to focus on
statistics with a strong emphasis on methods of multivariate analysis. Due to the almost
unlimited availability of financial market data it is quite reasonable to apply such tools as
copulas, extreme value theory, generalized elliptical distributions, robust covariance ma-
trix estimation, shrinkage estimation, Bayesian analysis, etc., to that kind of observations.
Therefore the present work resumes my scientific contributions on that field over the last
four years. The alert reader will observe that the topic of portfolio optimization plays a
prominent role in that hodge-podge. Indeed, this is no accident since the implementation
of modern portfolio theory is still under vivid discussion. Moreover, it is a perfect play-
ground for statisticians with an aptitude for methods of multivariate analysis and indeed

leads to surprising results both from the viewpoint of mathematics and economics.

First of all I would like to thank Dr. Guy Lonsdale who gave me the kind opportunity to
work for the NEC Laboratories Europe (NEC Europe Ltd.) as an employee and later on
as a consultant. I think that the mathematical problems which had to be solved during
that period had a substantial influence on my academic work. Many discussions with
practitioners opened my eyes and maybe helped me to overcome that kind of autistic

thinking which is often prevalent within the scientific community per se.

At the end of 2004 I convinced Professor Karl Mosler to take me as a postdoctoral fellow on
his chair of econometrics at the University of Cologne. Inexplicably that happened although
I am apparently not a mathematician (at least in a formal manner). I am deeply grateful
for his support. He gave me not only the joy of mathematics (which turns sometimes into
suffering, as with all that beautiful things in life) but also an inspiring example of how a

perfect academic advisor should be. Okay, everybody knows that he is brilliant but that’s
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not the point. Indeed, he is a wise man and maybe he understood that human ability is

better unfolded by emancipating rather than restricting.

I am also thankful to my colleagues, co-authors, and all the other contributors to my work,
i.e. Alexander Bade, Anna Brandt, Dr. Jadran Dobri¢, Dr. Rainer Dyckerhoff, Professor
Christian Genest, Professor Uwe Jaekel, Dr. Markus Junker, Professor Alexander Kempf,
Carsten Korner, Christina Loley, Dr. Christoph Memmel, Dr. Dr. Gert Mittring, Dr. Julia
Nasev, Walter Orth, Yulia Polyakova, Professor Donald Rubin, Christoph Scheicher, Pro-
fessor Friedrich Schmid, Dr. Rafael Schmidt, and Professor David Tyler. Without their
valuable contributions this work would have never been accomplished. Also I would like
to thank the participants and organizers of the summer school on Risk Theory and Related
Topics 2008 in Bedlewo. It was really a pleasure to meet so many nice people on that beau-
tiful place. I will not forget to mention Tobias Wickern, a doctoral student of the Cologne
Graduate School of Risk Management. Besides his mental capabilities he impressed me

very much by his great attitude.

This work is devoted to my wonderful wife Franziska. After all that years she eventually
accepted that it is not easy for me to be always at home at five o’clock in the evening. So
it was her part to take care for our lovely children. Meanwhile they almost grew up and I
am very happy that they still remember my name. Hence, you did a great job, Franziska!
Now, after so many years lost in Platonia, it’s good for me to finish my habilitation. Come

on, let’s see what the future will be...

Gabriel Frahm
Cologne, 18" December, 2008
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Introduction

Since Bachelier’s seminal work of 1900, probabilistic methods have been widely applied to
financial data. At the beginning the primary goal was to find a mathematical description
of the dynamics of asset prices on financial markets. Even though this is still a matter
of particular interest — especially due to the recent turmoils after the subprime mortgage
crisis — it is only one side of the coin. Statistical methods indeed can help to quantify risks.
However, the other side of the coin is that statistical methods themselves are susceptible
to risk as well. Besides the fact that they are often misused or misunderstood, there are
many other factors which can lead to wrong conclusions. For example, a statistical model
which is chosen for describing the data generating process might be wrong and even if the

model is correct, a remaining problem is parameter uncertainty.

There is more to it than that. In many practical applications of statistical methods one can
observe the problem of data dredging (also known as ‘data pruning’, ‘data fishing’, ‘data
snooping’, ‘data mining’, etc.), i.e. searching for ‘statistically significant’ relationships in
large quantities of data and/or dimensions. Another problem is to distinguish between
the purpose of statistical inference and the goal of making an optimal decision based on
empirical data. One might expect that an estimation procedure which is ‘efficient’ in
statistical terms is also the best choice for the decision maker. Unfortunately, in many

cases it can be shown that this assertion is wrong.

I would like to give a more or less informal example. Suppose that ¢ is some utility function

depending on two quantities, i.e. a decision z and an unknown parameter . Now let 6

be some estimator for 6 such that gp(a: ; é) is an efficient or at least unbiased estimator for

the utility cp(x ; 9). Typically, the decision maker tries to maximize his utility by choosing
*

" = arg maxg (,0(5 ; é) Under quite general conditions concerning ¢ and 6 it holds that

(p(j;*;é) > cp(x;é) (a.s.) for every fized decision x. That means

E{gp(i*ﬁ)} > E{go(:n*,é)} = go(:n*;@) > gp(i*;@) ,

xiii



Introduction

where z* = arg maxg 90(5 ; 0) denotes the optimal decision. Hence, although 90(- ; é) is an
unbiased estimator for cp(- ; 9), surprisingly the same function cannot produce an unbiased
estimator for the utility of the decision maker’s actual choice £*. This is dangerous because
it can mislead the decision maker into taking some highly suboptimal alternative. That
means the fundamental concepts of unbiasedness and efficiency, which are widely accepted

in statistical inference, are not appropriate in decision theory.

The first chapter (‘Estimating the tail-dependence coefficient: properties and pitfalls’) is
a joint work with M. Junker and R. Schmidt (Frahm et al., 2005). The so-called tail-
dependence coefficient can be used as a measure for describing the dependence between
extremal data in finance. This is an important topic since extremal dependencies between
financial asset returns have dramatically increased in recent years. Therefore the tail-
dependence coefficient has become a popular measure in risk management. We investigate
different methods for estimating the tail-dependence coefficient which are frequently used
in the literature. Our work is based on copula theory and multivariate extreme value
theory. Actuaries and statisticians who are not familiar with extreme value theory often
have difficulties in choosing appropriate methods for measuring or estimating the tail-
dependence. One reason for that is the limited amount of (extremal) data which makes
the estimation quite sensitive to the choice of the method. Another reason is the lack
of literature comparing the various estimators developed in (mostly theoretical) articles
related to extreme value theory. Hence, we try to partially fill this gap by surveying and

comparing various methods of tail-dependence estimation.

In the second chapter (‘Dependence of stock returns in bull and bear markets’), which is
a joint work with J. Dobri¢ and F. Schmid (Dobri¢ et al., 2008), we present an alternative
method for measuring the dependence of extreme values. Pearson’s rho, i.e. the standard
estimator for the linear correlation coefficient, is the most commonly used measure of
dependence. However, its many shortcomings have been often documented in the literature.
Pearson’s rho is strongly affected by the marginal distributions of the random variables
which are taken into consideration and it is also very sensitive to outliers. Further, it only
quantifies the amount of linear dependence. In spite of that fact, Pearson’s rho is used
as a dependence measure in most empirical investigations of extreme asset returns. This
can lead to wrong conclusions. As an appropriate alternative we introduce a conditional
version of Spearman’s rho. This is an estimator for the rank-correlation coefficient of

extreme values. Qur approach is based on fundamental results of copula theory. We apply

X1v



Introduction

our estimator to asset returns which have been observed on the German stock market. In
particular, we concentrate on the question whether dependence is significantly different in

bull and bear markets.

The following chapter (‘A general approach to Bayesian portfolio optimization’) is a joint
work with A. Bade and U. Jaekel (Bade et al., 2008). Traditional portfolio optimiza-
tion strategies are susceptible to parameter uncertainty and many portfolio optimization
approaches rely on rather simple assumptions about the distribution of asset returns. How-
ever, it is well-known that short-term financial data can be heavy-tailed or at least lep-
tokurtic, tail-dependent, skewed or asymmetric in some other way. Moreover, financial
time series typically exhibit volatility clusters or even long-memory; high-frequency data
generally are non-stationary, have jumps, etc. This might be the reason why many authors
prefer to work with long-term asset returns. However, decreasing the sampling frequency
leads to a loss of statistical efficiency. Our principal goal is to present a general approach
to portfolio optimization which takes account of both estimation risks and stylized facts
of financial data. This is done within a Bayesian framework using contemporary methods
of Markov chain Monte Carlo. By contrast, the existing literature on Bayesian portfolio
optimization in general does not take stylized facts into account since many Bayesian ap-
proaches are based on a purely analytical fundament. To avoid limitations of such kind,
we suggest a Metropolis-Hastings-like algorithm for simulating the posterior distribution
of the unknown parameters. This is derived on the basis of empirical information obtained
from time series data and prior information possibly given by an expert. By choosing a
numerical rather than an analytical approach, principally we can use almost any proba-
bilistic model for the data and parameters. At the end of Chapter 3 a realistic portfolio
optimization problem is presented, which has been performed on a standard PC in reason-

able time.

In Chapter 4 (‘Linear statistical inference for global and local minimum variance portfolios’)
I provide analytic results concerning the small-sample properties of minimum variance
portfolios (Frahm, 2008). At the beginning of modern portfolio theory it was usually
supposed that the parameters of interest, i.e. the means and (co-)variances of asset returns,
can be estimated accurately such that estimation errors remain negligible. Although this
conjecture might be true for variances and covariances if the sample size is large enough
compared to the number of assets, it is not an appropriate simplification for expected asset

returns in most practical situations. Therefore the so-called global minimum variance
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Introduction

portfolio has been recently advocated by many authors. Its main advantage is that no
expected asset returns have to be estimated and so the impact of estimation errors can
be substantially reduced. However, in many practical situations investors do not aim at
finding the global minimum variance portfolio but a minimum variance portfolio under some
additional constraints besides the budget constraint. For example, portfolio managers of
mutual funds often have to observe certain limits regarding their choice of portfolio weights.
Such a portfolio will be referred to as a local minimum variance portfolio. Focusing on the
small-sample rather than large-sample properties is an important issue, for I will show that
large-sample approximations fail if the sample size is large but the number of observations
relative to the number of assets is small. The statistical instruments used in that chapter
are taken from linear regression theory under stochastic regressors. After recalling some
existing hypothesis tests for the global minimum variance portfolio (Kempf and Memmel,
2006), I derive the corresponding tests for local minimum variance portfolios. Furthermore,
the joint distribution of the weights of global and local minimum variance portfolios is
calculated and I also present an empirical study where the given instruments are applied

to stock market data.

Chapter 5 (‘Dominant estimators for the global minimum variance portfolio’) is a joint
work with C. Memmel (Frahm and Memmel, 2008). Kempf and Memmel (2006) showed
that the traditional estimator for the global minimum variance portfolio is the best unbi-
ased estimator if the asset returns possess a multivariate normal distribution. However, as
already pointed out before, that does not necessarily imply that the traditional estimator
is the best choice from the investor’s point of view. Indeed, we have found two estimators
for the global minimum variance portfolio which dominate the traditional estimator with
respect to the out-of-sample variance of the portfolio return. Due to the arguments given
in Chapter 4, the same conclusion can be drawn for estimating local minimum variance
portfolios. The methods used in Chapter 5 heavily rely on Stein-type estimation theory.
In contrast to the existing shrinkage approaches which can be found in the portfolio op-
timization literature, our results are valid in small samples. We show that by using our
shrinkage estimators it is possible to reduce the out-of-sample variance of the portfolio
return substantially. We present not only the small-sample properties of the shrinkage
estimators and some related quantities, but also their large-sample properties. Moreover,
backed by the results of a recent study presented by DeMiguel et al. (2007), we derive a

small-sample test for the ‘naive diversification hypothesis’, i.e. for deciding the question of
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whether or not it is better to completely ignore time series information in favor of naive

diversification.

In the following chapter (‘A hypothesis test for the best investment strategy’) I discuss the
question whether a chosen investment strategy is significantly the best compared to some
other candidates (Frahm, 2007). Here the notion of significance is emphasized, since for
applying a statistical test it is typically assumed that the hypothesis on hand is chosen
before examining the data. Otherwise the hypothesis test would suffer from a selection bias.
Speaking more generally, given some empirical or simulated data it is often questionable
which ‘alternative’ or ‘decision’ is the best one in terms of some objective or utility function.
Hence, a favorite alternative has to be compared with some given competitors. That means
various hypothesis tests have to be conducted simultaneously, which is a typical problem
of multiple testing. In Chapter 6, I derive a large-sample test for the best alternative in a
rather general setting. The presented test accounts for conditional heteroscedasticity and
non-normality of asset returns — in contrast to the well-known Jobson-Korkie-Memmel test

— and it will be demonstrated by an application to financial data.

Chapter 7 (‘Asymptotic distributions of robust shape matrices and scales’) leaves the scope
of portfolio optimization and belongs to the general theory of robust covariance matrix es-
timation. In this work (?) I discuss the problem of shape matrix estimation. It has been
frequently observed that many multivariate statistical methods like principal components
analysis, canonical correlation analysis, linear discriminant analysis, and multivariate re-
gression require the covariance matrix only up to some scaling constant. If the topic of
interest is not the scale but only the shape of the distribution of some random vector X,
it is not meaningful to focus on the asymptotic covariance matrix of an estimator for the
covariance matrix of X, i.e. X or some other matrix being proportional to 3. This problem
is much discussed in the recent literature on robust covariance matrix estimation. I derive
explicit expressions for the joint asymptotic distributions of robust shape matrix estima-
tors and the associated estimators for the scale. This is done by using a fundamental result
given by Tyler (1982) and advanced methods of multivariate analysis. This chapter also
contains a generalization of a surprising result recently obtained by Paindaveine (2008)
in the context of local asymptotic normality theory. More precisely, it is shown that the
estimators for the shape matrix and scale are asymptotically independent for one and only

one specific choice of the scale function, provided their asymptotic distribution is normal.
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The last chapter (‘Distribution-free shape matrix estimation for incomplete data’) is a
joint work with U. Jaekel (Frahm and Jaekel, 2007a). One disadvantage of most robust
covariance matrix estimators is that they do not account for missing data. However, this
is extremely important, since in my opinion almost any data set which can be found in
practice is incomplete. Therefore we derive a shape matrix estimator which works both
with complete and incomplete data. This is done by applying contemporary methods of
missing data analysis. Our estimator is distribution-free within the class of generalized
elliptical distributions (Frahm, 2004). That means it is invariant under any change of the
generating variate and thus it is not bothered by heavy tails and other kinds of financial
data anomalies. We show that in the complete-data case the presented estimator corre-
sponds to Tyler’s celebrated M-estimator (Tyler, 1983, 1987a). By contrast, our extension
of Tyler’s M-estimator turns out to be an ML-estimator if the data are incomplete. Thus
it is possible to obtain its asymptotic properties by standard results of likelihood theory,
using some arguments given in Chapter 7. We also present a fast algorithm for calculat-
ing the estimate which works well even for high-dimensional data. Further, we provide
a simulation study covering the complete-data as well as the incomplete-data case using

clean and contaminated data under the different missingness mechanisms MCAR, MAR,

and NMAR.
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Chapter 1.

Estimating the Tail-Dependence

Coefficient: Properties and Pitfalls

1.1. Motivation

During the last decade, dependencies between financial asset returns have increased due
to globalization effects and relaxed market regulation. However, common dependence
measures such as Pearson’s correlation coefficient are not always suited for a proper un-
derstanding of dependencies in financial markets; see, e.g., Embrechts et al. (2002). In
particular, dependencies between extreme events such as extreme negative stock returns
or large portfolio losses cause the need for alternative dependence measures to support

beneficial asset-allocation strategies.

Several empirical surveys such as Ané and Kharoubi (2003) and Junker and May (2005)
exhibited that the concept of tail-dependence is a useful tool to describe the dependence be-
tween extremal data in finance. Moreover, they showed that especially during volatile and
bear markets, tail-dependence plays a significant role. In this context, tail-dependence is
described via the so-called tail-dependence coefficient (TDC) introduced by Sibuya (1960).

This concept is reviewed in Section 1.2.

However, actuaries and statisticians who are not familiar with extreme value theory (EVT)
often have difficulties in choosing appropriate methods for measuring or estimating tail-
dependence. One reason for that is the limited amount of (extremal) data which makes the
estimation quite sensitive to the choice of method. Another reason is the lack of literature
which compares the various estimators developed in (mostly theoretical) articles related

to EVT. This paper tries to partially fill this gap by surveying and comparing various
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methods of tail-dependence estimation. In other words, we will present the most common

estimators for the TDC and compare them via a simulation study.

TDC estimators are either based on the entire set of observations or on extremal data.
Regarding the latter, EVT is the natural choice for inferences on extreme values. In the
one-dimensional setting, the extreme value distributions can be expressed in parametric
form, as shown by Fisher and Tippett (1928). Thus it suffices to apply parametric esti-
mation methods only. By contrast, multidimensional extreme value distributions cannot
be characterized by a fully parametric model in general. This leads to more complicated

estimation techniques.

Parametric estimation methods are efficient if the distribution model under consideration
is true, but they suffer from biased estimates in case the underlying model is different.
Nonparametric estimation procedures avoid this type of model error but come along with a
larger estimation variance. Accordingly, we distinguish in Section 1.3 between the following

types of TDC estimations, namely, TDC estimations which are based on:

a) a specific distribution or a family of distributions;
b) a specific copula or a family of copulas; or

¢) a nonparametric model.

We discuss properties of the estimators along with possible applications and give references
for further reading. Section 1.4 presents a detailed simulation study which analyzes and
compares selected estimators regarding their finite sample behavior. Statistical methods
testing for tail-dependence or tail-independence are not included in this work. An account

on that topic can be found for instance in Draisma et al. (2004).

1.2. Preliminaries

The following approach, discussed by Sibuya (1960) and Joe (1997, p. 33) among others,
represents the most common definition of tail-dependence. Let (X,Y’) be a random pair
with joint cumulative distribution function F' and marginals G (for X) and H (for Y).
The quantity

AU :tlilﬁ P{G(X)>t|H((Y)>t}
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is called the upper tail-dependence coefficient (upper TDC), provided the limit exists. We
say that (X,Y") is upper tail dependent if A\yy > 0 and upper tail independent if A\yy = 0.

Similarly, we define the lower tail-dependence coefficient by
AL = lin01+]P{G(X) <t|H((Y)<t}.
t—

Thus, the TDC roughly corresponds to the probability that one margin exceeds a high /low

threshold under the condition that the other margin exceeds a high/low threshold.

The TDC can also be defined via the notion of copula, introduced by Sklar (1959). A
copula C'is a cumulative distribution function whose margins are uniformly distributed
on [0,1]. As shown by Sklar (1959), the joint distribution function F' of any random pair

(X,Y) with marginals G and H can be represented as

F(z,y) = C{G(x), H(y)}. (1.1)
in terms of a copula C' which is unique when G and H are continuous, as will be assumed
in the sequel. Refer to Nelsen (2006) or Joe (1997) for more information on copulas.

If C is the copula of (X,Y), then

o= tim S0 g Ay = g LZHECD
t—0t 1 t—1— 1—t

Another representation of the upper TDC is given by Ay = lim, g+ C(s,s)/s, where
C (1—-t,1—1t)=1-—2t+ C(t,t) denotes the survival copula of C'. Thus, the upper TDC
of C equals the lower TDC of its survival copula and, vice versa, the lower TDC of C
is given by the upper TDC of C. Since the TDC is determined by the copula of X and

Y, many copula features transfer directly to the TDC. For instance, the TDC is invariant

under strictly increasing transformations of the margins.

Consider a random sample (X1,Y1),...,(X,,Y,) of observations of (X,Y’). Let
X, =max (Xy,...,X,) and Y, =max(Y1,...,Y,)

be the corresponding componentwise maxima. In order to have a meaningful discussion
about tail-dependence in the EVT framework, we assume that F belongs to the domain
of attraction of an extreme value (EV) distribution. This means that as n — oo, the joint
distribution of the standardized componentwise maxima X and Y, has the following

limiting EV distribution (with non-degenerated margins):

F"(apx + by, cpy + dn) — Fpy(x,y)
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for some standardizing sequences (ay,), (¢y) > 0 and (by,), (d,,) € R. Suppose that Fgy has

unit Fréchet margins Ggy and Hgy, i.e.,

Gpy (x) =exp(—1/x), x >0 and Hpgy (y) =exp(—1/y), y > 0.

This assumption, which is standard in the EVT framework, is similar to the assumption
that the margins can be transformed into uniform distributions in the theory of copulas.

Then the EV distribution possesses the following representation (Pickands, 1981):

FEv(a:,y):exp{— <%+§>A<xiy>} 2,y > 0. (1.2)

Here A :[0,1] — [1/2,1] is a convex function such that max(¢,1 —t) < A(t) <1 for every

0 <t < 1. The function A is known as Pickands’ dependence function. In the sequel,
the term dependence function always refers to the above representation and should not be

confused with the copula of a bivariate random vector.

The copula Cy, £ € N, of the componentwise maxima X" and Y;* is related to the copula

C as follows:

C}(u,fu):(}'é (ul/g,ful/z), 0<u,v<1.

If the diagonal section C (t,t) is differentiable for ¢ € (1 —¢,1) for some € > 0, then it can

be shown that

. 1-C(t,1) . 1-=CF(t,1) . dC(t,1) . dCy (t,t)
2- = lim —— = lim ———— =1 = lim ———= (1.3
VTR 1t ok 1t o1 dt oLk dt (13)

for all £ € N. In particular, for £ — oo we obtain

_ 1 _ 1
log (t)" log ()

where C'gy denotes the copula of Fgy. This implies the following important relationship:

1

Another representation of the EV distribution is frequently encountered in the EV'T lit-

Cpy (t,t) = Fgy { } =402 o<t <,

erature. If Fpy has unit Fréchet margins, there exists a finite spectral measure S on

B=A{(z,y): z,y >0,|(z,y)||, =1}, where || - || denotes the Euclidean norm, such that

FEv(fc,y)Zexp{—/ max <E,3> dS(u,v)}, x,y >0,
B

Ty

with [ u dS(u,v) =1 and [;v dS(u,v) = 1. This yields

Ay =2— / max (u,v) dS(u,v)
B
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and A(1/2) = [z max (u,v) dS(u,v)/2. The estimation of the spectral measure is discussed
by Joe et al. (1992), de Haan and Resnick (1993), Einmahl et al. (1993, 1997), and Capéraa

and Fougeres (2000), among others.

Thus any estimator of the upper TDC A\ (the index n is dropped for notational conve-
nience) is equivalent to some estimator A, (1/2) via the relationship Ay = 2 — 24, (1/2).
By considering the dependence function related to the survival copula, this holds also for
the lower TDC. An abundant literature exists concerning the estimation of the dependence
function A. See for instance de Oliveira (1984), Tawn (1988), Smith et al. (1990), Hutchin-
son and Lai (1990) or Coles and Tawn (1991) for fitting parametric (structural) models to
A. By contrast, Pickands (1981), Deheuvels (1991), Joe et al. (1992), Abdous et al. (1999),
Capéraa and Fougeres (2000) or Falk and Reiss (2003) consider nonparametric estimation

procedures.

Due to the invariance of the TDC of (X, Y;*) with respect to ¢, the following estimator

arises quite naturally:

A ~ (1 dC.,
=92 - | =2—- — < <n.
v =2-24, <2> 2 i (t,t) tNl, 1<m<n

Here dmt denotes the estimated derivative of the diagonal section of the copula C}
from m block maxima, where each block contains ¢ = n/m elements of the original data
set (we choose m such that n/m € N). The special case m = n (i.e., £ = 1) corresponds to
n block maxima which form the original data set. Every TDC estimator has to deal with
a bias-variance trade-off arising from the following two sources. The first one is the choice
of the threshold ¢. That is, the larger ¢ the smaller the bias (and the larger the variance)
and vice versa. The second source is the number of block maxima. Thus, the larger m
the smaller the variance but the larger the bias. An optimal choice of m and t, e.g., with
respect to the mean squared error (MSE) of the estimator, is usually difficult to derive. A

similar problem exists for univariate tail-index estimations of regular varying distributions.

In Figure 1.4, we illustrate the latter bias-variance problem via the following estimator
which is motivated by (1.3) and forms the nonparametric counterpart of the parametric

estimator x introduced in Coles et al. (1999):

\LOG
)\U — 2

0<k<m, (1.4)

where
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is called the empirical copula. Here 1 denotes the indicator function, while R1; and Ry;,
respectively, are the ranks of the block maxima X;j and Yz?v j=1,....,m, £ = n/m.
The threshold is denoted by k. As expected, Figure 1.4 reveals that the estimation via
block maxima has a lower bias but a larger variance. The bias-variance tradeoff for various

thresholds can be clearly seen, too.

In order to ease the presentation we do not explicitly differentiate between block maxima

and the original data set in the forthcoming sections.

1.3. TDC Estimation

The following estimation approaches are classified by the degree of prior information which
is available about the distribution of the data. We will either assume a specific distribution
or a class of distributions, a specific copula or a class of copulas, or we perform a com-
pletely nonparametric estimation. For notational convenience, A will be written without
the subscript L or U whenever we know that A\;, = Ay. Moreover, the subscript is dropped

whenever we neither specifically refer to the upper nor to the lower TDC.

1.3.1. Estimation Using a Specific Distribution

Suppose that the distribution F'(-;6) is known. Further assume that A can be represented
via a known function of 6, i.e., A = A(6). Also assume that F' allows for tail-dependence.
Then the parameter f can be estimated via maximum-likelihood (ML), which suggests the
estimator \ = )\(é) Under the usual regularity conditions of ML-theory, as in Casella and
Berger (2002, p. 516), the functional estimator A= )\(é) represents an ML-estimator which
possesses the well-known consistency and asymptotic normality properties.

Example 1. Suppose that (X,Y") is bivariate ¢t-distributed, i.e.,

Z
Vgja
where Z ~ N(0,%), p € R%, ¥ € R?*2 positive definite, and Z is stochastically independent
of x2. Then Embrechts et al. (2002) show that

A=21%n41 (m E) , (1.5)

where £, 1 is the survival function of a Student’s univariate ¢t-distribution with a+1 degrees

X,V 2+ a >0,

of freedom. The parameter p = sin(7w7/2), expressed in terms of Kendall’s tau, denotes the
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correlation parameter of (X,Y). It corresponds to Pearson’s correlation coefficient, when

it exists. O

Obviously this estimation approach requires prior information about the joint distribution
function of the data. Consequently, the TDC estimator generates good estimates (in the
sense of MSE) if the proposed distribution is the right one, but it will be biased if the
distribution is wrong. In other words, this type of estimation is not expected to reveal

surprising results and will be, therefore, excluded from the subsequent discussion.

1.3.2. Estimation within a Class of Distributions

Instead of a specific distribution, we now suppose that [’ belongs to a class of distribu-
tions. Because of its popularity in theory and practice, as illustrated, e.g., by Bingham
et al. (2003) and Embrechts et al. (2003), we consider the class of elliptically contoured
distribution, viz.

(X, 7)< i+ RAU®, (1.6)

where U®) is a random pair uniformly distributed on the unit circle, R is a nonnegative
random variable that is stochastically independent of U @), 1 € R? is a location parameter,
and A € R?*? is nonsingular. Well-known members of the latter distribution family are
the multivariate normal, multivariate ¢ and symmetric generalized hyperbolic distributions.
Note that p = 0 does not correspond to independence; see, e.g., Abdous et al. (2005) for

additional discussion concerning the dependence properties of this class of copulas.

In case the tail distribution of the Euclidean norm ||(X,Y)||, is regularly varying with tail
index o > 0 [see Bingham et al. (1987) for the definition of regular variation|, Schmidt
(2002) and Frahm et al. (2003) show that tail-dependence is present and that relationship

(1.5) still holds. In particular, we have

() (D)

Various methods for the estimation of the tail index « are discussed, e.g., in Matthys and

Beirlant (2002) or Embrechts et al. (1997).

1.3.3. Estimation Using a Specific Copula

Suppose that the copula C(-;0) is known. Note that this is a much weaker assumption

than assuming a specific distribution. The estimation of the parameter 6 can be performed
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in two steps. First, we transform the observations of X and Y (or the corresponding block
maxima) via estimates of the marginal distribution functions G and H and fit the copula
from the transformed data in a second step; the transformation is justified by (1.1). Unless
stated otherwise, the marginal distribution functions will be estimated by the empirical

distribution functions én and f[n

The estimation of G and H via the empirical distribution functions avoids an incorrect
specification of the margins. Genest et al. (1995), as well as Shih and Louis (1995), discuss
consistency and asymptotic normality of the copula parameter 6 if it is estimated in this
fashion. Roughly speaking, if the map between 6 and A is smooth enough, then the
estimator A = )\(é) is consistent and asymptotically normal provided 6 is consistent and

asymptotically normal.

If G(-;0¢) and H(-;0p) are assumed to be specific distributions, then g and 6y can be
estimated, e.g., via ML methods. In particular, the IFM method (method of inference
functions for margins) consists of estimating 65 and 0y via ML and, in a second step,
estimating the parameter 6 of the copula C(-;6) via ML also. However, for this approach
it is necessary that the parameters 6 and 6y do not analytically depend on the copula
parameter 6. Results about the asymptotic distribution and the asymptotic covariance
matrix of this type of estimation are derived in Joe (1997, Ch. 10); see also the references
therein. A simulation study (which is not included in this paper but can be obtained from
the authors upon request) shows that there is not much difference between the two step and
the one step estimation in terms of the MSE. Also the MSE related to the pseudo-ML and

the ML-estimation via empirical margins are roughly the same in this simulation study.

Example 2. Suppose that the data stem from a bivariate t-copula

C (u,v;50,p) =t {t5 1 (u), t,1 (v);p},

where t,(-;p) represents the bivariate ¢-distribution function with a degrees of freedom

and correlation parameter p. O

Note that elliptical copulas (i.e., copulas of elliptical random vectors) are restricted to
transpositional symmetry, i.e., C = C and thus Az, = Ay. Hence, if the TDC is estimated
from the entire sample via a single copula, the elliptical copulas are not appropriate if
AL # Ay. For example it is well known that investors react differently to negative and
positive news. In particular for asset return modeling, the symmetry assumption has to be

considered with care; see, e.g., Junker (2004) for an empirical study of commodity returns
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and U.S. dollar yield-returns using likelihood ratio tests. In such a case, A and Ay are
better estimated by utilizing two different elliptical copulas and taking only the lower left

or the upper right observations of the copula into consideration (see the example below).

Example 3. Suppose that C is a specific Archimedean copula such as the Gumbel copula

Ce (1) = exp [— {(~1ogu)’ + <—logv>é}9] ,

where 0 < 6 < 1. It is easy to show that Ay () = 2 — 2% and therefore A(1/2) = 29/2.
Thus, Ay may be estimated via Ayr(f) where  is obtained from a fitted Gumbel copula.

|

In general, Archimedean copulas are described by a continuous, strictly decreasing and
convex generator function ¢ : [0, 1] — [0, oo] with ¢(1) = 0. The copula C' is then given
by

C(u,v) = o7 {o (u) + 6 (v)}
Here ¢[=1 : [0, 0c0] — [0, 1] denotes the pseudo-inverse of ¢. The generator ¢ is called

strict if ¢(0) = co and in this case @[~ = ¢~ 1; see Genest and MacKay (1986) or Nelsen
(2006, Ch. 4).

Suppose (U, V) is distributed with Archimedean copula C' with generator ¢(-;#) involving
an unknown parameter 6. Recall that the TDC is defined along the copula’s diagonal. In

this context, we mention the following useful relationship

P{max (U, V) <t} =C (t,t) = ¢ 1 {2¢(t;0);6}.

Example 4. Consider the following conditional distribution function:

C(u,v)

Clt 1)’

PU<uV<v|UV<t)= 0<t<l, 0<u,v<t.

Observe that we may only consider data which fall below the threshold ¢ in order to estimate
the lower TDC. The conditional distribution function of the upper right quadrant of C' is
similarly defined. The point is that it is useful to allow completely different conditional
distributions for lower left and upper right observations of the copula. Note that the
typical bias-variance trade-off appears again for the choice of the threshold t (as discussed

in Section 1.1). O
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1.3.4. Estimation within a Class of Copulas

Let us consider the important class of Archimedean copulas. Juri and Wiithrich (2002)
have derived the following limiting result for the bivariate excess distribution of Archime-
dean copulas C. Define

_ C {min (z,t),t}

B (@) = G

0<z< 1,

where 0 < ¢t < 1 is a low threshold. Note that F; can be also defined via the second

argument of C since C(u,v) = C(v,u). Now consider the “copula of small values” defined

by
C{F '(w),F, ' (v)}
C(t,¢) ’

where F; ! is the generalized inverse of Fi. It can be shown that if C' has a differentiable

Cy (u,v) =

(1.7)

and regularly varying generator ¢ with tail index a > 0 then

lim Cy (u,v) = Ccy (u,v;a),

t—0

for every 0 < u,v < 1, where
—a —a -1/«
Cai(u,v;0) = (™ +v"* = 1)

is the Clayton copula with parameter a. One may verify that A\, = Ap(a) = o1/,
Thus, the lower TDC can be estimated by fitting the Clayton copula to small values of the

approximate copula realizations and set A L =214,

Remarks.

i) Archimedean copulas that belong to a domain of attraction are necessarily in the do-
main of attraction of the Gumbel copula, which is an EV copula; see, e.g., Genest and
Rivest (1989) and Capéraa and Fougéres (2000). Hence, the Gumbel copula seems
to be a natural choice regarding the TDC estimation if we work in an Archimedean

framework.

ii) The marginal distributions of financial asset returns are commonly easier to model
than the corresponding dependence structure; this is often due to the limited avail-
ability of data. Consider for instance the pricing of so-called basket credit deriva-
tives. Here the marginal survival functions of the underlying credits are usually

estimated via parametric hazard-rate models by utilizing observable default spreads.

10
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The choice of an appropriate dependence structure, however, is still a debate and sev-
eral approaches are currently discussed; see, e.g., Li (1999) or Laurent and Gregory

(2005).

1.3.5. Nonparametric Estimation

In the present section, no parametric assumptions are made for the copula and the marginal
distribution functions. TDC estimates are obtained from the empirical copula én Note

that the empirical copula implies the following relationship

~ ~

F\n(wa y) = Cn{an(x)7 Hy(y)},

where ﬁn, @n, and ﬁn denote the empirical distributions.

In (1.4), we presented the nonparametric upper TDC estimator ;\BOG which is based on

the empirical copula. This estimator was motivated by equation (1.3). Note that if the

bivariate data are stochastically independent (or comonotonic), X%OG is well behaved for

all thresholds k in terms of the bias, as in that case C(t,t) = t? (or C(t,t) = t) and thus
X%]OG ~2—-2=0 (or X%]OG ~ 2 — 1 = 1) holds independently of k.

Another estimator appears as a special case in Joe et al. (1992):

1—C, (=k, n=h)y

n '’ n
1_”_—k ’
n

ASEC — 9 0<k<n. (1.8)

This estimator can also be motivated by equation (1.3), which explains the superscript SEC
illustrating the relationship to the secant of the copula’s diagonal. Asymptotic normality

and strong consistency of ;\SUEC are, e.g., addressed in Schmidt and Stadtmiiller (2006).

A third nonparametric estimator is proposed below which is motivated in Capéraa et al.
(1997). Let {(U1,V1),...,(Un,V,)} be a random sample obtained from the copula C.
Assume that the empirical copula function approximates an EV copula Cgy (take block

maxima if necessary) and define

< 1« 1 1 1
\CFG —9 9 S| log — log — /log ————————
exp [ng og{,/og Gloey o

1.3.6. Pitfalls

From finitely many observations (x1,41),. .., (Zn,yn) of (X,Y), it is difficult to conclude

whether (X,Y) is tail dependent or not. As for tail-index estimation, one can always specify

11
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2000 realizations of Cpr(®(X), (') 2000 realizations of Cop(®(X), ()
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Figure 1.1.: Scatterplots of 2000 simulated data with standard normal margins and copula
Cnyr (upper left) and Gumbel copula Cgy (upper right), respectively. The lower plots
show the corresponding TDC estimates X%OG for different choices of k. The horizontal lines

indicate the true TDCs.

thin-tailed distributions which produce sample observations suggesting heavy tails even for
large sample sizes. For example the upper left plot of Figure 1.1 shows the scatter plot of
2000 realizations from a distribution with standard normal univariate margins and copula
Cnr corresponding to a mixture distribution of different bivariate Gaussian distributions,

namely:

0 0.49 0.245 1 0.49 0.441
NM = 5N : +3N :
0 0.245 0.49 1 0.441 0.49

At first glance, the scatter plot reveals upper tail-dependence although any finite mixture
of normal distributions is tail independent. The upper right plot of Figure 1.1 shows
the scatter plot of 2000 realizations from a distribution with standard normal univariate
margins and a Gumbel copula with 6 = 2.25. As expected, the sample reveals a large upper
TDC of \y = 2 — 27 ~ 0.64. Nevertheless, the upper left plot with \yy = 0 looks more
or less like the upper right plot. The lower two plots of Figure 1.1 give the corresponding
TDC estimates of X%OG for different choices of k. It can be seen that for any choice of k

the TDC estimate for copula C'nps has nearly the same value as the TDC estimate for the

12
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scatterplot of Ugy,p scatterplot of U,,orm
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Figure 1.2.: Comparison of empirical copula densities obtained via empirical marginal dis-
tributions (left panel) and via fitted normal marginal distributions (right panel). The

marginal transformations in the right panel are misspecified.

Gumbel copula. Conversely one may create samples which seem to be tail independent
but they are realizations of a tail dependent distribution. Thus, the message is that one
must be careful by inferring tail-dependence from a finite random sample. The best way
to protect against misidentifications is the application of several estimators, test or plots

to the same data set.

We address another pitfall regarding the estimation of the marginal distribution functions.
The use of parametric margins instead of empirical margins bears a model risk and may
lead to wrong interpretations of the dependence structure. For instance, consider 3000

realizations of a random pair with distribution function

H (z,y) = Cou {t, (%), t, (y); 0},

where t, denotes the univariate standard ¢-distribution with v degrees of freedom and
Cqu is the Gumbel copula with parameter 6. Set § = 2 and v = 3. In Figure 1.2, we
compare the empirical copula densities which are either obtained via empirical marginal
distributions or via fitted normal marginal distributions. Precisely, in the second case
we plot the pairs (G(z;), H(y;)), where G and H are normal distribution functions with
parameters estimated from the data. The left panel of Figure 1.2 clearly illustrates the
dependence structure of a Gumbel copula. By contrast, the data in the right panel have
nearly lost all the appearance for upper tail-dependence. Thus we have shown that not
testing or ignoring the quality of the marginal fit can cause dramatic misinterpretation of

the underlying dependence structure.

13
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1.4. Simulation Study

In order to compare the finite sample properties of the discussed TDC estimators, we run an
extensive simulation study. Each simulated data set consists of 1000 independent copies
of n realizations from a random sample {(X1,Y7),...,(X,,Y,)} having one particular
distribution out of four. Three different sample sizes n = 250, 1000, 5000 are considered
for each data set. The four different distributions are denoted by H, T, G and AG. For
example the data set 5?1,50 contains realizations of 1000 samples with sample size 250 which
are generated from a bivariate symmetric generalized hyperbolic distribution H. This is
an elliptical distribution (see (1.6)), where RU®) has density
(o) = Ko VLT =)
27 Ko(1)
and K is the Bessel function of the third kind with index 0. The correlation parameter is

set to p = 0.5.

Further, T refers to the bivariate t-distribution with v = 1.5 degrees of freedom and p = 0.5.

Distribution G is determined by the distribution function

Fg(z,y) = Ce{® (2),® (y); 9,0},
where ® denotes the univariate standard normal distribution and Cg is an Archimedean
copula with generator function

e 1

60(t:9.8) = (oranlt: N} = (~log 1

é
1> ) 197&075217

considered by Junker and May (2005). Here, @prank is the generator of the Frank copula,

and values ¥ = —0.76 and § = 1.56 are chosen, for reasons given below.

Finally, distribution AG is an asymmetric Gumbel copula, as defined by Tawn (1988),

combined with standard normal margins, viz.

Fac(z,y) = Cac{® (z),® (v);0,6,0},

where

Cac (u,v:0,¢,0) = u' v % exp (— {{—Hln ()}’ + {—¢In (v)}‘s} %> .

We set 8 = 0.5,¢ = 0.9,6 = 2.78. For additional ways of generating asymmetric models

and multi-parameter Archimedean copulas, see Genest et al. (1998).

14
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5000 realizations of H 5000 realizations of T 5000 realizations of G 5000 realizations of AG

40

i < 4 <

10
I

20
I
2
I

-20
I
2

-40
L
4
L
4
L

5000 realizations of copula H 5000 realizations of copula T 5000 realizations of copula G~ 5000 realizations of copula AG

e < < <
=} =} P =

0.8

0.6
0.6
0.6

04
!
04
0.4

0.2
0.2
0.2

0.0
0.0
0.0

Figure 1.3.: Scatter plots of simulated distributions and corresponding empirical copula

realizations.

Note that distribution H has no tail-dependence; e.g., see Schmidt (2002). Thus the set
of generalized hyperbolic data is used to control the performance of the TDC estimation
methods under the absence of tail-dependence. By contrast, distribution 1" possesses tail-
dependence; see also (1.5). Further, copula Cg is lower tail independent but upper tail
dependent, i.e., /\g =0 and )\g = 2 — 219 The parametrization of the distributions T, G,
and AG is chosen such that AT = X, = \§ = )\éG = 0.4406 and Kendall’s tau 71 = 77 =
7¢ = 74¢ = 1/3 in order to provide comparability of the estimation results. Figure 1.3
illustrates the different tail behavior of distributions H,T, G, and AG by presenting the
scatter plots of the respective simulated data-sample with sample size n = 5000, together

with the corresponding empirical copula realizations. Regarding the copula mapping, we

use empirical marginal distribution functions.

The different estimation methods are compared via the sample means 1 (\,,) and the sample
standard deviations & (5\,1) of the estimates j‘n,zﬁ 1=1,...,1000, depending on the sample
size n. Furthermore, to analyze the bias-variance trade-off for different sample sizes and

estimation methods we compare the corresponding root mean squared errors:

. 1 1000 . 9
RMSE </\n> =\ 1055 > (Am-—A> . (1.9)
i=1
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Moreover, we introduce another statistical quantity called MESE (mean error to standard
error):
A A (An) — A
MESE (4,) = Wi)‘ (1.10)
7 (An)

MESE quantifies the sample bias normalized by the sample standard error. Thus, it
measures the degree of possible misinterpretation caused by considering the standard error
as a criterion for the quality of the estimator. For instance, assume a situation where the
standard error of the estimate is small but the bias is large. In that case the true parameter
is far away from the estimate, though the approximated confidence bands suggest the
opposite. This situation is represented by a large MESE. In particular, if the bias of the
estimator decreases with a slower rate as the standard error (for n — oo) then MESE
tends to infinity. One aim of this quantity is to investigate the danger of this sort of

misinterpretation.

In the following, the TDC is estimated via the various methods discussed in Section 1.3. It
is reasonable to discard those models which are obviously not compatible with the observed
data. Further, we do not consider TDC estimations using a specific distribution since the

results are not surprising (due to the strong distributional assumptions).

1.4.1. Estimation within a Class of Distributions

The following estimation approach is based on the expositions in Section 1.3.2. We have
to estimate the tail index « and the correlation parameter p. For any elliptical distri-
bution, the correlation parameter is determined by Kendall’s 7 via the relationship of
Lindskog et al. (2003), viz. p = sin(n7/2). Hence, using 7 = (¢ — d)/(c + d), where c is
the number of concordant pairs and d is the number of discordant pairs of the sample,
the correlation parameter may be estimated by p = sin(n7/2). Alternatively, one can
apply Tyler’s M-estimator for the covariance matrix, which is completely robust within
the class of elliptical distributions; see Tyler (1987a) or Frahm (2004, Ch. 4). Given the
covariance matrix, the random variable R can be extracted by the Mahalanobis norm of
(X,Y). Our pre-simulations showed that there is no essential difference regarding the finite
sample properties between these two estimation procedures. Hence we use the approach

via Kendall’s 7 for the sake of simplicity.

The tail index « could be estimated via traditional methods of EVT, i.e., by taking only

extreme values or excesses of the Euclidean norm ||(X,Y)||2 into consideration. Different
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methods for estimating the tail index are discussed, e.g., in Matthys and Beirlant (2002)
or Embrechts et al. (1997). For our purposes, we used a Hill-type estimator with optimal

sample fraction proposed by Drees and Kaufmann (1998).

For the data sets Sg and Sag, we do not assume an elliptical distribution due to the
obvious asymmetry of the data; see the scatter plots in Figure 1.3. Consequently we will
not apply the latter estimation procedure to these data sets. The estimation results for

Sy and S7 are summarized in Table 1.1.

1.4.2. Estimation Using a Specific Copula

As mentioned in Section 1.3.3, the marginal distribution functions are now estimated by
their empirical counterparts, whereas the copula is chosen according to our decision. For
the elliptical data sets Sy and S, we opted for a t-copula, which seems to be a realistic
choice by glancing at the scatter plots in Figure 1.3. However, we know that the t-copula
is not suitable for Sy. The TDC is estimated via relation (1.5). Regarding the data set
Sa, we fit a Gumbel copula since the empirical copula, which is illustrated in Figure 1.3,
shows transpositional asymmetry, i.e., the underlying copula does not seem to coincide
with its survival copula. Moreover, the symmetry of the Gumbel copula with respect to
the copula’s diagonal appears to be satisfied by S¢, too. Here the upper TDC is estimated
via 5\5 — 9 _9l/b, However, the original copula of S¢ is not the Gumbel copula and thus
the assumed model is wrong. We disregard the data set S4¢ since it is not obvious which
specific copula might be appropriate in this framework. Note that the empirical copula is
even asymmetric with respect to the copula’s diagonal (see Figure 1.3). The estimation

results are summarized in Table 1.1.

1.4.3. Estimation within a Class of Copulas

We follow the approach given in Section 1.3.4, which is based on a result by Juri and
Wiithrich (2002). The upper TDC is estimated, but in the following we refer to the lower
left corner of the underlying survival copula. We choose a small threshold ¢ for the latter
copula in order to obtain the conditional copula (1.7). In order to increase the robustness
of the copula estimates with respect to the threshold choice, we take the mean of estimates
which correspond to 10 equidistant thresholds between n=1/2 and n=Y%. Note that if the

margins of the underlying distribution are completely dependent, then n'/2 data points
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are expected in the copula’s lower left quadrant which is determined by the threshold
t = n~/2. For the smaller threshold t = n~1/%, the same amount of data (n'/?) is expected

for an independence copula.

We assume that the data Sy, Sr and Sg have an Archimedean dependence structure.
Since Sag is not permutational symmetric, we reject the Archimedean hypothesis for this
data set. We point out that the Frank copula (Frank, 1979) is the only transpositional
symmetric Archimedean copula and thus suitable for Si and Sp but it does not comprise
tail-dependence. The statistical results for the data sets Sy, S, and Sg are provided in

Table 1.1.

1.4.4. Nonparametric Estimation

No specific distributional assumptions for the upper TDC estimation are made in the

present section. Recall that for XIﬁOG and ;\SUEC, we have to choose the threshold & as
indicated in (1.4) and (1.8). By contrast, XgFG needs no additional decision regarding the
threshold. This, however, goes along with the assumption that the underlying copula can

be approximated by an EV copula.

The diagonal section of the copula is supposed to be smooth in the neighborhood of 1,
and the second derivative of the diagonal section is expected to be small (i.e., the first
derivative is approximately constant). Then X%Ec(kz) is homogeneous for small (thresholds)
k. However, k should be sufficiently large in order to decrease variance. We consider the
graph k — S\IS]EC(k:) in order to identify the plateau which is induced by the homogeneity.
Note that X%OG possesses this homogeneity property even for larger thresholds k if the

diagonal section of the copula follows a power law.

The plateau is chosen according to the following heuristic plateau-finding algorithm. First,
the map k& — 5\k is smoothed by a simple box kernel with bandwidth b € N. That

~

is, the means of 2b + 1 successive points of 5\1, ..., A\p lead to the new smoothed map
AL, Ap_op. Here we have taken b = [0.005n] such that each moving average consists
of 1% of the data, approximately. In a second step, a plateau of length m = L n— 2bJ
is defined as a vector p, = (Xk,...,Xker_l), k=1,...,n—2b—m+ 1. The algorithm
stops at the first plateau p, which elements fulfill the condition Zfi,:i_ll ‘Xz — Xk‘ < 20,
where o represents the standard deviation of Ay, ..., A\,_2. Then the TDC estimate is set
to Ay (k) = 1/m S Agti—1 . If there is no plateau fulfilling the stopping condition, the

TDC estimate is set to zero.
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ALOG in order to reduce

As outlined above, we may choose a greater bandwidth b for the
the variance of the estimation. However, for a better comparison we do not change b. The
statistical results related to these nonparametric estimators for the data sets Sg, St,5¢

and Sag are provided in Table 1.2 and Table 1.3.

1.4.5. Discussion of the Simulation Results

We discuss the simulation results with regard to the following statistical measures: sample

variance, sample bias, RMSE, and MESE.

Sample variance. The TDC estimations within the class of elliptically contoured dis-
tributions and for specific copulas show the lowest sample variances among all considered
methods of TDC estimation. Of course, the small variances go along with restrictive model
assumptions. Nevertheless the estimation within the class of elliptically contoured distri-
butions has a surprisingly low variance, even though the tail index « is estimated from
few extremal data. Further, a comparably small variance is obtained for the estimator

ACFG which is based on the weaker assumption of an EV copula. By contrast, the sample

variances of ASEC and A\“OC are much larger. In particular the TDC estimation within the
class of Archimedean copulas, as described in Section 1.3.4, shows an exceptionally large
variance. However, note that the latter three estimation methods utilize only sub-samples
of extremal (excess) data. Besides, there is another explanation for the large variance of
the last estimation method: Here, the TDC is estimated (in a second step) from a copula

which is fitted from extremal (excess) data.

We conclude that an effective variance reduction of the TDC estimation is possible for

those estimation methods which use the entire data sample.

Sample bias. It is not surprising that the estimation methods with distributional assump-
tion have a quite low sample bias if the underlying distribution is true. See, for example,
the bias related to St for TDC estimations within the class of elliptical distributions or for
specific copulas; see also Sg for the estimation within the class of Archimedean copulas.
By contrast, the estimation with regard to the sample bias performs badly if we assume an
inappropriate distribution, as can be seen for the data set S under the estimation using
a specific copula; see Section 1.3.3 and the data set Sp under the estimation within the
class of Archimedean copulas. It is, however, surprising that the TDC estimation from Sy

(recall that H is an elliptical distribution) shows a larger sample bias for the estimation
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Method Data set | a(Ay) | BIASOy) | 6(A\y) | RMSE(\y) | MESE(\y)

Estimation 520 10.1618 | 0.1618T | 0.0817 | 0.1812F 1.9802
for a S1P0010.1698 | 0.1698 | 0.0413 | 0.1747F 4.1116
specific copula S§2000° 101739 | 0.1739 0.0187 0.1749 9.3141
(t- and S250 1 0.4281 | -0.0125 | 0.0403% | 0.0422% 0.3078
Gumbel 54900 10.4374 | -0.0032 | 0.0204F | 0.02067" 0.1403
copula) 2000 10,4400 | -0.0006% | 0.0092F | 0.0092F 0.0652+
5250 10.3905 | -0.05017 | 0.0437T |  0.0664 1.1466~

SE0010.3922 | -0.0484~ | 0.0212T7 |  0.0529 2.2819~

S29001°0.3919 | -0.0487 | 0.0097F |  0.0497 5.0252"

Estimation 5250 10.2031 | 0.2031 0.0588 0.2114 3.4541
within a class SI000- 10,1815 | 0.1815 0.0377 0.1854 4.8143
of distributions || S | 0.1575 | 0.1575 0.0220 0.1590 7.1591

(elliptical 5250 10.4379 | -0.0027T | 0.0465 0.0466 0.0490 *
distributions) SI000- 10,4432 | 0.0026T | 0.0242 0.0243 0.1041°F
2000 10,4437 | 0.0031 0.0109 0.0113 0.2849

Estimation 5250102278 | 0.2278 | 0.1910~ |  0.2972 1.1921%
within a class SI000 1 0.1671 | 0.1671T | 0.1357~ 0.2152 1.2309F

of copulas S30001°0.1237 | 0.12377 | 0.09777 | 0.15767T 1.2657 *
(Archimedean S§250 105317 | 0.0911 | 0.1864~ | 0.2074~ 0.4880
copulas) SI00 1 0.5575 | 0.1169~ | 0.1175~ | 0.1657~ 0.9943~

SA900° 1 0.5701 | 0.12957 | 0.0647 | 0.1448~ 2.0022 ~

5250 10.4352 | -0.0054 | 0.1948~ | 0.1948~ 0.0277F

51900 10.4495 | 0.0089% | 0.13127 | 0.1314~ 0.0548 *

520001 0.4554 | 0.0148 | 0.0792 | 0.0805~ 0.18187F

Table 1.1.: Various statistical results for the TDC estimation under a specific copula as-
sumption or within a class of distributions or copulas. Best values of the different methods
(including the nonparametric methods in Table 1.2 and Table 1.3) are ticked with a plus,

worst values are ticked with a minus.
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Method Data set | i(Ay) | BIAS(Ay) | 6(\y) | RMSE(Ay) | MESE(Ay)
Nonparametric | S2° | 0.3553 | 0.3553 | 0.0444F |  0.3580 8.0008~
estimator SH00 - 10.3558 | 0.3558 | 0.0229T | 0.3566~ 15.5400~
AGFG 52900 10.3568 | 0.3568~ | 0.0104T | 0.3570~ 34.3123~
5250 10.4462 | 0.0056 | 0.0471 0.0474 0.1133
SA00 10,4509 | 0.0103 | 0.0234 0.0256 0.4437
559001 0.4511 | 0.0105 0.0107 0.0150 0.9825
5250 10.3922 | -0.0484 | 0.0450 | 0.06617 1.0759
S0 10.3939 | -0.0467 | 0.0216 | 0.0514F 2.1593
52900 10.3936 | -0.0470 | 0.0099 0.0480 4.7443
SZ0 104377 | -0.0029 | 0.0480F | 0.0481F 0.0648*
S1900 1 0.4400 | -0.0006 | 0.02437 | 0.0243T 0.0247+
S50 1 0.4406 | 0.0000" | 0.0107T | 0.0107F 0.0000™

Table 1.2.: Statistical results for the nonparametric TDC estimator XgFG Best values of
the different methods (including the parametric methods in Table 1.1 and nonparametric

methods in Table 1.3) are ticked with a plus, worst are ticked with a minus.

within the class of elliptical distributions than for the estimation with a specific copula
or within the class of Archimedean copulas. We point out that the largest sample bias is
observed for the nonparametric estimation methods. Further, all estimation methods, in
particular ACF G yield a large MESE value (which indicates a large-sample bias relative
to the sample variance) for the data set Sy which exhibits tail-independence. In most
cases, the MESE is greater than 2, which means that the true TDC value is not included
in the 20 confidence interval. Moreover, this illustrates that the sole consideration of the
sample variance may lead to the fallacy of an exceptionally large TDC, even in the case of
tail-independence. Thus it is absolutely necessary to test for tail-dependence in the first

instance; see Ledford and Tawn (1996), Draisma et al. (2004).

RMSE. The TDC estimation using a specific copula represents the smallest RMSE if the
underling copula is true, as applies, e.g., to the data set Sp. The second best RMSE for
the latter data set comes from the estimation within the class of elliptically contoured
distributions. This estimation goes along with a larger variance, due to the estimation of
the tail index a. It is remarkable that the nonparametric estimator ACFG (which assumes

an EV copula) possesses an RMSE in the same range as the two aforementioned estimation
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Method Data set | 2(Ay) | BIAS(A\y) | 6(Ay) | RMSE(Ay) | MESE(A\y)
Nonparametric | S2° | 0.3636 | 0.3636~ | 0.1016 | 0.3775~ 3.5787~
estimator SHP0010.3056 | 0.3056 0.0717 0.3139 4.2622
AZEC 52900 1.0.2390 | 0.2390 | 0.0932 | 0.2565~ 2.5644
5250 10.4681 | 0.0275 0.0800 0.0845 0.3436
SI000 1 0.4587 | 0.0181 0.0513 0.0545 0.3534
SA900 104463 | 0.0057 | 0.0431 0.0435 0.1322
52501 0.4841 | 0.0435 | 0.0796 0.0907 0.5467
S0 104650 | 0.0244 0.0482 0.0541 0.5062
S2000 104453 | 0.0047T | 0.0603 0.0605 0.0775%
SZ0 1 0.5042 | 0.0636~ | 0.0810~ | 0.1029~ 0.7835~
S1900 104763 | 0.0357~ | 0.05237 | 0.0633 0.6818~
S5900 1 0.4567 | 0.01617 | 0.0340~ | 0.0376 0.4722~
Nonparametric | S%° | 0.3144 | 0.3144 | 0.0828 0.3251 3.7968
estimator SH0010.2893 | 0.2893 | 0.0539 0.2943 5.3677
AROG 52900 10.2567 | 0.2567 | 0.0377 0.2595 6.8103
5250103951 | -0.0455~ | 0.0727 0.0857 0.6242~
SA00- 104132 | -0.0274 | 0.0491 0.0562 0.5569
SA000° 10,4240 | -0.0166 | 0.0352 0.0389 0.4704
52501 0.4016 | -0.0390T | 0.0719 0.0818 0.5426
S0 10.4098 | -0.0308 | 0.0448 0.0544 0.6850
Se00 104229 | -0.0177 | 0.0233 0.0293 0.7624
S2%0° 1 0.4424 | 0.0018% | 0.0696 0.0696 0.0259
S1900 1 0.4403 | -0.0003% | 0.0386 0.0386 0.0078
S50 104412 | 0.0006 | 0.0200 0.0200 0.0030

Table 1.3.: Statistical results for the nonparametric TDC estimators ;\SUEC and X%OG. Best
values of the different methods (including the parametric methods in Table 1.1 and non-

parametric methods in Table 1.2) are ticked with a plus, worst are ticked with a minus.
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methods for the data sets St, Sg, and Sag. By contrast, the estimators ASEC and \LOG
have a much larger RMSE. The TDC estimation based on the class of Archimedean copulas
as described in Section 1.3.4 yields by far the largest RMSE even for the (Archimedean)
data set S¢. Further, the estimation using a specific copula has a similar RMSE under the
wrong model assumption (see Sg) due to its low variance. An RMSE in the same range is
XSEC

found for the nonparametric estimators and A\MOG. This also suggest a consideration

of the following statistical measure.

MESE. The MESE detects all misspecified models such as S under the estimation using
a specific (Gumbel) copula, or Sz under the estimation within the class of Archimedean
copulas. However, if the underlying model is true, then the MESE is quite low (e.g.,
estimation within a class of copulas or distributions for the data set S7). In this case and
for all nonparametric estimations, the MESE is usually smaller than 1, which indicates
that the true TDC lies within the 1o confidence band. Only the data set Sy represents an

CFG shows an exceptionally bad performance, which

exception. Especially the estimator A
is due to its small variance. Thus, the sample variance has to be considered with caution

for the latter estimator.

There exists an interesting aspect regarding the estimator MSEC Due to its geometric
interpretation as the slope of the secant along the copula’s diagonal (at the point (1,1)),
the latter estimator reacts sensitively if the extremal data are not accumulated along the
diagonal. Such is the case, e.g., for the data set Sag and might also explain the bad

XSEC

performance of regarding the latter data set.

1.5. Conclusion

On the basis of the results of our simulation study, we have ranked the various TDC estima-
tors according to their finite-sample performance. Table 1.4 illustrates the corresponding
rankings in terms of numbers between 1 (very good performance) and 6 (very poor perfor-
mance). Thereby we distinguish between a true and a wrong assumption of the underlying
distribution. Moreover, we rank the estimators according to their performance under the
assumption of tail-independence. The second column of Table 1.4 indicates the heaviness

of the model assumptions required for each TDC estimator.

Clearly the (semi-)parametric TDC estimators perform well if the underlying distribu-

tion/copula is the right one (except the TDC estimator within a class of copulas as de-
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TDC estimation degree of | perform. under | perform. under | perform. under
methods assumptions | true assumpt. | wrong assumpt. TDC =0
specific copula strong 1 6 1-2
distr. class strong 2-3 —*) 3
copula class medium 4-5 5 1-2
ACFG weak 2-3 2-3 6
ASEC weak 4 4 5
ALOG weak 3 3 5

Table 1.4.: Overview of the performance of the TDC estimation methods. Grades rank
from 1 to 6 with 1 excellent and 6 poor. *) This TDC estimation method (via elliptical
distributions) is disregarded due to the obvious asymmetry of the data arising from the

wrong distributional assumption.

scribed in Section 1.3.4). However, their performance is very poor if the assumed model
is wrong. Thus, we definitely recommend to test any distributional assumptions. For in-
stance, in the case of empirical marginal distributions and specific copula, we suggest to
test the goodness-of-fit of the copula via (non-)parametric procedures such as those devel-
oped in Fermanian (2005), Dobri¢ and Schmid (2005b) or Genest et al. (2006). Further, if
one makes use of an elliptically contoured distribution, then we suggest to test for elliptic-
ity; see, e.g., Manzotti et al. (2002). However, we do not recommend a TDC estimation as
presented in Section 1.3.4, since we do not know a suitable test for Archimedean copulas
and the estimator does not perform well if the assumption of an Archimedean copula is
wrong. Goodness-of-fit tests within the family of Archimedean copulas are developed, e.g.,
in Wang and Wells (2000) or Genest et al. (2006).

Among the nonparametric estimators, the TDC estimator ACFG does well, although we

advise caution regarding the sometimes low variance relative to bias. Further, A°FS shows

a weak performance in the case of tail-independence. This estimator is followed by ALOG

ASEC whereas the last estimator is not robust for non-transpositional symmetric data.

and
Further, the variance of AOG could be possibly reduced by enlarging the estimation kernel

(see Section 1.4.4).

We conclude that, among the nonparametric TDC estimators, ACFG shows the best per-
formance whereas for (semi-)parametric estimations we recommend a specific copula (such

as the t-copula). For the latter, we suggest to work with empirical marginal distributions.
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Further, we point out that the decision for a specific distribution or class of distributions
should be influenced by the visual appearance of the data, e.g., via the related scatter plots.
Unfortunately, if the number of data is small (such as 250 points), it is difficult to draw
sensible conclusions from the scatter plot. Moreover, the nonparametric estimators are too
sensitive in case of small sample sizes. Thus, under these circumstances, a parametric TDC
estimation might be favorable in order to increase the stability of the estimation although

the model error could be large.

The previous simulation is based on a limited number of distributions, although we tried
to incorporate a large spectrum of possible distributions. Nevertheless, according to the
pitfalls in Section 1.3.6 and the statistical results for the tail independent data set H, we
see that tests for tail-dependence are absolutely mandatory for every TDC estimation.
Unfortunately, the current literature on this kind of test is only limited; see Coles et al.

(1999), Draisma et al. (2004).
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Chapter 2.

Dependence of Stock Returns in Bull and

Bear Markets

2.1. Introduction

The standard estimator for the linear correlation coefficient according to Karl Pearson still
seems to be the most commonly used measure of dependence of two random variables X
and Y though its many shortcomings have been often documented (see, e.g., Embrechts
et al., 2002). Pearson’s rho is strongly affected by the marginal distributions of X and
Y and its estimates are sensitive to outliers (Embrechts et al., 2002). Further, it only
quantifies linear dependence though monotone dependence is often much more relevant.
The random variables X and Y are said to possess a strong monotone dependence if there
exist two real-valued and strictly increasing functions f and g such that |Corr(f(X),g(Y))|

is large.

It is easy to construct dependence structures where the linear correlation coefficient of X
and Y is close to 0 but even so one can find two monotone transformations f and g such that
Corr(f(X),g(Y)) = 1. Consider for instance the random variables X = e¢Z and Y = 7%
with o > 0 and Z ~ N(0,1) (McNeil et al., 2005, p. 205). Since Corr(log X,logY’) = 1 they
possess a perfect monotone dependence structure, i.e. X and Y are comonotonic (Nelsen,
2006, p. 32). Nevertheless, Corr(X,Y") is a function of o and can take any value between
0(0c —o0)and 1 (o =1).

Copula theory and the dependence measures derived thereof are a convincing alternative
to the linear correlation coefficient. Due to Sklar’s theorem (Sklar, 1959) it is known that

a joint distribution function can be split up into its copula (i.e. its dependence structure)
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and its marginal distributions. A meaningful dependence measure should be invariant
under monotone transformations of the corresponding random variables. Examples of
such measures are Spearman’s rho, Kendall’s tau, Gini’s gamma, and Blomquist’s beta.
In this paper we confine ourselves to the rank-correlation coefficient or its corresponding

estimator, i.e. Spearman’s rho. For surveys on copulas and dependence measures see, e.g.,

Cherubini et al. (2004), Joe (1997), and Nelsen (2006).

We investigate the contemporaneous dependence of two stock returns X and Y. In par-
ticular, we concentrate on the question whether dependence is significantly different in
bull and bear markets, i.e. in case of a joint upswing or downswing. This question and
related problems have been already investigated in finance literature (see, e.g., Ang and
Chen, 2002, Erb et al., 1994, Fortin and Kuzmics, 2002, Junker and May, 2005, Patton,
2004, Silvapulle and Granger, 2001, Vaz de Melo Mendes, 2005). But we think that the
statistical methods, in particular the use of Pearson’s rho is unsatisfactory. Hence, there

is space for further contributions.

Bear and bull markets are characterized as follows. A bear market is present if the two
stock returns X and Y contemporaneously fall short of the 100p% quantiles of their corre-
sponding cumulative distribution functions. Analogously, a bull market is given whenever
—X and —Y fall short of the corresponding 100¢% quantiles. Here p and ¢ have to be
pre-determined. The lower p-quantile of the cumulative distribution function (c.d.f.) of
a stock return is commonly known as the wvalue-at-risk where p is the so-called shortfall
probability. The value-at-risk is frequently used in risk management. So it seems to be a

natural choice for characterizing bull and bear markets.

Our approach is purely nonparametric. Contrary to Patton (2004) and Vaz de Melo Mendes
(2005) we do not fit specific copulas to the data. Specifying the copula by some parametric
model can lead to erroneous conclusions if the chosen model is wrong. From our point
of view it is not necessary to rely on the parametric approach if the sample size is large
enough. We are interested in financial data analysis and in that context it is easy to access
many thousands of observations. By following the nonparametric approach we avoid any

kind of model misspecification.

In this work we develop conditional versions of the rank-correlation coefficient to assess
the dependence structure of stock returns in bull and bear markets. In contrast, some
authors analyze the dependence structure of outliers in financial data by using the so-

called tail-dependence coefficient (Fortin and Kuzmics, 2002, Junker and May, 2005). After
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applying parametric methods these authors come to the conclusion that ‘the empirical joint
distribution of return pairs on stock indices displays high tail-dependence in the lower tail
and low tail-dependence in the upper tail’ (Fortin and Kuzmics, 2002). Dobri¢ and Schmid
(2005a) as well as Frahm et al. (2005) found that estimating the tail-dependence coefficient
by nonparametric methods can lead to very large estimation errors even if there are many

observations. Hence the tail-dependence coefficient is not an appropriate alternative.

Though we focus on computational statistics and the empirical analysis of stock returns
we have to introduce some statistical theory in order to have a formal basis for our testing
procedure. This is done in Section 2.2, where some copula theory is presented. It allows a
precise formulation of the null hypotheses to be tested. The testing procedure is described
in Section 2.3. A Monte Carlo (MC) simulation is presented in Section 2.4 which shows
that the procedure works well for sample sizes which are typically available in practice. In
particular it is demonstrated that the test keeps the prescribed error probability of the first
kind and has sufficient power to detect violations of the null hypothesis. In Section 2.5
we investigate the daily returns of stocks from the German stock index DAX 30 between

1973-01-02 and 2008-11-14 and Section 2.6 concludes.

2.2. Some Copula Theory

In this section we introduce some notions from copula theory (Joe, 1997, Nelsen, 2006)
which are required for understanding the testing procedure to be described below. Let
X and Y be two random variables with joint c.d.f. F(z,y) = P(X < z,Y < y) and
marginal cumulative distribution functions G(z) = P(X < z) and H(y) = P(Y < y) for
all z,y € R. The quantile functions with respect to G' and H are given by G~!(p) = inf{x:
G(z) > p} and H Y(p) = inf{y: H(y) > p} for 0 <p < 1.

Throughout this paper we assume that G and H are absolutely continuous functions.

Therefore, according to Sklar’s theorem (Sklar, 1959), there exists a unique copula C':

[0,1]2 — [0, 1] such that
F(z,y) = C(G(z),H(y)), Vz,yeR.

The function C' is the joint c.d.f. of U = G(X) and V = H(Y). The rank-correlation

coefficient of X and Y is given by

p = Corr(U,V) =12 / wv dC(u,v) —3 =12 / C(u,v)d(u,v) — 3. (2.1)

[0,1]2 [0,1]2
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See Nelsen (2006, p. 167) for the latter representation of p.

For every fixed p with 0 < p < 1 we define

Ay, = {(w,y): r <G p)y < H‘l(p)} :

In the following we assume that P{(X,Y) € A} = C(p,p) > 0. Consider the conditional

joint c.d.f.

F(z AG™Xp),y N H(p))

F(G~(p), H(p))
_ CCEAGO)HWAHTIR)) g
C(p,p) ’ ’ |

F(z,y) = PX <2V <y[(X,)Y)eA)=

The corresponding conditional marginal distribution functions are given by

Gu(z) = PX <z|(X)Y)€AL) = F.(x,H '(p))
 C(GEAG'(p),p) .
N C(p,p) o Trel

and Hy (y) respectively. Since G, and Hy, are absolutely continuous, according to Sklar’s

theorem there exists also a unique copula Cy,: [0,1]> — [0, 1] such that
F,(z,y) = CL(GL(x), HL(y)) , Vz,y eR.
Indeed, Juri and Wiithrich (2002) call
Cr(u,v) :FL(Ggl(u),HL_l(v)), Vu,ve [0,1],

the extreme tail-dependence copula relative to C' at the level p. Instead we will call Cf,
lower tail-copula and the phrase ‘relative to C at the level p’ will be usually dropped for

convenience.

Using the lower tail-copula we now can define the lower conditional rank-correlation coef-
ficient, viz.

prL = 12 / wv dCy(u,v) — 3.
[0,1)2

In the empirical part of this work this measures the monotone dependence of stock returns

X and Y conditional on the bear market (X,Y") € Ar.

An analogue definition can be found for the upper tail-copula Ct. This is the lower tail-

copula relative to the survival copula according to C' (Nelsen, 2006, Section 2.6), i.e.

Clu,v) :=u+v—14+C(1 —u,1—wv), YVu,v e 0,1],
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at the level ¢ (0 < ¢ < 1). The survival copula simply corresponds to the copula of
(=X, -Y) and thus Cy is the copula of (—X,—Y") under the condition that (—X,-Y) €
Ay. Here the area Ay is calculated similarly to Ar, just by using the quantile functions of
—X and —Y at ¢ rather than the quantile functions of X and Y at p. Hence, the upper
conditional rank-correlation coefficient py measures the monotone dependence of stock
returns in a bull market. In the following we will have to guarantee that Ay, N Ay = 0

which is equivalent to p + ¢ < 1.

In most cases it is not possible to derive the conditional copulas Cr, or Cy in closed
form. Therefore p;, and py cannot be calculated explicitly. However, MC simulation is
a convenient tool for obtaining numerical approximations to pr, and py with sufficient
precision. We apply this method to calculate the conditional rank-correlation coefficients
for the Gauss-, t3-, Clayton-, and Gumbel-copula (see Table 2.1 and Table 2.2). The Gauss-

and t3-copula are given by

CGauss(ua'U ; 9) = @9(q>_1(u), q>_1(’u)) ) Vu,v e [07 1] )

where
ror 1 5% — 20st 4 12
wie = [ [ 5o ) e
as well as
Chy(u,v;0) :tg’g(tgl(u),tgl(?})), Yu,v € 0,1],
with

xT Yy 5
1 52 —20st + 12\ "2
pr— —_— . 1 e —
t3,0(7,y) //% — <+ 70 6?) > dsdt,

—00 —0O0

where t3 denotes Student’s univariate t-distribution function with 3 degrees of freedom and
—1 < 6 < 1. Note that the linear correlation coefficient is symbolized by the parameter
0 rather than p. This is because to avoid possible confusions with the (unconditional)
rank-correlation coefficient of Cgauss Or Cp,. The unconditional rank-correlation coefficient
of the Gauss-copula corresponds to p = 6/7 - arcsin(f/2) (Hult and Lindskog, 2002). To

our knowledge there exists no such closed-form expression for the ts-copula.

The Clayton-copula is given by
—0 —0 -1/0
Cltayton(w,v50) = (v +0v7% = 1) , Vu,v e [0,1],

with 6 > 0. In the limiting case 6 = 0 the Clayton-copula corresponds to the independence

or product copula II(u,v) := uv (Nelsen, 2006, p. 11).
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The Gumbel-copula can be written as
G 0 1/0
CGumbel (u,v;0) = exp[—{(— logu)” + (—logv) } ] , Yu,v € [0,1],

with 6 > 1. Note that for # = 1 once again the independence copula evolves. The
values for 6 in Table 2.2 are chosen such that the unconditional rank-correlation coefficient
corresponds to p = 0.3,0.5,0.7. The relationship between ¢ and p can be obtained by

numerical integration or MC simulation (see Joe, 1997, p. 147).

For our approximations of the conditional rank-correlation coefficients given in Table 2.1
and Table 2.2 we used Nyic = 1000 MC replications. In each one a sample from C' with
sample size n = 105 has been generated. Both for the simulation study and for the empirical
study following later on we set p = ¢. Only the Clayton-copula allows for a closed-form
representation of C,. If C is a Clayton-copula the lower tail-copula Cf, is equal to C for
any 0 < p < 1 (Juri and Wiithrich, 2002). That means py, corresponds to the unconditional

rank-correlation coefficient p.

The null hypothesis we are going to test can be formalized as

Ho: pL=pu
vs. Hi: pL#pu,

where some p and ¢ with p+ ¢ < 1 are fixed. In the present framework H; implies that the

monotone dependence of stock returns in bear markets is not the same as in bull markets.

Instead of a two-sided hypothesis test, a one-sided test like

Ho: prL<pu
vs. Hy: pL>pu

is of general interest, since Hi implies that the monotone dependence is higher in bear

markets than in bull markets.

The null hypothesis Hy: pr, = pu stated above might be also of interest in another context.
Both in theory and application of copulas it is sometimes questionable whether the random
vector (X,Y) is radially symmetric or not (Nelsen, 2006, Section 2.7). Radial symmetry
is a useful property which guarantees that p;, = py for all 0 < p < 1 since C' and the
corresponding survival copula coincide. In order to test the null hypothesis H{) : ‘The
random vector (X,Y) is radially symmetric’, one can apply the two-sided test and reject

H] if Hy is rejected.
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Gauss-copula

0 =0.25 0 =0.50 0 =0.75

p=g¢q lower upper lower upper lower upper

0.05 .0404 .0407 .1109 .1114 .2622 .2624
- (.0004)  (.0004)  (.0003)  (.0003)  (.0002)  (.0002)

090 0601 .0601 .1595 .1593 .3485  .3483
- (.0001)  (.0001) (.0001) (.0001)  (.0001)  (.0001)

0.35 0775 0774 1972 1973 .4090  .4091
- (.0001)  (.0001)  (.0001)  (.0001)  (.0001)  (.0001)

0.50 0962 .0962 .2354 .2356 .4655 .4656
- (.0001)  (.0001)  (.0001)  (.0001)  (.0000)  (.0000)

t3-copula

0 =0.25 6 = 0.50 0 =0.75

p=g¢q lower upper lower upper lower upper

005 3373 .3369 4043 4044 5264  .5265
: (.0003)  (.0003)  (.0002)  (.0002)  (.0002)  (.0002)

090 3186 .3183 .3968 .3967 .5361 .5361
- (.0001)  (.0001)  (.0001)  (.0001)  (.0001)  (.0001)

0.35 2984 .2984  .3913 .3913 .5b484  .5485
- (.0001)  (.0001)  (.0001)  (.0001)  (.0001)  (.0001)

050 2756 2756 .3882 3882 5651  .5652
- (.0001)  (.0001) (.0001) (.0001)  (.0000)  (.0000)

Table 2.1.: MC approximations to p;, and py for the Gauss- and t3-copula possessing
different values for 8. We use Nyic = 1000 MC replications, each one generating a sample
from the corresponding copula with sample size n = 105. The standard errors of the

approximations are given in parentheses.

2.3. The Testing Procedure

In this section we describe the testing procedure. The first part requires independent and
identically distributed (i.i.d.) data. It is well-known that short-term asset returns typically
exhibit strong patterns of serial dependence. However, the i.i.d. assumption may serve as
an appropriate starting point and there might exist several applications beyond financial
data analysis where this assumption is adequate. Therefore it is worth to illustrate the
testing procedure in the i.i.d. case. Afterwards we will drop the assumption of serially
independent asset returns and explain how the test can be modified to account for the

purpose of time series analysis.
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Clayton-copula

0 =0.51 f =1.08 0 =213

p=g¢q lower upper lower upper lower upper

0.05 .3004  .0025 .5001 .0018 .7002 .0035
- (.0002)  (.0005)  (.0002)  (.0004)  (.0001)  (.0004)

090 3003 .0040 .4999 .0113 .7000 .0318
- (.0001)  (.0001) (.0001) (.0001)  (.0001)  (.0001)

0.35 3001 .0130  .4999 .0356 .7000 .0906
- (.0001)  (.0001)  (.0001)  (.0001)  (.0000)  (.0001)

0.50 3001 .0298  .5000 .0764 .7000 .1783
- (.0001)  (.0001)  (.0000)  (.0001)  (.0000)  (.0001)

Gumbel-copula

0 =1.26 0 =1.54 0 = 2.07
p=g¢q lower upper lower upper lower upper

0.05 0319  .3499 .0697 .4504 .1431 .5849
: (.0004)  (.0002)  (.0003)  (.0002)  (.0003)  (.0001)

0.20 0515 .3158 .1106 .4392 .2206 .5871
- (.0001)  (.0001) (.0001) (.0001)  (.0001)  (.0001)

0.35 0697  .2906 .1476 .4314 .2843 .5916
- (.0001)  (.0001)  (.0001)  (.0001)  (.0001)  (.0000)

0.50 0912 2744 1885 .4276  .3507  .5990
- (.0001)  (.0001) (.0001)  (.0001)  (.0000)  (.0000)

Table 2.2.: MC approximations to pr, and py for the Clayton- and Gumbel-copula pos-
sessing different values for . We use Nyic = 1000 MC replications, each one generating a
sample from the corresponding copula with sample size n = 10%. The standard errors of
the approximations are given in parentheses.

2.3.1. Independent and Identically Distributed Data

Let (X,Y),(X1,Y7),...,(X,,Y,) be iid. As we do not assume that the marginal cumu-

lative distribution functions G and H are known, we have to estimate them by
1 < 1 <
Go(@)= =D Apvcny  and  Haly)= =3 Tyicy) -
i=1 1=1
The corresponding estimate of the quantile function G~ is given by
Gl (p) = inf{x: Golz) > p}
and ﬁ; L(p) respectively. For some fixed p and ¢ with p + ¢ < 1 we can define

A= {@yie <G 0y < B0
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and Ay in the same manner. We also define the sample sizes nj, 1= |A\L| with respect to
the lower left and ny := \EU] with respect to the upper right area of the empirical copula
(here || denotes the cardinality of a set). The observations in Ay, and Ay can be used for

estimating pr, and py. More precisely,

R 12 10 (Xs) 1o (Yi)
=25 HalB) )
pL, ni, Z ni, ni,

)

iEIgL

where I i denotes the set of indices i such that (X;,Y;) € A\L . Although pr, ,, is calculated
on the basis of ny, data points, for notational convenience the number of observations is

indicated by n rather than ny, (this is adequate since ny, depends on n).

Further, r,,(-) is the rank of a marginal observation relative to all observations in A\L.
Note that rp, ,(X;)/n1, = @L,n(X,-) and rp,,,(Y;)/n1, = ];AILn(YZ) Here éLm is the empirical

counterpart of Gy, i.e.

R A (O A1

Cn(p,p)

where

. 1 <
Cn(u,v) = Y lpaxom<ulmym<e s Yu,v € [0,1],

i=1
represents the empirical copula. Moreover, ﬁL,n is defined respectively. The definition of

the estimator py , follows immediately, just by using the survival copula according to (f*n

(which is determined by the observations in the upper right area XU)

Schmid and Schmidt (2006) have already shown that Spearman’s rho is consistent and
asymptotically normally distributed. The same holds for the conditional versions of Spear-

man’s rho described above, i.e.
VIL (P — pL) == N'(0,02) and  y/ag (pum — pu) —— N(0,0%)

as ny,,ny — oo, provided the lower left and upper right tail-copulas exist.

Proposition 2.1 Let the distribution of (X,Y") be absolutely continuous. Suppose that the
partial derivatives of the corresponding copula C exist and are continuous, too. Further,

define Apy, 1= prn — pun and Ap := pr, — py with shortfall probabilities p,q > 0 such that

p+q<1. IfC(p,p),C(q,q) >0 then

2 2
oL %u )
+ = , n— o0.
Clp,p)  Clg.q)

Vi (Ap, — Ap) -5 N(o,
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Proof. Note that ny,/n % C(p,p) as n — oo. That means

9
A AL sy 4 %L N
Vi (pLn — pL) L VL (P — pr) /\/'<0, C(p,p)> , n 0,

and the corresponding result holds also for py,,. Since p 4+ ¢ < 1, the considered tails of
the copula do not overlap. That means pr, ,, and py , are stochastically independent. This

leads immediately to the asymptotic variance given in the proposition. [ |

In practical situations p and ¢ have to be sufficiently large such that n;, and ny do not
become too small. A typical rule of thumb might be given by ny,ny > 40. Suppose for
the moment that C' corresponds to the product copula. In that case it is expected to meet
p?n observations in the lower left part of the empirical copula. That means the shortfall
probabilities should be such that p,q > \/m E.g. for the sample size n = 1000 (that
means an observation period of approximately 4 years) p and ¢ should be not smaller than
0.2. Admittedly, financial data cannot be appropriately described by the product copula
since in most cases there is some sort of positive dependence between stock returns. So
there are even more observations in the corresponding corners of the empirical copula.
Thus our rule of thumb guarantees that there are always enough data for large-sample

inferences.

The asymptotic variances a% and O’% depend on the tail-copulas C1, and Cy. In general
they cannot be calculated explicitly (Schmid and Schmidt, 2006). The same holds for the
asymptotic variance of Ap, , i.e. 72 := o} /C(p,p) + 0%,/ C(q.q) . However, the latter can
be approximated by a simple bootstrap. For conducting the hypothesis test one has to
choose an appropriate significance level o > 0 as well as the shortfall probabilities p > 0

and ¢ > 0 such that p4+ ¢ < 1. Now the test procedure reads as follows:

1. Compute pr, , and py,y, from the observations in A\L and A\U.

2. Compute Ng bootstrap replications from the entire sample. For each replication

calculate pr,,, and py , as well as the corresponding difference Ap, .

3. Estimate the asymptotic variance 72 of Ap, from the bootstrap and calculate the

test statistic T = Ap,/+/72/n, where 72 is the bootstrap estimate of 72.

4a. Reject Hy: pr, = py if

1207(-5)

where ® denotes the standard normal c.d.f.
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The one-sided hypothesis tests differ only in the fourth step from the two-sided test:

4b. Reject Ho: pp, < pyor Hy: pp, > pu if T> 0711 —a) or T < ().

2.3.2. Serially Dependent Data

Now let (X1,Y7),...,(Xn,Ys) be a sample from a stationary process {(X¢, Yy) bez . It is
supposed that the process exhibits a weak dependence structure, i.e. the two one-sided pro-
cesses {(X¢,Yy) <o and {(X3,Y;)}i > are asymptotically independent as [ — oo (Politis,
2003). This condition is sometimes referred to as the strong mixing or a-mixing condition
and it can be shown that many time series models frequently used in theory and practice

meet that requirement.

One of the referees pointed out that it is important to account for serial dependence, since
prn and Py, are no longer independent in that case. For instance, in periods of great
turbulence the lower and upper conditional Spearman’s rho might be strongly correlated.
However, it can be assumed that Ap, remains asymptotically normally distributed under

the weak dependence assumption of time series analysis. That means
Vi (Apn — Ap) 4, N(O,TER) , n —s 0o, (2.2)

where TER represents the long-run variance of Ap, . This assumption seems natural, since
the weak convergence property of Spearman’s rho is based on the weak convergence of an
empirical copula process (Schmid and Schmidt, 2006). By using a weak form of the central
limit theorem from time series analysis one can argue that the weak convergence property

is still satisfied under the strong mixing condition.

There exist many possible techniques for estimating the long-run variance TﬁR of the statis-
tic Ap,, , such as subsampling or block-bootstrapping (Politis, 2003). It has been shown
by Politis et al. (2001) that the subsampling procedure leads to consistent estimates of the
long-run variance under very mild regularity conditions. However, subsampling is proba-
bly not the best choice in our setting. The reason is that for getting an unbiased estimate
for TﬁR, the number of observations within each subsample must be considerably small
relative to the overall sample size. Note that in our context only a small part of each
subsample can be used for calculating pr, ,, and py , but for a proper approximation of the
long-run variance it has to be guaranteed also that each subsample contains a sufficiently

large number of usable observations.
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Thus we will concentrate on a block-bootstrap procedure suggested by Kiinsch (1989).
Consider a block length b with 0 < b < n and the corresponding n — b+ 1 blocks, i.e.

Bi - {(Xi+17}/;+1)7’--7(Xi+b7§/i+b)}7 1= 0717”' , I — b.

One bootstrap replication from the entire sample is given by drawing k = |n/b] blocks with
replacement and concatenating these blocks to form a new pseudo-series of asset returns.
Note that the series consists of | = kb =~ n pseudo-observations. For each of the Np
bootstrap replications one can calculate Ap; and the long-run variance can be estimated
from the given Np realizations. Finally, the test statistic is given by

Apn

77
,/?ER/n

where %ER is the estimated long-run variance. Under the weak convergence property (2.2)

T —

and if b — oo and n/b — oo, the estimator %ﬁR is consistent for TﬁR. Hence, T can be

used in the same way as the test statistic discussed in Section 2.3.1.

2.4. Finite-Sample Properties

In this section we investigate the finite-sample properties of the testing procedure described
in Section 2.3.1. The results are obtained by MC simulations for various special cases.
These are essentially defined by the copula under study. First we are interested in the
rejection probability of the procedure if Hy: pr, = py is true and « is the prescribed
error probability of the first kind. We consider the Gauss- and t3-copula which belong to
the class of elliptical copulas. Elliptical copulas are radially symmetric which means that
the aforementioned null hypotheses is true. The selected values for the copula parameter
are § = 0.25,0.5,0.75, the values for p are given by p = 0.2,0.35,0.5, and we validate
the error probabilities @ = 0.01,0.05,0.1. The simulated sample size is n = 2500 (i.e.
approximately 10 trading years), the number of bootstrap replications amounts to N =
1000, and the number of MC replications is Nyic = 1000. The results of the simulations
are summarized in Panel 1 of Table 2.3. We can see that the approximated rejection

probabilities satisfactorily agree with the prescribed error probabilities.

We are also interested in the power of the testing procedure, i.e. the probability of rejection
if Hy is wrong. For that purpose we consider the Clayton- and the Gumbel-copula. It is

well-known that these copulas are not radially symmetric and thus in general pr, # py.
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Figure 2.1.: Power functions of the two-sided hypothesis test for the mixed copulas Chpixi
(left hand side) and Chrixe (right hand side) as a function of A. The results are obtained
by MC simulation for the sample size n = 2500, Ng = 1000 bootstrap replications, and
Nyie = 10000 MC replications using the shortfall probability p = ¢ = 0.5.

Remember that the parameter 6 of both copula families (cf. p. 31) has been selected in
such a way that the unconditional rank-correlation coefficients are equal to p = 0.3,0.5,0.7.
The results of the MC simulations are given in Panel 2 of Table 2.3. It can be seen that for
every fixed p and « the power is an increasing function of . This is because the asymmetry

of the Archimedean copulas Cclayton and Cgumbel increases with 6 (cf. Nelsen, 2006, Ch. 4).

Similar results are obtained for the two one-sided tests which can be taken from Table
2.4 and Table 2.5. The rejection probabilities become very large whenever Hj is true. In
contrast, if Hy is true our simulations produce no false rejection. For instance, consider
the right-sided test Hy: pr, < pu vs. Hy: pr, > pu. In that case the null hypothesis is
fulfilled for the Gumbel-copula. Panel 2 of Table 2.4 shows that there is no rejection for
any given unconditional rank-correlation coefficient p, shortfall probability p, and error
probability «. In contrast, for the Clayton-copula the alternative hypothesis is true and
consequently the rejection probabilities are very high (e.g. roughly 90% for p = 0.3, p = 0.2,
and a = 0.1). Moreover, for p = 0.5 and p = 0.7, Hy is rejected for the Clayton-copula in

almost every simulated case.

Now we want to investigate the relationship between asymmetry and power. For that

purpose we consider the mixed copula
Cuix1 (u, v 3 A, 0, 01) := ACGlayton (1, v 5 01) + (1 = X)Caauss(u, v 3 0p)
where 0 < X\ < 1. Further, the copula parameters 6y, 6; are such that the unconditional

rank-correlation coefficients of Caiayton (4, v ;61) and Cgauss(u, v 5 6p) correspond to p = 0.5.
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Hy: pr, = pu vs. Hy: p, # pu

Panel 1 0 =0.25 # = 0.50 #=0.75

p=yq « Gauss t3 Gauss i3 Gauss t3
0.10 .091 .083 .081 .085 .091 .093
(.0091) (.0087) (.0086) (.0088) (.0091) (.0092)
0.20 0.05 .043 .047 .039 .041 .048 .048
. (.0064) (.0067) (.0061) (.0063) (.0068) (.0068)
0.01 .008 011 .006 .007 .011 .011
(.0028) (.0033) (.0024) (.0026) (.0033) (.0033)
0.10 .106 .081 .092 .108 .095 .087
(.0097) (.0086) (.0091) (.0098) (.0093) (.0089)
0.35 0.05 .057 .038 .049 .053 .048 .051
: (.0073) (.0060) (.0068) (.0071) (.0068) (.0070)
0.01 .015 .009 .011 .007 .006 .013
(.0038) (.0030) (.0033) (.0026) (.0024) (.0036)
0.10 104 .088 .088 113 .089 .098
(.0097) (.0090) (.0090) (.0100) (.0090) (.0094)
0.50 0.05 .060 .043 .035 .056 .048 .049
. (.0075) (.0064) (.0058) (.0073) (.0068) (.0068)
0.01 .019 011 .008 .008 .006 .011
(.0043) (.0033) (.0028) (.0028) (.0024) (.0033)

Panel 2 p=0.30 p =0.50 p=10.70

p=q a  Clayton Gumbel Clayton Gumbel Clayton Gumbel

0.10 .815 752 1.000 .965 1.000 .999

(.0123) (.0137) (.0000) (.0058) (.0000) (.0010)

020 005 715 .635 .999 .938 1.000 .996
: (.0143) (.0152) (.0010) (.0076) (.0000) (.0020)
0.01 .456 371 .993 .800 1.000 .999

(.0158) (.0153) (.0026) (.0126) (.0000) (.0010)

0.10 .988 .926 1.000 .999 1.000 1.000

(.0034) (.0083) (.0000) (.0010) (.0000) (.0000)

0.35 0.05 981 .876 1.000 .995 1.000 1.000
- (.0043) (.0104) (.0000) (.0022) (.0000) (.0000)
0.01 .928 704 1.000 .980 1.000 1.000

(.0082) (.0144) (.0000) (.0044) (.0000) (.0000)

0.10 .999 974 1.000 1.000 1.000 1.000

(.0010) (.0050) (.0000) (.0000) (.0000) (.0000)

050 005 .999 .945 1.000 1.000 1.000 1.000
: (.0010) (.0072) (.0000) (.0000) (.0000) (.0000)
0.01 .996 .837 1.000 .995 1.000 1.000

(.0020) (.0117) (.0000) (.0022) (.0000) (.0000)

Table 2.3.: MC approximations of the rejection probabilities for the Gauss- and t3-copula
(Panel 1) and for the Clayton- and Gumbel-copula (Panel 2) given Hy: p, = py. The
simulated sample size is n = 2500, the number of bootstrap replications corresponds to
Np = 1000, and the number of MC replications is Nyc = 1000. The standard errors for

the approximated rejection probabilities are given in parentheses.
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Ho: pr < pu vs. Hy: pL > py

Panel 1 0 =0.25 # = 0.50 #=0.75

p=yq « Gauss t3 Gauss i3 Gauss t3
0.10 .091 .096 .099 .095 .096 .099
(.0091) (.0093) (.0094) (.0093) (.0093) (.0094)
0.20 0.05 .047 .041 .040 .041 .047 .049
. (.0067) (.0063) (.0062) (.0063) (.0067) (.0068)
0.01 .009 .007 .006 .007 .013 .009
(.0030) (.0026) (.0024) (.0026) (.0036) (.0030)
0.10 .103 .093 .086 .099 .097 .094
(.0096) (.0092) (.0089) (.0094) (.0094) (.0092)
0.35 0.05 .053 .049 .038 .044 .047 .044
. (.0071) (.0068) (.0060) (.0065) (.0067) (.0065)
0.01 .012 .010 .008 .006 .008 .011
(.0034) (.0031) (.0028) (.0024) (.0028) (.0033)
0.10 109 .092 .103 110 .086 .094
(.0099) (.0091) (.0096) (.0099) (.0860) (.0092)
0.50 0.05 .050 .046 .046 .053 .049 .054
. (.0069) (.0066) (.0066) (.0071) (.0068) (.0071)
0.01 .015 011 011 011 .010 .008
(.0038) (.0033) (.0033) (.0033) (.0031) (.0028)

Panel 2 p=0.30 p =0.50 p=10.70

p=q a  Clayton Gumbel Clayton Gumbel Clayton Gumbel

0.10 .899 .000 1.000 .000 1.000 .000

(.0095) (.0000) (.0000) (.0000) (.0000) (.0000)

020 005 .815 .000 1.000 .000 1.000 .000
: (.0123) (.0000) (.0000) (.0000) (.0000) (.0000)
0.01 574 .000 .997 .000 1.000 .000

(.0156) (.0000) (.0017) (.0000) (.0000) (.0000)

0.10 .997 .000 1.000 .000 1.000 .000

(.0017) (.0000) (.0000) (.0000) (.0000) (.0000)

0.35 0.05 .988 .000 1.000 .000 1.000 .000
- (.0034) (.0000) (.0000) (.0000) (.0000) (.0000)
0.01 .961 .000 1.000 .000 1.000 .000

(.0061) (.0000) (.0000) (.0000) (.0000) (.0000)

0.10 1.000 .000 1.000 .000 1.000 .000

(.0000) (.0000) (.0000) (.0000) (.0000) (.0000)

050 005 .999 .000 1.000 .000 1.000 .000
: (.0010) (.0000) (.0000) (.0000) (.0000) (.0000)
0.01 .999 .000 1.000 .000 1.000 .000

(.0010) (.0000) (.0000) (.0000) (.0000) (.0000)

Table 2.4.: MC approximations of the rejection probabilities for the Gauss- and t3-copula
(Panel 1) and for the Clayton- and Gumbel-copula (Panel 2) given Hy: pr, < py. The
simulated sample size is n = 2500, the number of bootstrap replications corresponds to
Np = 1000, and the number of MC replications is Nyc = 1000. The standard errors for

the approximated rejection probabilities are given in parentheses.
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Ho: pL > pu vs. Hy: pL < py

Panel 1 0 =0.25 # = 0.50 #=0.75

p=yq « Gauss t3 Gauss i3 Gauss t3
0.10 .093 .097 .089 .090 .096 .096
(.0092) (.0094) (.0090) (.0090) (.0093) (.0093)
0.20 0.05 .044 .042 .041 .044 .044 .044
. (.0065) (.0063) (.0063) (.0065) (.0065) (.0065)
0.01 .009 011 .007 012 .006 .013
(.0030) (.0033) (.0026) (.0034) (.0024) (.0036)
0.10 .108 .083 .100 A11 .096 .087
(.0098) (.0087) (.0095) (.0099) (.0093) (.0089)
0.35 0.05 .053 .032 .054 .064 .048 .043
: (.0071) (.0056) (.0071) (.0077) (.0068) (.0064)
0.01 .013 .007 .013 012 .005 .013
(.0036) (.0026) (.0036) (.0034) (.0022) (.0036)
0.10 .095 .097 .103 .094 .087 .088
(.0093) (.0094) (.0096) (.0092) (.0089) (.0090)
0.50 0.05 .054 .042 .042 .060 .040 .044
. (.0071) (.0063) (.0063) (.0075) (.0062) (.0065)
0.01 .016 .007 .004 .009 .003 .015
(.0040) (.0026) (.0020) (.0030) (.0017) (.0038)

Panel 2 p=0.30 p =0.50 p=10.70

p=q a  Clayton Gumbel Clayton Gumbel Clayton Gumbel

0.10 .000 .856 .000 .986 .000 1.000

(.0000) (.0111) (.0000) (.0037) (.0000) (.0000)

020 005 .000 752 .000 .965 .000 .999
: (.0000) (.0137) (.0000) (.0058) (.0000) (.0010)
0.01 .000 481 .000 .870 .000 .994

(.0000) (.0158) (.0000) (.0106) (.0000) (.0024)

0.10 .000 .964 .000 .999 .000 1.000

(.0000) (.0059) (.0000) (.0010) (.0000) (.0000)

0.35 0.05 .000 .926 .000 .999 .000 1.000
- (.0000) (.0083) (.0000) (.0010) (.0000) (.0000)
0.01 .000 .790 .000 987 .000 1.000

(.0000) (.0129) (.0000) (.0036) (.0000) (.0000)

0.10 .000 991 .000 1.000 .000 1.000

(.0000) (.0030) (.0000) (.0000) (.0000) (.0000)

050 005 .000 974 .000 1.000 .000 1.000
: (.0000) (.0050) (.0000) (.0000) (.0000) (.0000)
0.01 .000 .892 .000 .996 .000 1.000

(.0000) (.0098) (.0000) (.0020) (.0000) (.0000)

Table 2.5.: MC approximations of the rejection probabilities for the Gauss- and t3-copula
(Panel 1) and for the Clayton- and Gumbel-copula (Panel 2) given Hy: pr, > py. The
simulated sample size is n = 2500, the number of bootstrap replications corresponds to
Np = 1000, and the number of MC replications is Nyc = 1000. The standard errors for

the approximated rejection probabilities are given in parentheses.
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p=01 p=02 p=03 p=04 p=05
pLn  39% 34% 34% 34% 35%
pun  34% 27% 25% 24% 24%
Apn, 5% 7% 9% 10% 11%

Apnl  12% 10% 10% 11% 11%

Table 2.6.: Average conditional Spearman’s rhos, differences, and absolute differences of all

435 asset combinations for different shortfall probabilities p = ¢ .

Hence, the mixed copula possesses the same unconditional rank-correlation coefficient for

every A (see the formula for p on p. 29).

Note that pr, = py is true for the Gauss-copula but for the Clayton-copula it holds that
pL > pu and so the mixing parameter A determines the degree of asymmetry given by
Cwmix1(u, v ;A\, 0p,61). If one considers the two-sided hypothesis test with Hy: pr, < pu,
A = 0 means that the null hypothesis is true whereas the alternative hypothesis holds for

every A > 0. The larger A the more often Hy should be rejected.

A similar result is obtained for the mixed copula
CMix2(u7 C /\7 907 92) = /\CGumbel(uy ) 92) + (1 - A)CGauss(uy O 90) )

where 65 is such that the rank-correlation coefficient associated with Cgumpber(u, v ; 02) once
again amounts to p = 0.5. The corresponding power functions are given in Figure 2.1. Both
figures demonstrate that the hypothesis test always keeps the prescribed error probability
of the first kind and the rejection probability indeed is an increasing function of the mixing

parameter \. Similar results can be obtained for other constellations of p and p.

2.5. Empirical Results for German Stock Returns

Now we consider daily observations from 1973-01-02 to 2008-11-14 of the 30 stocks which
are listed in the German stock index DAX 30. The stock prices have been adjusted for
dividends, splits, etc. Our analyze is based on the daily log-returns of the assets (zero
returns have been deleted). The maximum number of observations is given by n = 9359
trading days. Table 2.6 contains the sample means of the upper and lower conditional

Spearman’s rhos for all 435 asset combinations given the shortfall probabilities p = ¢ =
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0.1,0.2,0.3,0.4,0.5. Here m denotes the mean lower and m the mean upper conditional
Spearman’s rho, whereas Ap, is the mean difference and [Ap, | the mean absolute difference
between pr, , and py . It can be seen that the lower conditional Spearman’s rhos are up to
11 points larger in average than the upper conditional Spearman’s rhos. However, without
a meaningful theoretical argument it is not possible to judge whether this gap between
bull and bear markets is rather ‘large’ or ‘small’ and we would like to avoid such kind of
statements. Instead we will discuss how much of the empirical evidence leads to significant

results in our hypothesis tests.

It is worth to point out that the outcomes of the test can depend substantially on the
shortfall probability p. The upper part of Figure 2.2 shows the lower and upper conditional
Spearman’s rho as a function of p for BASF vs. Henkel. The difference between the rhos
(see the lower part of Figure 2.2) seems to be negligible if p < 0.25 but it can be very large
for p > 0.25. The lower right part of Figure 2.2 indicates that it is easy to find a suitable p
such that Hy: pr, < py can be rejected on a significance level of a = 0.05, although in fact
there are not many statistical arguments in favor of Hi: py, > py. As a counterexample
consider Figure 2.3 giving the conditional Spearman’s rhos of BASF vs. Thyssen. There is
only a small range for p where Hy cannot be rejected. That means there is a large amount
of evidence for supporting Hy but this could be easily concealed by exploiting the data.
Finally, Figure 2.4 contains the conditional Spearman’s rhos for BASF vs. Infineon. Only
in that case data mining is impossible since there is no p for which the null hypothesis
could be rejected. We conclude that the presented hypothesis tests work only if p is chosen
before examining pr,, and py,, with different shortfall probabilities. Otherwise the tests

would seriously suffer from a selection bias.

2.5.1. Two-Sided Hypothesis Test

It is clear that the estimates pr, and py are different from each other for every combination
of assets and we want to see whether the differences are significant. That means we test
Hy: p1, = pu against Hy : pr, # pu by using the block-bootstrap procedure described
in Section 2.3.2. The block length corresponds to b = 40 (i.e. approximately 2 trading
months) and the number of bootstrap replications is Ng = 1000. After computing the
first estimate %ﬁva, a second run with block length b/2 = 20 is made. This leads to the

second estimate 7212,R b2 for the long-run variance and the linear combination

22 a2 )
TiR = 2TiRp — TLR,b/2
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Figure 2.2.: The upper part shows the lower (left hand side) and upper (right hand side)
conditional Spearman’s rho as a function of p = ¢ for BASF vs. Henkel (n = 5343).
The dashed lines represent the corresponding 95%-confidence bands. In the lower left
part the lower and upper conditional Spearman’s rhos are shown together where the thick
line represents the lower conditional Spearman’s rho. The lower right part contains the

difference between the rhos and the corresponding 95%-confidence band.

is chosen as an estimate for TﬁR . Such a linear combination typically leads to more accurate

estimates of the long-run variance than taking a single estimate (Politis, 2003).

Each rejection of a hypothesis test can be interpreted as an outcome of a Bernoulli exper-
iment with parameter value 0 < m; < 1. The considered test statistics indeed depend on

435
i=1 T

each other but nevertheless an unbiased estimate of the rejection rate 7 :=1/435% "
is given by the proportion of rejections. Since the considered tests are unbiased (see Figure
2.1), H; is said to be ‘true in general’ if 7 > «. Note that min; m; < 7, i.e. the ‘worst’
of the 435 asset combinations cannot produce a power which is larger than 7 and so the
rejection rate may serve as an upper bound for the most optimistic view in favor of Hj.

Conversely, given a one-sided hypothesis test, 7 < « implies that Hy is ‘true in general’,

since the considered hypothesis tests are not conservative but strictly decreasing in H; (see
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Figure 2.3.: The upper part shows the lower (left hand side) and upper (right hand side)
conditional Spearman’s rho as a function of p = ¢ for BASF vs. Thyssen (n = 7884).
The dashed lines represent the corresponding 95%-confidence bands. In the lower left
part the lower and upper conditional Spearman’s rhos are shown together where the thick
line represents the lower conditional Spearman’s rho. The lower right part contains the

difference between the rhos and the corresponding 95%-confidence band.

Table 2.4 and Table 2.5).

The first panel of Table 2.7 contains the proportions of rejections for all 435 asset com-
binations. For the shortfall probability p = 0.1 only 10% asset combinations exhibit sig-
nificantly different Spearman’s rhos on a significance level of o = 0.1. However, it can be
seen that for all p > 0.2 the proportions of rejections exceed the corresponding significance
levels. Especially, if p increases the rejection rates apparently become very large and so we
conclude that the lower and upper conditional rank-correlation coefficients in general are

different from each other.
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Figure 2.4.: The upper part shows the lower (left hand side) and upper (right hand side)
conditional Spearman’s rho as a function of p = ¢ for BASF vs. Infineon (n = 2110).
The dashed lines represent the corresponding 95%-confidence bands. In the lower left
part the lower and upper conditional Spearman’s rhos are shown together where the thick
line represents the lower conditional Spearman’s rho. The lower right part contains the

difference between the rhos and the corresponding 95%-confidence band.

2.5.2. One-Sided Hypothesis Tests

Panel 2 and 3 of Table 2.7 contain the proportions of asset combinations where the lower
conditional Spearman’s rho exceeds the upper conditional Spearman’s rho and vice versa.
For example, 67% of the asset combinations are such that pr,, > pu, given the shortfall
probability p = 0.1 but only 17% of these combinations are significant on the significance
level o = 0.1. It is clear that not every combination with pr,, > pu, or pr, < pu,, can
be significant. This holds especially if the number of observations in the lower left and
upper right area of the empirical copula is small. So even if the proportion of significant
combinations might appear to be somewhat small, it neither implies that most of the
null hypotheses are true nor that the differences of the lower and upper conditional rank-

correlation coefficients are ‘small’ (see the last row of Table 2.6).
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Panel 1 Hy: pr, = pu vs. Hy: p1, # pu
« p=01 p=02 p=03 p=04 p=05
0.10 .10 27 .46 .63 .78
0.05 .05 .20 .37 .53 .69
0.01 .01 .09 .24 .36 49
Panel 2 Hy: pr, < puyvs. Hi: pL > pu
@ p=01 p=02 p=03 p=04 p=0.>5
0.10 A7 37 b7 .73 .84
0.05 .09 .25 .45 .62 .78
0.01 .02 12 .29 42 57
PLn > PUn .67 .79 .92 .95 97
Panel 3 Hy: pr, > py vs. Hi: pL, < pu
@ p=01 p=02 p=03 p=04 p=0.>
0.10 .03 .03 .01 .01 .00
0.05 .01 .02 .00 .01 .00
0.01 .00 .01 .00 .00 .00
P < Pun .33 21 .08 .05 .03

Table 2.7.: Proportions of rejections of the different hypothesis tests, shortfall probabilities,
and significance levels for the 435 asset combinations. The proportions of asset combina-
tions where pr, is larger or smaller than py are presented in the last rows of Panel 2 and

Panel 3.

The second panel of Table 2.7 clearly reveals that the rejection rates of the hypothesis
tests for various levels of p and « considerably exceed the corresponding significance levels.
This effect becomes more obvious the more p increases. Hence, we have found a strong
evidence for the hypothesis Hy: pr, > py . In contrast, for the opposite test the proportions
of rejections given in Table 2.7 (Panel 3) are substantially smaller than the significance

levels. Once again this clearly supports the aforementioned hypothesis.

Many empirical studies suggest that the linear correlation coefficient of stock returns is
larger in bear markets than in bull markets (see, e.g., Ang and Chen, 2002, Erb et al., 1994).
Our results of the one-sided hypothesis tests confirm these findings in the literature, where

Pearson’s rho is used as a dependence measure. That means in bear markets daily stock

48



Chapter 2. Dependence of Stock Returns in Bull and Bear Markets

returns depend more on each other than in bull markets. This holds even if ‘dependence’
is measured by Spearman’s rho, which is neither susceptible to outliers nor affected by the

marginal distributions of the considered random variables.

2.6. Conclusion

Several authors have investigated the dependencies of stock returns in bull and bear mar-
kets. Pearson’s rho has been typically used as a canonical dependence measure. Unfor-
tunately, it essentially depends on the marginal cumulative distribution functions of the
random variables which are taken into consideration and quantifies only the degree of linear
dependence. However, one is often interested in the degree of monotone rather than linear
dependence. This holds especially if the marginal distributions are highly non-standard
which is definitely the case when concentrating on the tails of stock return distributions.
So it is crucial to find a reasonable dependence measure for the degree of monotone depen-
dence under the condition that stock returns contemporaneously go up or down. We believe
that copula theory can serve as an appropriate tool-box and suggest Spearman’s rho as a
dependence measure. This is in contrast to the previous literature, where e.g. conditional
versions of Pearson’s rho have been used for the same purpose. Moreover, our approach is
purely nonparametric. Since we do not fit specific copulas to the data or suggest specific
time series models, we are able to avoid any kind of model misspecification. The finite-
sample performance of the proposed hypothesis tests have been demonstrated by Monte
Carlo simulation. Further, an empirical study using daily returns of stocks contained in
the DAX 30 has been conducted. We think that there is sufficient evidence to support the

hypothesis of different degrees of monotone dependence in bull and bear markets.
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Chapter 3.

A General Approach to Bayesian Portfolio

Optimization

3.1. Motivation

Traditional portfolio optimization strategies are susceptible to parameter uncertainty (Jo-
rion, 1986, Kalymon, 1971, Klein and Bawa, 1976, Markowitz, 1952, Michaud, 1989). Esti-
mation risk is mainly driven by the uncertainty regarding the expected asset returns rather
than their variances and covariances (Chopra and Ziemba, 1993). However, it can be shown
that estimating the covariance matrix is also problematic if the sample size is small com-
pared to the number of assets (Frahm, 2008, Kempf and Memmel, 2006). Many portfolio
optimization approaches rely on rather simple assumptions about the distribution of as-
set returns. However, it is well-known that short-term financial data can be heavy-tailed
or at least leptokurtic, tail-dependent, skewed or possessing other kinds of asymmetries.
Financial time series typically exhibit volatility clusters or even long-memory which holds
especially if log-price changes (so-called log-returns) of stocks, stock indices, and foreign
exchange rates are considered. Moreover, high-frequency data generally are non-stationary,

have jumps, and are strongly dependent.

One might argue that the stylized facts do not matter for long investment horizons since
Gordin’s central limit theorem (Hayashi, 2000, p. 404) takes effect even for ergodic station-
ary processes. For example, many applications in finance rely on the normal distribution
assumption and so low-frequency data are used to estimate the expected values of long-
term, such as monthly or quarterly, asset returns. Indeed, Merton (1980) showed that the

estimation of expected returns generally cannot be improved by increasing the sampling
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frequency. However, decreasing the sampling frequency leads to a loss of statistical effi-
ciency since relevant information about the variances and covariances of asset returns get
lost. Today’s availability of high-frequency data offers new opportunities for statistical
analysis, since these data include much more information than samples of low-frequency
data. Nevertheless, by using high-frequency data and ignoring the stylized facts of em-
pirical finance we would also obtain inaccurate estimates of the optimal portfolio weights.
That means when working with high-frequency-data we need an appropriate model which
accounts for the specific characteristics of the data generating process. The principal goal
of this paper is to present a general approach which takes account of both estimation risks
and stylized facts. Such kind of approach nowadays is feasible due to the permanent rise

of computational power, especially the facilities of high-performance computing.

In order to incorporate estimation risk we rely on the Bayesian framework. This will be
described in detail in Section 3.2. The Bayesian framework has several advantages. First
of all we are able to make finite-sample inferences. This is important even for a large
number of observations since the effective sample size strongly depends on the number
of observations relative to the number of assets (Frahm and Jaekel, 2007b). Further,
Bayesian analysis allows us to consider not only historical data but also to incorporate
prior information such as expert knowledge. This can lead to more reasonable and well-
diversified portfolios rather than relying on pure statistical portfolio optimization methods
(Black and Litterman, 1992, Herold and Maurer, 2006, Scherer and Martin, 2007, Ch. 7).
The dynamics of high-frequency data might become very complicated so that traditional
estimation procedures such as maximum-likelihood estimation quickly hit the wall. In
contrast, by using contemporary methods of numerical integration such as Markov chain
Monte Carlo or importance sampling, calculating the Bayesian posterior distribution of
some parameter is possible even for very complicated time series models (Geweke, 1989,

1995).

For the purpose of portfolio optimization we are interested in the predictive distribution
of asset returns. The predictive distribution combines both estimation risk and market
risk. Many Bayesian approaches to portfolio optimization are based on a purely analytical
fundament (Garlappi et al., 2007, Jorion, 1986, Klein and Bawa, 1976, Polson and Tew,
2000, Meucci, 2005, Ch. 7). However, this is not suitable if we want to take stylized
facts into account and then generally it is not possible to find the predictive distribution

analytically. To avoid limitations of such kind, we suggest a Metropolis-Hastings-like
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algorithm for simulating the posterior distribution of the unknown parameters. This is
derived on the basis of empirical information obtained from time series data and prior
information possibly given by an expert. The Markov chain Monte Carlo method belongs
to the broad class of tempering algorithms which have been frequently used in natural
sciences and proven to be able to simulate high-order distributions. It is therefore natural
to apply them to high-order financial problems like portfolio optimization. By choosing a
numerical framework, principally we can use almost any probabilistic model for the data
and parameters. In Section 3.4 we will present a realistic portfolio optimization problem

which has been performed on a standard PC in reasonable time.

3.2. The General Approach

3.2.1. Portfolio Optimization Problem

In the following we consider the discrete predictive returns of several assets after some long
investment horizon. We specifically concentrate on discrete or, say, simple returns instead

of log-returns for two reasons:

(1) Traditional portfolio theory is based on and can work only with discrete returns

rather than, e.g., log-returns.

(2) Moreover, discrete returns usually differ substantially from log-returns if the invest-

ment horizon is long.

The latter is often neglected in literature. Moreover, we concentrate on long investment
horizons since in practice investors usually do not want to liquidate or re-balance a portfolio
each day or week. In contrast, we can think of, e.g., quarterly or yearly investment periods.
The meaning of ‘predictive’ asset returns is to be understood in the Bayesian sense and
will be explained later on in more detail. Roughly speaking, the distribution of predictive
asset returns do not only account for market risk but also for the parameter uncertainty

which is always present if the parameters of some model for the asset returns are unknown.

Let R = (Ry,...,Rq) be a d-dimensional vector of discrete predictive asset returns,
i = E(R) the d x 1 vector of predictive expected returns and ¥ = Var(R) < oo the

corresponding d X d matrix of predictive variances and covariances. We are searching for

w = arg max p(v'u, v'Sv), st.veCcRY, (3.1)
v
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where v represents a portfolio, i.e. a vector of asset weights and ¢ is an appropriate objective
function (i.e. ¢ is strongly increasing in the first and decreasing in the second argument)

such as the well-known mean-variance certainty equivalent
/ / / « /
gp(vu,va):v,u—E-va (3.2)

with @ > 0. Note that v’y represents the expectation and v'X v is the variance of the
predictive portfolio return of a buy-and-hold portfolio after the given investment period.
The principal goal of this work is to show how the predictive moments p and ¥ (which
incorporate both market and estimation risk) can be calculated if short-term asset log-
returns are not normally distributed, possibly serially dependent, or exhibit other kinds of

stylized facts (see below).

3.2.2. Gordin's Central Limit Theorem

Now let (X¢|0) (t € Z) be a strongly stationary process representing the short-term log-
returns of some asset with E(X;|60) = n(0). Note that here we consider a stochastic process
under some unknown parameter § € © C RP. We assume also that (X |#) is ergodic. Er-
godicity means that any existing and finite moment of X; | # can be consistently estimated
by using the corresponding sample moment of the time series X7,..., X, (n — 00). This
is guaranteed if (Xy,..., X¢1x | 0) is asymptotically independent of (X;—p,..., Xi_pyi|0)
as n — oo for all k,I € N (Hayashi, 2000, p. 101). Further, we suppose that the second

moments of X; |6 exist and are finite.

However, for the central limit theorem (CLT) we need some additional assumption. More
precisely, the CLT holds for the sample mean of (X} | #) if the centered process (X;—n(6) | 6)
satisfies Gordin’s condition. Let H; := (X, X¢—1,... |0) be the history of (X;|0) at
time t € Z. Roughly speaking, Gordin’s condition implies that the impact of H;_, on
the conditional expectation of X; |6 vanishes as n — oo and also that the conditional
expectations of X; |6 do not vary too much in time (Hayashi, 2000, p. 403). In that case

it is guaranteed that the CLT holds with an asymptotic or, say, long-run variance

[e.9]

20) = 3 volk),

k=—00

where 7y is the autocovariance function of (X;|#) (Hayashi, 2000, p. 401) given the un-

known parameter 6. This result can be easily extended to any d-dimensional stochastic
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process (Hayashi, 2000, p. 405). Hence, in the following let (X; | ) be an ergodic stationary

d-dimensional process satisfying Gordin’s condition.

>From Gordin’s CLT it follows that long-term asset log-returns typically tend to be nor-
mally distributed even if the short-term log-returns are serially dependent and heavy tailed.
A broad class of time series models satisfy Gordin’s condition. Hence, long-term asset log-

return vectors are approximately normally distributed, i.e.

T
log(1+R)|0 = X, |0 = X[6~Ng{Tn(6), TYL(0)}, (3.3)
t=1

where 1 represents a column vector of ones and log(-) is understood as taking the logarithm
of each component separately. Here Y (6) denotes the long-run covariance matrix of the
stochastic process (Hayashi, 2000, p. 404) and T € N represents the number of aggregated
short-term log-returns or, say, the investment horizon. For example, if Xy,..., X7 repre-
sent daily log-returns, the sum given by Eq. 3.3 denotes a quarterly log-return if 7" = 63

and a yearly log-return in case 1" = 252.

Of course, the Gaussian distribution hypothesis holds only approximately. However, in the
following the additional suffix ‘approximately’ or any corresponding symbol are suppressed
for convenience. It is worth to mention that we generally suppose that both n(#) and Yr1,(6)
can be computed either numerically or analytically under the specific time series model
which is used for the short-term asset log-returns provided the model parameter 6 is known.
Specifically, if (X; — n(0)|60) is a martingale difference sequence (Hayashi, 2000, p. 104),
that means if

E(X: | Hi—1,0) =n(0), VteZ,

the components of (X; |6) are serially uncorrelated. In that case the long-run covariance
matrix T1,(0) turns out to be the stationary variance Y(0) of (X;|6). The martingale
difference property is satisfied for a broad class of time series models, such as the family

of multivariate GARCH processes (Bauwens et al., 2006).

As elucidated in the introduction, estimating the moments 7'n(#) and TYr,(6) from long-
term asset returns is inefficient. For example, we could estimate the quantity 7Y, (6)
simply by applying the sample covariance matrix to the corresponding long-term asset log-
returns. However in that case we would ignore a large part of the data and the resulting
standard error would increase roughly by a factor of v/T relative to the approach based on
high-frequency data. Hence, decreasing the sampling frequency leads to a loss of statistical

efficiency.
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3.2.3. Bayesian Framework

In the Bayesian framework the model parameter 0 is not assumed to be fixed but it is
considered as a random quantity possessing some prior distribution p(6). The posterior
distribution p(# | ) corresponds to the distribution of 6 given some observed data x. More
specifically, in the following we shall interpret x as historical short-term asset log-return
data. The likelihood function £(0;x) = p(x | @) represents some pre-defined probabilistic

model for x. Now the posterior distribution of § can be obtained by the Bayes formula

p(0|x) = L(0;2)p(0)/p(x),
so that the posterior involves both empirical and subjective information.

However, in Bayesian analysis the posterior distribution is not always the desired object.
Instead, one can be interested in the predictive distribution of the data. Let y be some

unobserved data where x and y are conditionally independent given 6. Then

p(ym:/p(yro)p(erx)de

represents the predictive distribution of y. In the following discussion this can be inter-
preted as the distribution of a long-term asset log-return if we take the parameter uncer-
tainty additionally into account. Each parameter is weighted by its posterior probability,
i.e. the probability of 6 given the historical observations and some expert knowledge. No-
tice that analytical solutions for the portfolio optimization problem which are based on

the predictive distribution are only available for relatively simple expressions for the prior

p(#) and the likelihood L£(0;x).

The prior p(f) can be either ‘diffuse’ or ‘informative’. If the prior is diffuse the model
parameter is assumed to possess some ad-hoc distribution such as the uniform distribution
or the standard normal distribution. The prior is called informative if some subjective in-
formation is necessary to determine p(f). The chosen terminology is somewhat misleading
since we do not mean that diffuse priors in general are non-informative in the probabilistic
sense since the posterior distribution might drastically depend on the chosen diffuse prior.
Hence, we believe that Bayesian analysis is inherently subjective and since most practition-
ers have some basic opinions about the evolution of asset prices they might want to include
that information in the optimization process (Black and Litterman, 1992). The present

work heavily relies on the idea of using subjective information whenever it is possible.

o6



Chapter 3. A General Approach to Bayesian Portfolio Optimization

One popular example of Bayesian portfolio optimization is the approach of Black and
Litterman (1992). They show how to distill implicit information about the distribution
of asset returns from the market by using standard results of portfolio theory. This is
combined with the investor’s own belief which typically leads to optimal portfolios being
more robust against estimation errors than solutions obtained by pure statistical methods.
However, in order to be analytically tractable, the Black-Litterman approach assumes that
asset returns are normally distributed. Other Bayesian portfolio optimization techniques
are given by the work of Frost and Savarino (1986) and Jorion (1986). They all share the
same disadvantage, namely that an analytic expression of the predictive distribution or
optimal portfolio is only available by imposing unrealistic assumptions on the underlying
data or otherwise being inefficient, since they have to be applied by using low-frequency

data.

Scherer and Martin (2007, Ch. 7) suggest to apply so-called conjugate priors in Bayesian
portfolio optimization. These are informative priors which, after multiplying with the like-
lihood, lead to a posterior distribution that is of the same type as the chosen likelihood
function. Again, this limitation can be motivated by the requirement to obtain analyti-
cally tractable expressions for the posterior distribution. However, unrealistic assumptions
about the distribution of empirical data are necessary in general and the set of possible
prior distributions is substantially restricted. In particular, conjugate priors often are not
available if the assumption of normally distributed asset returns is relaxed. Scherer and
Martin (2007, Ch. 7) refer to a Markov chain Monte Carlo method (which will be discussed
later on in Section 3.3) to simulate the posterior distribution of the mean and variance of a
single asset return. In this work we will show how this idea can be extended to incorporate

arbitrary prior information given the asset returns are not normally distributed.

For choosing some likelihood function for @ we have to consider an appropriate model for
the data, that means to take account for the stylized facts of empirical finance. These can

be subsumed by the following anomalies (see McNeil et al., 2005, p. 117):

(1) Short-term asset returns are heavy-tailed and particularly not Gaussian.

(2) Asset returns are not independent and identically distributed although they show

little serial correlation.

(3) In contrast, squared asset returns show strong serial correlation.
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(4) Asset volatility varies over time and appears in clusters.

There are several alternatives to deal with these phenomena. For instance, GARCH pro-
cesses (Bollerslev, 1986, Engle, 1982) can be used to model volatility clusters. Another
possibility is to work with stochastic volatility models (Barndorff-Nielsen et al., 2002,
Jacquier et al., 1994, 2004).

3.2.4. Predictive Moments

In the last section we mentioned that the parameter 6 is considered as a random quantity

and from Section 3.2.2 we know that
X0 ~Ng{T(6), TTL(0)},

where X | 6 denotes a long-term log-return vector given the unknown parameter 6. Hence,

the vector of long-term discrete returns is given by
R|0=exp(X|0)—1,

where exp(-) shall be interpreted as a component-wise function. Thus each component of

R0 is log-normally distributed and it can be easily shown that
E(R|0) = exp[T{n(#) + diag(T1(0))/2}] — 1
and
Var(R|6) = exp [T{n(e)l' +1(8) + D(e)}} ® [exp{TTL(O)} - 11'} ,

where ® denotes the Hadamard (i.e. component-wise) product, and

_ diag{1,(0)}1 + 1diag{T1.()}
. .

D(0)

Finally, we obtain the predictive moments of the long-term log-return vector by the law of

total expectations and the variance decomposition theorem, viz.
1 =E(R) =E{E(R|0)}
and
Y =E{Var(R|6)} + Var{E(R|6)} .

Interestingly, the conditional means of the discrete returns are also determined by the
long-run variances. Moreover, predictive expectations and variances of discrete returns are
nonlinear functions of the investment horizon 7. Hence, the investment horizon can have
a substantial impact on the optimal portfolio. In Section 3.3 we will see how the predictive

moments can be approximated by Monte Carlo simulation.
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3.3. Numerical Implementation

Now we will discuss several Markov chain Monte Carlo algorithms for simulating the pos-
terior distribution p(@ | z) even if this has a rather complicated analytical structure. There
is a big number of different simulation techniques like for instance importance sampling
(Gamerman and Lopes, 2006, Ch. 3.4). However, we got the best simulation results in rea-
sonable time using a Markov chain Monte Carlo algorithm, which will be presented in the
following sections. In our case we want to use Markov chains only to sample from a com-
plex posterior distribution. Hence, we have to guarantee that the stationary distribution

of the considered Markov chain corresponds to p(é | z).

3.3.1. Gibbs Sampling

A simple approach is known as Gibbs sampling. That means for simulating § we could
principally start with some initial parameter vector § = (61,...,6,) and draw a new real-
ization 0 of the first component from the conditional distribution of 61 given 65, ..., 0, .
Then we can take the new parameter vector (6,602, ... ,0,) into consideration and simulate
the second component of 6 by drawing from the distribution of 3 under the new condition

1,03, ...,0,, etc., until we obtain the parameter vector 6 = (01,...,0,). If the same
procedure is repeated with 6’ and so on we obtain a Markov chain whose stationary dis-
tribution corresponds to the posterior distribution of 6. Scherer and Martin (2007, Ch. 7)
give an example of how to use Gibbs sampling for simulating the posterior distribution of
the mean and variance of a normally distributed single asset return by using a conjugate

prior. However, in our case this is not a useful approach since drawing from the conditional

posterior distributions of € is not substantially easier than drawing directly from p(6 | x).

3.3.2. Metropolis-Hastings Algorithm

Another MCMC scheme which is frequently used in Bayesian statistics is the Metropolis-
Hastings algorithm (Hastings, 1970, Metropolis et al., 1953). An application to the Bayes-
ian analysis of stochastic volatility models is presented by Jacquier et al. (2004). The
Metropolis-Hastings algorithm is very similar to the Gibbs sampler, but unlike that, it
does not require to sample from the conditional stationary distribution. In contrast, the
sampling part is completely reduced to sampling from an arbitrary proposal distribution

which is easy to draw from. The stationary distribution is then only needed to calculate
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the acceptance probability of each new state in the chain, which comes from the proposal
distribution. This is why we choose a Metropolis-Hastings-like algorithm to simulate the
distribution of f|x. First, we will present the Metropolis-Hastings algorithm and after that

an extension called parallel tempering will be discussed.

Assume there exists some target distribution 7(6) which shall be simulated. The current
state of the chain will be denoted by ¢. In case of the Metropolis-Hastings algorithm,
the simulation is done by introducing an ‘easy to draw from’ proposal distribution q(¢,¢")
which denotes the distribution of a proposal to move from state ¢ to state ¢/. However,
the actual probability to move from ¢ to ¢’ is determined by the acceptance probability

")eld0))

(o) =min {1 S

(3.4)

Note that if we have a symmetric proposal distribution, the acceptance probability is simply
given by a = min{1,7(¢’)/m(¢)}.

The probability density of a new state ¢’ given an old state ¢, that is the so-called transition
kernel K(¢,¢") (Gamerman and Lopes, 2006, p. 194) of the Markov chain, is given by

K(6.¢) = a(6.6) a(. &) + 5(& — 9) (1 - [a6.9a(0.6 dg) ,

where 9§ is the Dirac distribution. It can be shown that for the acceptance probability given

by Eq. 3.4, the detailed balance condition

(@)K (¢, ¢') = m(¢") K (¢, )

is satisfied for all ¢ and ¢'. Thus we obtain a reversible Markov chain (Gamerman and
Lopes, 2006, Ch. 4.6). That means by the presented Metropolis-Hastings algorithm in fact

we are able to simulate realizations from the target distribution .

3.3.3. Parallel Tempering

Though the Metropolis-Hastings algorithm is very powerful, one big problem can easily
occur: The Markov chain can get stuck in local optima for a very long time. Assume for
instance a univariate bi-modal distribution. If the chain is currently in a region around
one of the two modes, there is almost no incentive to move to the region around the other
mode, since the acceptance probability «(¢, @) approaches zero if 7(¢') is much smaller

than 7(¢). To avoid this problem, the idea of heated equilibrium distributions has been
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introduced. Instead of simulating only one stationary distribution 7(6) at a time, m parallel

chains are used, each having an equilibrium distribution
mi(0) o< ()T, Vi=1,...,m,

where T; is the temperature of the distribution m;(#). The temperature of the desired
stationary distribution 71(0) is T3 = 1. At each iteration of the algorithm, an exchange
between the states ¢; and ¢; of chain ¢ and j is proposed. The acceptance probability of
this swap is

bty = minf, TN,

mi(di) 75(d5)

One disadvantage of this method is that only the outcome of chain 1 contains samples
from the desired distribution and all the other samples are dropped. However, especially
for very complex distributions the advantage of not getting stuck in local modes overcomes

the disadvantage of high computational effort. For further details and applications of
tempering algorithms see for instance Gamerman and Lopes (2006, Ch. 6 and Ch. 7).

In our case the stationary distribution which has to be simulated is the posterior distri-
bution of the model parameters which can become very complex. In our empirical study
we will use m = 2 different chains. For the proposal distribution we choose a composite
distribution ¢(6,6") by taking account of the specific domains of the different components
of 8. Of course we could also choose a proposal distribution which probably leads to real-
izations outside of © but, however, if some parameter is proposed to exceed the parameter
set, the prior probability and thus also the acceptance probability becomes zero. Hence, it

cannot happen that we get some realizations of # such that 0 ¢ ©.

Our implementation of the parallel tempering algorithm is as follows:

1. Create the initial parameter vectors 6, and 65 .
2. Repeat the following steps very often:

a) Generate 0] and 0 by randomly drawing from the proposal distributions.
b) Caleulate p(6] | ) o< £(0] ;) p(6}) and p(6} | ) o< £(0% ) p(6)).

c) Calculate

!/ /
o — min{ljp(ﬂ | z) q 1,91)}

p(01|x)q(61,0")
and

1 oNA/TS)
0z = min { 1, 0212V alC0, 00) |
P62 | )1/ 12)q(0,,05)
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d) Set 61 = 0] with probability «;, and 62 = 6 with probability s, otherwise
keep the old 0 or 65, respectively.

e) Swap the states 6; and 6, of the chains with probability

p(B | z) p(6y | )/ T2)
" p(01 [ 2) p(02 [ ) /T2 [

0412(91, 92) = min {1

As mentioned above we only consider the realizations of the first chain which are obtained

after some burning-in phase.

3.4. Empirical Study

In this section we will present an empirical study based on the framework developed in
the previous sections. First, we create a model for high-frequency asset log-returns by
taking account of stylized facts. It is a multivariate extension of the GARCH model devel-
oped by Bollerslev (1986). A comprehensive overview on different multivariate GARCH
(MGARCH) models is given in Bauwens et al. (2006). MGARCH processes are martingale
difference sequences and so Gordin’s condition (see Section 3.2.2) is automatically satis-
fied. Further, the predictive moments (see Section 3.2.4) can be easily calculated by the
MCMC algorithm discussed in Section 3.3. After the data generating process is developed,
we present the chosen prior information for the unknown model parameter 6. Then we will

apply our method to time series data to find optimal portfolios.

3.4.1. Modeling the Distribution of Asset Log-Returns

In this section we will describe a way for modeling the distribution of daily asset log-
returns. We will concentrate on risky assets. The risk-free asset or, say, money market
account does not possess any market risk per definition. That means we do not need any

stochastic model and so there exists no parameter uncertainty.

In order be provide a flexible framework for the asset returns, we rely on the broad class
of elliptically symmetric distributions. A d-dimensional random vector X is said to be

elliptically symmetric distributed (Cambanis et al., 1981) if and only if
d
X =n+IT'RU

with € R? being a location vector, I' € R?*¥ is a transformation matrix, U a k-

dimensional random vector uniformly distributed on the unit hypersphere, and R is a
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non-negative random variable stochastically independent of U. The positive semi-definite
matrix Q := I'T” is referred to as the dispersion matriz of X and R is called its generating
variate. By choosing R properly, we are able to account for stylized facts like heavy tails.

Further, it can be shown that
V = Var(X) = E(R?)/k - Q

is the covariance matrix of X provided E(R?) < 0o .

A d-dimensional MGARCH process (X;) is characterized by
d 1
Xe|Hir=n+ Ve,

where 7 is a d x 1 vector of time-independent expected log-returns, V; is a function only of
‘H;_1 and denotes the d x d positive definite conditional covariance matrix of the log-return
vector Xy, and € is an independent and identically distributed d x 1 vector of perturbations
with E(e;) = 0 and covariance matrix Var(e;) = Iy. If ¢ is assumed to be spherically
distributed, i.e. elliptically symmetric with location 0 and dispersion proportional to I,

then the MGARCH model perfectly fits into the class of elliptically symmetric distributions.

There are various specifications of the time-dependent covariance matrix V;. For a thorough
discussion of MGARCH processes see Bauwens et al. (2006). Since MGARCH specifications
often require a huge number of parameters and are hardly applicable to practical problems,
for complexity reduction we suggest to use a principal components model for the asset log-
returns. The underlying idea of principal components is that most of the dynamics of the
observed data can be explained by a small number of uncorrelated factors. The spectral
decomposition theorem assures that the covariance matrix V of an elliptically symmetric

distributed random vector X can be decomposed into V' = OAQ’, where

e A is the diagonal matrix of the eigenvalues A\i,..., g of V' and

e (O is an orthogonal d x d matrix containing the associated eigenvectors.

By applying this decomposition for the vector of asset log-returns we can specify the
MGARCH model as
d 1
Xi|Hii =n+ OA &

and define
1
YV i=Atee =0 (Xy — ).
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This reduces the number of required model parameters tremendously, since the elements
of Y; are uncorrelated per definition. However, we have to presume that the eigenvectors
do not change over time. Speaking economically, the factors which drive the dynamics
of the asset log-returns do not change but the impact of each factor can vary over time.
For modeling the components of A; we can simply assume that Y; consists of d unrelated
univariate GARCH(1,1) processes. The resulting process is sometimes called orthogonal

GARCH (Bauwens et al., 2006).

Principally, we can choose any elliptically symmetric distribution for modeling the pertur-
bation €; as long as the corresponding density function can be computed either numerically

or analytically. However, here we assume that ¢, is multivariate t-distributed, i.e.

-2
EtNtd<0,V -Id,lj>
14

with v > 2 degrees of freedom and the dispersion matrix is such that Var(e;) = I;. Hence,

the random vector X, | H;—1 possesses the density

F(—dg") det A;? (z: — 1) OATO (2 — 1) -4
)= : 1+
p(@e [ i) INC) (vm)d < v—2 > ’

where A; is a diagonal d x d matrix with main diagonal elements

Nit =%+ oY 4 Bidig—1, i=1,....d, (3.5)

representing the conditional variances of the d principal components. Note that the orthog-
onal matrix O (d x d) contains (g) free parameters and there are 3d GARCH parameters.

Altogether, the resulting data generating process contains only d (d+7)/2+ 1 parameters.

3.4.2. Modeling the Prior Information

There are several ways to implement prior information. In case of a diffuse prior there is
no explicit information that is incorporated into the prior distribution. This is often done
to get an analytical expression for the posterior distribution and so to obtain an analytical
result for the optimal portfolio. However, it can be shown that the diffuse prior approach
can lead to paradox results (Berger, 2006) and the concrete choice of the diffuse prior can
have a substantial impact on the optimal decision. Therefore, as already mentioned, it is

suggested to use informative priors whenever it is possible.

Our hierarchical approach is very general. First of all note that our model parameters are

given by n, a, 3, A\, O,v. Here n (d x 1) is the vector of expected asset log-returns, « (d x 1)
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and (3 (d x 1) contain the GARCH(1,1) parameters according to (3.5) and the d x 1 vector

A contains the unconditional variances A1,...,\g, i.e.
Vi .
N=—— i=1,...,d.
1 1 _ al _ ﬁl ) ) )

Note that the parameters v; = A\; (1 — oy — 3;) (i = 1,...,d) follow implicitly from «, j3,

and \. That means we use the following re-parameterization of Eq. 3.5:
Ait = Xi (1 —a; — B;) + Oéz‘Yz'?t—l + Bidit-1, i=1,...,d.

We will substitute O by an estimate based on the sample covariance matrix of the time
series data. That means O is fixed for the sake of simplicity. Finally, the number of degrees
of freedom v is set to 3 to account for the typical heavy tails of daily log-returns. We did not
observe any improvements by introducing some prior distribution for v. Hence, we obtain
the parameter vector # = (n,«,3,\) and suppose that they are a priori stochastically

independent, i.e.

Since «, 5 € (0,1) we decided to use flat priors for a and  where the components of o and
[ are assumed to be mutually independent. So the prior for 6 can be simply expressed as
p(0) = p(n) p(A).

Also the components of A are assumed to be mutually independent but each one follows
a gamma distribution, i.e. A\; ~ I'(k2,\o/k2) (i = 1,...,d) and \g,k2 > 0. Hence, we
expect a priori that each principal component has the same proportion of total variation.
Note that E(\;) = g is constant but Var(\;) = A\3/k2 . That means o can be interpreted
as the investor’s confidence that the unconditional variances of the principal components

indeed correspond to A\ . In our empirical study we choose \g = 0.22 /T and kg = 2.

For the expected values of the daily log-returns we use the prior proposed by Jorion (1986),
ie.

n|V ~ Ng(no,V/k1),

where 79 is a vector of prior expected returns. We decided to choose g = 0 since sample
means of daily log-returns are typically close to zero (McNeil et al., 2005, p. 117). The
scale parameter k1 represents the confidence of the investor in their a priori assumption
concerning 7 and can be seen as a virtual sample size. For instance, if there are n = 1260
observations (i.e. 5 trading years) then x; = 1260 would mean that the investor trusts in

their own belief about 7 as much as the empirical evidence given by the time series.

65



Chapter 3. A General Approach to Bayesian Portfolio Optimization

USA UK JPN ITA GER FRA CAN
5.98% 12.50% 12.78% 17.63% 14.27% 14.53% 20.97%
16.07% 13.70% 21.55% 14.68% 23.44% 17.90% 22.10%

=

Q>

Table 3.1.: Descriptive statistics of yearly discrete returns.

Note that V = OAQO’ where O is fixed and A is random. Hence, we can write Jorion’s

prior equivalently as

n| A~ Ng(0,0A0" /1)

such that p(n) = p(n|A) p(A) can be easily calculated, since

d
s
A) =p(\) x A2l ex <—H2 Z>
p(A) = p(A) };[1 ; P

and

p(n|A) o exp<—% -n’OA_lo’n> :

3.4.3. Data Description

In our empirical study we use daily log-returns of seven MSCI stock indices of the countries
USA, UK, Japan, Italy, Germany, France, and Canada. The indices are adjusted by
dividends, splits, etc. and are calculated on the basis of USD stock prices. We have
n = 1260 daily observations ranging from 2001-12-03 to 2006-09-29 and the whole sample
is divided chronologically into 5 subsets where each subset contains 252 observations. In
Table 3.1 we can see the sample means and standard deviations of the yearly discrete
returns of each country. In our study we assume that the investment horizon corresponds
to 1 year, i.e. T'= 252 and the quantities given in Table 3.1 are based on the available 5
observations of yearly discrete returns. Of course, since the sample size is very small, these

values are strongly affected by estimation errors.

The process (X; | 0) of daily log-returns is assumed to be an ergodic stationary martingale
difference sequence as described in Section 3.2.2. Hence, both the sample mean 7 and the
sample covariance matrix T of the daily log-returns are strongly consistent estimators for
n(#) and Y1,(0), respectively. Now we can also estimate the first and second moments of
yearly discrete returns by using the formulas given in Section 3.2.4 based on daily log-

returns, viz.

E(R|6) = exp [252 {n+ diag(?)/2}] -1
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USA UK JPN ITA GER FRA CAN
6.29% 13.41% 13.46% 18.54% 15.23% 15.73% 20.71%
17.42% 19.60% 24.13% 20.42% 28.14% 24.52% 19.29%

=

Q>

Table 3.2.: Descriptive statistics of yearly discrete returns based on daily log-returns.

M Ao A3 M As Ao M
6.45c-4 1644 0.94e-4 048¢-d 0.32e-4 02led 0.14c4
6335 % 1609% 921% 475% 317% 209% 1.33%

Table 3.3.: Eigenvalues of the sample covariance matrix of daily log-returns.

and

Var(R|6) = exp|252 {1’ + 17/ + D} | ® [exp{252 T} - 11/],

where

5 diag{?}l’ + 1diag{T}/

= 5 )
The corresponding values are given in Table 3.2. Note that there are only slight differences
between the results in Table 3.1 and Table 3.2 regarding the means but for the standard

deviations the results can differ substantially.

Table 3.3 contains the eigenvalues of T as well as their proportions of the total variation.
As described earlier, each eigenvalue can be interpreted as the unconditional variance
of a principal component. In our case, the first component (i.e. the systematic risk of
the market) almost explains two third of the total variation and the impact of the other
components are relatively small. Similar results for financial data have been frequently
observed in literature (see, e.g., Plerou et al., 1999). Note that our prior expectation for \;
corresponds to A9 = 0.22/252 =1.59 e-4, which reflects a relatively conservative assumption
relative to the empirical results. For the confidence in Ay we choose the parameter kg = 2
which leads to an a priori standard deviation of A; roughly corresponding to 1.12e-4 (i =

1,....d).

3.4.4. Results

In this section we present the results of our simulation. Our main objective is to demon-

strate the practical applicability of our approach. We want to show how prior information

67



Chapter 3. A General Approach to Bayesian Portfolio Optimization

can be used to account for estimation risk — even if the underlying model is complex —
and to obtain well-diversified portfolios. The parameter x;, which reflects the investor’s
confidence in their prior assumption about the expected log-returns, is varied in order to
see how expert knowledge determines the optimal portfolio. Asset return variances and
covariances can be estimated quite good by using short-term asset returns. In contrast,
it is well-known that portfolio selection is very sensitive to expected asset returns which
cannot be estimated accurately. Hence, investors preferably have a strong confidence about
expected asset returns in order to reduce estimation risk. This is the reason why we kept
ko = 2 fixed, which indicates that there is only little confidence in the prior information

about the eigenvalues.

We performed standard Markowitz portfolio selection (Markowitz, 1952). Our objective
function is the traditional mean-variance certainty equivalent given by Eq. 3.2 where we
choose a risk aversion of &« = 1. In many practical situations constraints are included in
the optimization problem. For instance, investors might be willing to forbid short-selling.
Other constraints might be given by legal issues and so on. We do not want to provide
optimal portfolios for each imaginable investor, but instead we present a flexible framework

which can be adapted to most kinds of situations.

Each additional constraint limits the space of alternatives. Therefore, in the first part of
the study (P1) we have only one constraint, namely the budget constraint Cp: w'l = 1.
The short-selling constraint Cs: w > 0 is additionally considered in the second part of the
study (P2). In our study we are searching for the optimal portfolio given by (3.1) using

the objective function
/ 1 /
gp(v):fu,u—i-fuﬁv, st.vel,

where C =C; =Cg in P1 and C = Cy = Cg N (g in P2.

Table 3.4 contains our results of the portfolio optimization. These can be compared with
the portfolio weights obtained by traditional Markowitz optimization, i.e. searching for the

Markowitz portfolio (MP), viz.
~ 1, —
MP = argmaxv'E(R|6) — 3 -v'Var(R|0)v, st.veC,
and the so-called global minimum variance portfolio (MVP), i.e.

MVP = arg min v'@(R |0)v, st.vel.
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The MVP has been advocated by many authors as an alternative to the traditional mean-
variance optimal portfolio since there are no expected asset returns which have to be
estimated and thus the impact of estimation errors can be substantially reduced (Frahm,

2008).

As we can see in Table 3.4 the Markowitz portfolios tend to overrate assets with large
expected returns. In P1 the MP suggests a short-selling of 484.01% of USA and investing
487.05% in CAN - a strategy which would certainly not be pursued in practice. When
short-selling is forbidden, all the available capital is invested in CAN. Compared to that
the two minimum variance portfolios are far more diversified. However, it can be clearly
seen that these portfolios are not optimal in the sense of expected return maximization,
since the asset with the smallest estimated return, USA, possesses the highest weight in

both minimum variance portfolios.

The optimal portfolios in case k1 = 1, which almost corresponds to a diffuse prior informa-
tion about the expected asset returns, are similar to the Markowitz portfolios. However,
using an appropriate model for high-frequency data apparently leads to slight changes of
the expected returns, variances, and covariances which alters the optimal portfolios. Nev-
ertheless, the optimal portfolio for k1 = 1 in P2 is the same as in the empirical case, where

all the capital is invested in CAN.

The more confident the investor is about the expected asset returns, the more the optimal
portfolios tend to be diversified. In case k1 = 1260 the investor relies on their prior
assumption about the expected returns as much as on the empirical information. The
optimal portfolio in P1 does not possess weights which are such excessive as for traditional
Markowitz optimization or in the case k1 = 1. For instance the amount of capital invested
in CAN reduces to 404.76%. In P2 not all the capital is put into CAN anymore. Instead,
14.70% is invested in JPN now. The reason for that is that the expected predictive asset
returns are shrunk towards the prior assumption 79 = 0. So increasing the confidence in
prior information clearly reduces estimation risk. This effect even strengthens when x; is

further increased.

In fact, k1 = 6300 is a configuration which can be seen as typical for practical investment
problems. Here the investor trusts their own assumption about the expected returns 5
times more than the empirical information. Recall that we use a time series of daily log-
returns lasting 5 years, which means that the estimation of yearly expected returns is

based on 5 observations. So from a practical point of view, when it comes to estimating
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empirical USA UK JPN ITA GER FRA CAN
i 6.29% 13.41% 13.46% 18.54% 15.23% 15.73% 20.71%
o 17.42% 19.60% 24.13% 20.42% 28.14% 24.52% 19.29%
MP, —484.01% —195.93% —13.18% 373.62% —2.45%  —65.10% 487.05%
MP; 0% 0% 0% 0% 0% 0% 100%
MVP, 50.37% 37.72% 20.13% 43.27%  —28.86%  —28.46% 5.84%
MVP2 42.49% 19.17% 23.88% 4.64% 0% 0% 9.83%
k1 =1 USA UK JPN ITA GER FRA CAN
I 5.25% 12.44% 19.57% 16.29% 13.32% 14.52% 25.29%
17.96% 20.66% 27.29% 21.39% 29.02% 25.80% 21.53%
w1 —553.87% —208.89%  54.80%  200.23% —25.00% 2.05% 630.68%
wa 0% 0% 0% 0% 0% 0% 100%
1260 USA UK JPN ITA GER FRA CAN
I 4.76% 9.06% 14.02% 11.77% 11.94% 11.52% 15.26%
o 17.57% 19.39% 24.97% 19.97% 27.98% 24.39% 18.83%
w1 —373.32% —190.63%  62.17% 98.56% 64.67% 33.79%  404.76%
wa 0% 0% 14.70% 0% 0% 0% 85.30%
2520 USA UK JPN ITA GER FRA CAN
I 4.51% 7.73% 10.81% 9.67% 10.74% 10.01% 11.67%
o 17.31% 18.93% 23.91% 19.33% 27.41% 23.81% 17.93%
w1 —278.63% —159.50%  52.44% 55.36% 79.64% 44.51%  306.18%
w2 0% 0% 18.69% 0% 0% 0% 81.31%
6300 USA UK JPN ITA GER FRA CAN
I 4.06% 5.86% 7.00% 7.05% 9.05% 7.91% 7.55%
o 17.14% 18.36% 22.48% 18.66% 26.53% 22.96% 17.11%
w1 —147.49% —108.20%  40.34% 8.29% 88.43% 49.15% 169.47%
w2 0% 0% 19.46% 0% 36.04% 0% 44.50%
12600 USA UK JPN ITA GER FRA CAN
I 2.96% 4.15% 5.11% 4.84% 6.72% 5.70% 4.88%
o 16.80% 18.00% 22.10% 18.15% 25.83% 23.37% 16.55%
w1 —76.83% —60.97% 43.01% —6.15% 71.30% 35.85% 93.78%
w2 0% 0% 31.10% 0% 43.28% 0% 25.62%

Table 3.4.: Empirical and predictive moments of yearly discrete returns as well as the

corresponding portfolio weights for the constraints C; and Cs .

expected returns it makes sense to trust far more in expert knowledge than in time series

information. The optimal portfolio in P2 is more diversified than the Markowitz portfolio
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on the one hand. On the other hand, in contrast to the MVP, it also takes account for the

expected predictive returns and the investor’s will to reap the profit.

The optimal portfolios for k1 = 12600 are even more diversified. However, here almost all
of the empirical information about the expected returns is lost, since the confidence in the

corresponding prior assumption is 10 times higher than the empirical evidence.

3.5. Conclusion

We develop an approach to incorporate the stylized facts of high-frequency financial data
and arbitrary prior information into the portfolio optimization process. Our approach is
characterized by rather weak assumptions about the underlying stochastic process. Us-
ing Gordin’s central limit theorem, we are able to approximate the distribution of asset
log-returns of long investment horizons by the normal distribution. In order to avoid esti-
mation risk, we rely on the Bayesian framework which allows us to include subjective prior
information such as expert knowledge. By using a Markov chain Monte Carlo algorithm
we simulate the posterior distribution of the unknown model parameters and after that
we calculate the first two moments of the discrete predictive asset returns after the given
investment period. In a last step, we perform a standard portfolio optimization using these
predictive moments, which incorporate both empirical information contained in the data

and subjective prior information of the investor.

We give a practical example to demonstrate the applicability of our approach to real-world
problems. For that purpose, we use 7 time series of daily log-returns. For the data gener-
ating process, we propose an orthogonal MGARCH model. The investor’s subjective prior
information about expected asset returns and eigenvalues of the covariance matrix is mod-
eled using a hierarchical approach. The suggested portfolios show that prior assumptions
have a substantial impact on the optimal decision. Our portfolios become well-diversified
compared to the outcomes of traditional portfolio optimization strategies and reflect the
investor’s assessment about the market. The computational performance of our algorithm
encourages applying our approach to higher-dimensional problems in practice, where both

empirical information contained in time series and expert knowledge are available.

71






Chapter 4.

Linear Statistical Inference for Global and

Local Minimum Variance Portfolios

4.1. Motivation

During the past decades traditional portfolio optimization has often been criticized since
it does not account for estimation risk (Jorion, 1986, Kalymon, 1971, Klein and Bawa,
1976, Michaud, 1989). At the beginning of modern portfolio theory (Markowitz, 1952) it
was usually supposed that the parameters of interest, i.e. the means and (co-)variances of
asset returns can be estimated accurately such that estimation errors remain negligible.
Although this conjecture might be true for variances and covariances if the sample size
is large enough compared to the number of assets, it is not an appropriate simplification
for expected asset returns in most practical situations (Chopra and Ziemba, 1993, Kempf
and Memmel, 2002, Merton, 1980). Nowadays many portfolio optimization procedures
which take the parameter uncertainty into account can be found in the literature (Black
and Litterman, 1992, Frost and Savarino, 1986, Herold and Maurer, 2006, Kan and Zhou,
2007, Scherer, 2004).

Consider a d-dimensional random vector R = (Ry,..., Ry) of asset excess returns at the
end of some investment horizon. The excess return of an asset corresponds to the asset
return minus the risk-free interest rate and in the following I will usually drop the prefix
‘excess’ for convenience. It is assumed that the vector of asset returns is multivariate
normally distributed, i.e. R ~ Ny(u, ), where p (d x 1) is an unknown vector of expected
asset returns and ¥ (dxd) is an unknown positive-definite matrix containing their variances

and covariances.
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The tangential portfolio (TP) is defined as the portfolio of risky assets which maximizes
the Sharpe ratio (see Figure 4.1), i.e.

wrp = argmax p'v/Vv'Ev

(dx1) v
such that the budget constraint 1’v = 1 is satisfied. Here v = (v1,...,v4) symbolizes a

vector of portfolio weights and 1 is a vector of ones or the one scalar, respectively. In

the following ‘(x1,...,z4)’ indicates a d-tuple which is understood to be a d-dimensional
column vector, whereas ‘[ z1 -+ x4 ] (without the commas) is a d-dimensional row vector,
ie (w1,...,xq) =[x -+ xq].

An (mean-variance) efficient portfolio (EP) can be characterized in terms of the typical
mean-variance utility function (or, more precisely, certainty equivalent), i.e.

wgp = argmax (u'v — /2 - V'S 0)

(dx1) v
for some risk-aversion parameter o > 0. If the EP satisfies the budget constraint, it can
be found on the efficient frontier, i.e. the upper part of the hyperbola given in Figure 4.1.

Otherwise it is located on the capital market line.

A rather simple alternative to the TP or some other EP is given by the so-called global
minimum variance portfolio (GMVP). This is defined as

(dzxul) = arg mvin Y
under the budget constraint 1’v = 1. The GMVP can be viewed as an EP after setting
a = oco. Any portfolio which minimizes the variance of the portfolio return R'v under

some additional constraints for the portfolio weights will be called local minimum variance

portfolio (LMVP).

It is well-known that wrp = Y7 'u/(1I'S7'u) and w = $711/(1'S711) (a closed-form
expression for the LMVP under a set of linear equality constraints for the portfolio weights
can be found in Section 4.3.1). The TP strongly depends on the vector u of expected asset
returns and the same holds for the EP if the investor has a relatively low risk aversion
(that means if o is small). In contrast, the GMVP as well as any LMVP is not determined
by the unknown parameter . However, a LMVP in general will be inefficient which is

shown by Figure 4.1.

The GMVP has been advocated by many authors (Jagannathan and Ma, 2003, Kempf and
Memmel, 2006, Ledoit and Wolf, 2003). On the one hand choosing the GMVP is closely
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Figure 4.1.: Capital market line (straight), utility isoline (dashed), TP (O), EP (), GMVP
(o), and LMVP (e).

related to the basic idea of Markowitz (1952), i.e. searching for an efficient portfolio by
diversification. On the other hand there are no expected asset returns which have to be
estimated and so the impact of estimation errors can be substantially reduced. However,
one might ask why it should be appropriate to search for a minimum variance portfolio
if the investor is interested in maximizing a mean-variance utility function or the Sharpe
ratio according to Tobin’s two-fund separation theorem (Tobin, 1958). Thus I would like

to explain now the main idea of the present work.

The suggested TP can differ substantially from the true one in the presence of estimation
risk. Put another way, its realized (but not the suggested) Sharpe ratio can be very
small since the expected asset returns are unknown and then it might be better to search
for some minimum variance portfolio. In particular, the constraints for a LMVP can be
chosen in such a way that large volatility assets are preferred (recall that the variances
and covariances of asset returns can be much better estimated than their expectations). If
some branch contains a larger risk premium than another (e.g. the IT sector bears more
risk than the finance sector), an investor could be simply willing to reap the profit by
choosing the corresponding LMVP. Now this is probably closer to the TP or another EP
than the GMVP, although the LMVP is inefficient (see Figure 4.1).

Since there are no expected asset returns which have to be estimated for the LMVP, its
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realized Sharpe ratio is hopefully larger than the realized Sharpe ratio of the suggested TP.
In fact some authors argue that even if portfolio restrictions are binding (which is indicated
e.g. by the small hyperbola in Figure 4.1) they can increase the out-of-sample performance
(Frost and Savarino, 1988, Jagannathan and Ma, 2003). This is because restricting port-
folio weights forces diversification and the investor’s decision becomes less vulnerable to
estimation risk. Hence, the advertising motto for minimum variance portfolios could be ‘A

bird in the hand is worth two in the bush’.

Another argument for restricting portfolio weights is that people might have prior knowl-
edge apart from empirical data. For instance, investors often believe that some industry
sector, region or stock market will ‘outperform’ another and so they might wish to take
the opportunity. Moreover, in many practical situations an investor must not choose a
mean-variance efficient portfolio. For example, portfolio managers of mutual funds often
have to observe certain limits regarding their choice of portfolio weights. This is a typ-
ical situation in top down portfolio management. That means the set of available assets
is divided into some subsets of assets, each subset is divided into some further subsets,
etc. These subsets are generally referred to as asset classes, according to some industry
sector, rating or regional classification. Now, top down portfolio management means that
the amount of capital is allocated to the top level partition at first. Given the portfolio
weights for that partition, somebody has to choose some optimal portfolio weights for the
subsequent asset classes, etc., so that each of the succeeding decisions are limited by the

preceding allocations.

As already pointed out by Black and Litterman (1992) as well as Herold and Maurer (2006),
combining historical data with ‘expert knowledge’ (which is usually done in practice) or
drawing up some guidelines which must be observed by the decision maker can lead to more
reasonable and well-diversified portfolios rather than relying on pure statistical portfolio
optimization methods. In this work I will assume that the portfolio weights are generally
restricted by a set of linear equality constraints. Thus one might be interested in testing
linear hypotheses for the corresponding LMVP rather than the GMVP. I will present
standard hypothesis tests for global and local minimum variance portfolios as well as the

small-sample distributions of the estimated portfolio weights.

The present work is focused on small-sample rather than large-sample properties but the
latter can be easily deduced from the former ones. This is an important issue for I will

show that large-sample approximations fail if the sample size is large but the number of
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observations relative to the number of assets is small. As already mentioned I will con-
centrate on linear equality constraints though it is clear that in many practical situations
inequality constraints play an important role. However, the statistical properties of port-
folio weights satisfying inequality constraints cannot be studied by standard econometric
methods (Geweke, 1986, Gouriéroux et al., 1982, Wolak, 1987). Investigating the role of

linear inequality constraints is left for future research.

In the next section I recall some standard hypothesis tests for the GMVP. The following
section deals with hypothesis tests for local minimum variance portfolios. It is shown that,
after a suitable transformation of the data, the corresponding tests follow immediately by
applying the results of Section 4.2. In Section 4.4 the joint distribution of the weights
of global and local minimum variance portfolios is derived. The first two moments of
an unbiased estimator for the expected portfolio return are also presented. Section 4.5
contains an empirical study where the following results are applied to stock market data

and Section 4.6 concludes the present work.

4.2. The Global Minimum Variance Portfolio

4.2.1. Theoretical Foundation

Note that w = ¥ ~'1/(1’S7!1) is a nonlinear function of ¥. However, Kempf and Memmel
(2006) noticed that minimizing the variance of the portfolio return can be viewed as a

linear regression problem. The return of the GMVP can be written as
(1—w2—...—wd)R1+w2R2+...+wde:17—|—5, (4.1)

where € ~ N(0,02). By defining 3; := 7, Bj == wj, AR; := Ry — Rj for j =2,...,d, and

u := ¢, Eq. 4.1 becomes equivalent to
Ri=0 —I—ﬁgARg—l— —I—ﬁdARd—I-’LL. (4.2)

Note that this is a linear regression equation with stochastic regressors but the joint nor-
mality assumption guarantees that the usual results of econometric theory still hold in this

context.

The following proposition is a standard result of linear regression theory. It is crucial for
understanding the basic idea of the subsequent derivations and thus it is recalled here for

convenience.
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Proposition 4.1 Let Z = (Z1,...,Z4) be a d-dimensional random vector with positive-

definite covariance matrixz. Consider the vector

ﬂ = (ﬂl, v ,Bd) = argminE{(Zl — bl — ngQ — el — bdZd)2},
(dx1) b

where b= (by,...,by) and define
u::Zl—ﬂl—ﬂng—...—ﬂdZd.

The vector (3 exists and is uniquely defined. More precisely, the subvector 3° := (2, ..., B4)
18 given by

B = Var(Z°%)"'Cov(Z, Z%),

where Z° .= (Za,...,Zq), Var(Z%) ((d — 1) x (d — 1)) is the covariance matriz of Z*, and
Cov(Zy,2%) is the (d — 1) x 1 wvector of covariances between Zy and Z; (j = 2,...,d).

Moreover, the parameter (31 is given by
p1=E(Z1) - E(Z°)'f°

and it holds that E(u) = 0 as well as Cov(X;,u) =0 forj=2,...,d.

The parameters (i, ...,y in Eq. 4.2 are chosen in such a way that E(u) = 0 holds and
Var(u) = E(u?) is minimal, i.e. Cov(AR;j,u) =0 (j = 2,...,d). So it has been shown that
Eq. 4.2 indeed is a proper linear regression equation satisfying the standard assumptions of
linear regression theory, especially the strict exogeneity assumption (Hayashi, 2000, p. 7).
For that reason it is possible to develop several exact hypothesis tests for the GMVP by

standard methods of econometrics (cf. Kempf and Memmel, 2006).

The next corollary states that the converse of Proposition 4.1 is true.

Corollary 4.2 Let Z = (Zy,...,Zq) be a d-dimensional random vector with positive-
definite covariance matriz. Search for some numbers by, ..., by such that E(u*) = 0 and

Cov(Zj,u*) =0 for j=2,...,d, where
u* ZZZl—bl—bQZQ—...—bdZd.

The vector b = (by,...,bq) exists and is uniquely defined by b = [ where [ is given by
Proposition 4.1.
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The proof of that corollary follows immediately from the proof of Proposition 4.1 (see the

appendix) and noting that the linear equation
0= Cov(Z®,u*) = Cov(Z1, Z°) — Var(Z®)b®

has a unique solution (due to the positive definiteness of Var(Z®)). Corollary 4.2 implies
that the strict exogeneity assumption is satisfied only if the error « has minimum variance.
Later on it is shown that for that reason the standard test statistics for the GMVP in

general must not be applied for testing a LMVP.

4.2.2. Statistical Inference

Of course, in practice the weights of the GMVP are unknown, i.e. they have to be estimated

from historical data. Let

Ri1 Rip -+ Rig
R — 21 22 2d
(nxd)
_Rnl Rn2 te Rnd_

be a sample of n > d independent copies of R. Now define

1 X9 -0 Xyg

1 Xoo --- X
< 22 2d ,
(nxd) S :

_1 Xn2 Xnd_

where X;; == Ryy — Ri; (i =1,...,n, 5 =2,...,d) and Y := (¥1,...,Y,) (n x 1) with
Y, = R;; (i =1,...,n). Similarly, I will also write X := (1, Xo,...,Xg) (d x 1), X5 :=
(Xo,..., Xg) (d=1)x1),and Y =Ry (1 x1).
According to the standard notation of linear regression theory the linear model represented
by Eq. 4.2 is given by

Y =XG+u,

where 5 = (1,...,04) (d x 1) contains the weights (s, ..., 34 of the GMVP — except for
the first one — as well as the expected return (31 of the GMVP. Here u := (uq,...,u,) is
an n X 1 vector of unobservable errors. Hence, the ordinary least squares (OLS) estimator

for B can be calculated by

Bors = (i, 1da, .. ., 1ig) = (X'X) ' XY .
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In fact the weights of the GMVP can be estimated by

@ = (..., 0g) = Q71D

where € is the sample covariance matrix of X*® and w is the (d—1) x 1 vector of the sample

covariances between Y and X; (j = 2,...,d). The random vector
= (1—1'0°% 0°)

is the best unbiased estimator for the GMVP in the context of normally distributed asset
returns (Kempf and Memmel, 2006). Note that if the normal distribution assumption
for the asset returns is dropped, in general it cannot be guaranteed that the standard

assumptions of linear regression theory are satisfied and thus w might become inefficient.
Kempf and Memmel (2006) showed that @ = %~11/(1’S711), i.e. @ corresponds to the
traditional GMVP estimator, where the d x d matrix

S :=R'R/n—Fr’

represents the sample covariance matrix and T := R’1/n (d x 1) is the sample mean vector
of R. Further, also the OLS estimator for the expected GMVP return corresponds to its

traditional estimator, i.e. 7 =T/ .

The relation between the OLS estimator [§OLS and the residual vector @ (n x 1) can be

represented by

Ry =74+ wARy+ ... + WgARg+ 1

or — according to the usual notation of linear regression theory — as
Y = Xfors + 1.

Let 634 := @'l/(n — d) be the unbiased OLS estimator for 2. It holds that

~2 NN D1 n—d
=wXw=1/(1'Y""1) = .
o INIIEN] /( ) - GOLS »

where 62 is the traditional estimator for the variance of the GMVP return.

Now consider the fundamental least squares problem

(Y — Xb)/(Y — Xb) — min! (4.3)
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under the additional constraint Hb = h, where H (q X d) is a matrix with tk H = ¢ < d
and h (g x 1) some arbitrary vector. The solution of this minimization problem is given

by the restricted least squares (RLS) estimator

Bris = arg min (Y — Xb)'(Y = Xb), st Hb=h. (4.4)
In the following I will write BrLs = (", W5, ..., w);) and correspondingly
Ry =70"+w5ARy + ... + W;AR; + U (4.5)

or more compactly

Y = X/prs + 0

to indicate that @* (n x 1) is the residual vector with respect to the RLS estimator and
not to the OLS estimator. The RLS estimator can be calculated explicitly by applying
the Lagrange method (Greene, 2003, p. 100). However, in Section 4.3.2 T will present an

alternative method which is more useful in the context of portfolio optimization.

Here only inhomogeneous regressions are taken into consideration and so both & and G*
have zero means. That is to say (4.3) indeed leads to the local minimum wvariance portfolio
satisfying the given restriction Hb = h. However, in contrast to the unrestricted case,
each column of X is correlated with @i* in general. More precisely, X'ii* # 0 if the linear
restrictions are binding. This is an empirical consequence of Corollary 4.2. In the following
I will write

" = (1 - 10", 9"), (4.6)

where w* 1= (w3, ..., W})).

An exact or, say, small-sample hypothesis test against Hy: HBZ = h is given by the next
theorem. For an alternative representation of that F-test and some applications to financial

data see Kempf and Memmel (2006).

Theorem 4.3 Let w be the traditional estimator for the GMVP w = (w1, ..., wy) and w*
the RLS estimator given by Eq. 4.6. Further, let n be the expected return of the GMVP. If
Hp = h with § = (n,wa, ..., wgq) it holds that

™

n—d (b—a*)S @@ — o)
: 2 ~ Lgn—d>

q g

where 62 denotes the traditional estimator for the variance of the GMVP return.
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A similar F-test for the TP (or any other efficient portfolio which is proportional to the
TP) has been obtained by Britten-Jones (1999). The result given in Theorem 4.3 does
not follow from this F-test since Britten-Jones requires the existence of a risk-free asset
and the considered portfolios always lie on the capital market line but not on the efficient

frontier.

Another important hypothesis is given by Hp: 0% > 03 (for some 02 > 0) which can be

tested by the next theorem (cf. Kempf and Memmel, 2006).

Theorem 4.4 Consider the traditional estimator 6 for the variance o of the GMVP

return. It holds that

This is a standard result from linear regression theory (Greene, 2003, p. 50) after noting
that 62 = @'i/n and so the proof can be skipped. The parameter uncertainty concerning
the variance o2 of the GMVP return can be quantified by 02|62 ~ 62n/ X?z—d either
from a fiducial (Rao, 1965, Section 5b.5) or Bayesian perspective (by using Jeffreys’ prior
distribution for o?), where the estimate 62 is considered as fixed. Since E(n/x?_,) =

n/(n —d—2), it follows that

g

b yrod

E(o*2 | 652

with @ :=n/d > 1, i.e. the estimation risk essentially depends on the sample size relative
to the number of assets. Hence, the capital market is said to be high-dimensional if Q) —
which can be interpreted as the effective size of a multivariate sample — is small. In that

case small-sample inference must be applied even if the number of observations is large.

Usually an investor not only wants to know whether the variance of the GMVP is bounded
by some number o but also to test against Ho: 1 < 1y, where 1 represents the true

expected return of the GMVP. This can be done by applying the next theorem.

Theorem 4.5 Consider the traditional estimators 1) for the expected GMVP return n and

62 for the variance of the GMVP return. It holds that
=

V{82 +FSE) — 2} /(n - d)

~t(n—d),

where t(n — d) denotes Student’s t-distribution with n — d degrees of freedom.
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The latter theorem completes the repertoire of standard hypothesis tests for the GMVP.
In the next section it is shown that the same repertoire can be used also for local minimum

variance portfolios after a suitable transformation of the data.

4.3. Local Minimum Variance Portfolios

4.3.1. Theoretical Foundation

Consider the LMVP

(;u*l) = (w},...,w}) := argmin Var(R'v), st. Fo=f, (4.7)
X v

where the budget constraint 1’v = 1 is also satisfied. Here f is a ¢ x 1 vector and F is
a ¢ x d matrix (¢ < d) such that the stacked (¢ 4+ 1) x d matrix (1, F) has rank ¢ + 1.
Both f and F' are assumed to be non-random. Using the definitions from above this can

be formulated as a least squares problem, i.e.

B :=argminE{(Y — X’b)2} (4.8)
(dx1) b
under a set of linear restrictions affecting only the parameters bo, ..., by (i.e. the portfolio

weights without the first one). However, due to Corollary 4.2 this would not lead to a

proper linear regression equation, say
Ry =01+ 5ARy+ ...+ BjAR; +u™, (4.9)

since u* generally depends on the regressors ARs, ..., ARy . So the standard test statistics
which have been provided in Section 4.2.2 cannot be applied. However, in the following
it will be shown how to reformulate (4.8) such that the standard hypothesis tests become

applicable.

Consider a matrix 7 (d x (d — q)) such that

G G
T =
F Jal

Then the condition F7Tv = f is satisfied for any vector v € R4~? with 1’v = 1. Moreover,
it is guaranteed that 1’7v = 1, i.e. the budget constraint holds also for 7v € R?. Now the
LMVP can be simply found by searching for the GMVP with respect to the transformed

asset return vector

R*=(R},...,R;_,) =T'R.
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Hence, the least squares problem given by (4.8) can be reformulated as

«a = aremin E{ (Y* — X¥a)?} .
((d—q)x1) s {( )}

Here Y* := R} and X* := (1,X§,...,X§_q) with X7 := Rf — R} for j = 2,...,d—q. The

corresponding modified linear model
Ri = a1 + ARy + ...+ ag ARG, +u” (4.10)

is quite similar to the linear regression equation 4.9. However, the vector a can be cho-
sen without any restriction from R?~7 so that Var(u*) becomes minimal and it is always

guaranteed that the condition F'w* = f is satisfied after the re-parameterization

w' =T -1 0a%),
where o® := (a2,...,aq4—4). Eq. 4.10 in fact represents a proper linear regression equation,
i.e. E(u*) = 0 and Cov(X;,u")=0for j=2,...,d —q.

The LMVP is given by
W — T(T'T) 1
CV(TeT) 1

and the quantity 7 can be derived as follows. Assume that the (¢ + 1) X d matrix

is structured in such a way that F is a nonsingular (¢ + 1) x (g + 1) matrix and F is a
(g+1)x (d—q—1) matrix. A structure like this can be always found by a permutation

of the columns of F' since this has full row rank. Similarly, consider the partition

- ",
T

where 7y isa (¢+1) x (d —¢q) and Ty is a (d — ¢ — 1) x (d — ¢q) matrix.

Recall that 7 has to be such that F7 = (1/, f1’). In the following let
=0 I (4.11)

so that

_ _ 1
FT=TiTi+ |0 Fyf =
fv
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That means

71:?1—1< fli/ B [0 ED (4.12)

Note that for the special case F' = 1/, i.e. if there is no additional restriction at all, it holds

that 7 = 1.

4.3.2. Statistical Inference

In Section 4.2.2 the minimization problem given by Eq. 4.4 has been considered, which
involves the expected return estimate BRLS,l = 7* = t/w*. Note that the ¢ x d matrix
H refers to the expected GMVP return §; and the GMVP weights without the first one.
However, in practical situations linear constraints possibly involve the first portfolio weight
by considering the vector w™ := (n,wy,...,wy). That means the null hypothesis is given
by Hyp: Gw™ = g where G is a ¢ x (d + 1) matrix with rk G = ¢ and g is an arbitrary ¢ x 1
vector. In fact, in that case the LMVP w* defined by Eq. 4.7 has to be found under the

budget constraint 1'v = 1 and
f/
G v=g.
Iy
That means (4.4) can be solved in the same manner as (4.7) if the sample mean vector T
is included in the linear constraint F'v = f. Thus any Markowitz portfolio
wy = argminv’'Y v, s.t. p'v =g
(dx1) v
can be represented as a GMVP after a suitable transformation of the data. However,

since in that case the linear constraint is stochastic, the presented methods of statistical

inference cannot be applied.

Due to the preceding theoretical arguments the parameter vector a can be readily estimated

by the OLS estimator

Qors = (dOLS,ly ... adOLS,d—q) = (X*/X*)_IX*/Y*, (4.13)
where ) )
L Xy, - X{4,
|t Ao Xoang (4.14)
(nxX(d—q)) : '
1 X0 n,d—q]
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and Y* := (Y",...,Y)) (n x 1).

The relationship between the residual vector * (n x 1) and the OLS estimator Gorg can

be represented by

Y* = X*dOLS +a".

After defining 431 g := (GoLs,2; - - - » @OLS,d—q), the OLS estimator for w* corresponds to

w* =T (1 - 1"aprg, Gors) (4.15)

and dors,1 = 7" is the estimator for the expected return of the LMVP. Hence, w* turns

out to be the best unbiased estimator for the corresponding LMVP.

Any null hypothesis concerning the local minimum variance portfolio can be implemented
in the same way as described at the beginning of this section. Let w*t := (n*,w}, ..., w})
be the parameter vector of the LMVP and consider the null hypothesis Hj : Cw*™ = ¢,
where C' is some p X (d + 1) matrix with rkC = p < d — ¢ and ¢ is an arbitrary p x 1
vector. This is similar to the null hypothesis Hy: Gw™ = g. However, for Hj there are
only d — ¢ degrees of freedom left since the LMVP has been already characterized by ¢
linear restrictions. Of course it has also to be guaranteed that Hj does not imply the
linear restrictions of the LMVP or the budget constraint. More precisely, consider the

linear system of equations

[0 | 1
(1x1) (1xd) . (1x1)
o F||" ¥
(gx1)  (gxd) (gx1)
G G . c
L(px1) (pxd)d Wy | (px1) |

with p 4+ ¢ < d. Now it has to be guaranteed that the (p+ ¢+ 1) x (d + 1) matrix on the

left hand side possesses full row rank.

The restricted minimum variance portfolio according to H{ is denoted by w** and can be
calculated as described for the null hypothesis Hy without using the Lagrange method.

Moreover, the standard hypothesis tests derived in Section 4.2.2 can be applied to local

minimum variance portfolios just by transforming the asset returns Ry, ..., Ry into the
portfolio returns Ry,..., R} e Then it holds that
r 5+2 ~ Tpn—dtqs (4.16)
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provided H{ is not binding, as well as

na,*2

o*2 ™~ Xn—d+q

and
7’7* _ n*
Vg2 + B T(TET)TE) 72} (n —d + q)

~t(n—d+q).

That means

1. the F-distribution given in Theorem 4.3,
2. the y2-distribution from Theorem 4.4, and

3. the t-distribution presented in Theorem 4.5

simply capture g additional degrees of freedom, where ¢ is the number of linear equali-
ties characterizing the LMVP. Hence, imposing linear restrictions is a simple dimension
reduction technique which reduces the parameter uncertainty of portfolio optimization.
A similar effect can be also observed for linear inequality constraints like setting upper
bounds for the portfolio weights or using short-selling constraints. This is confirmed by
several simulation and out-of-sample studies (Eichhorn et al., 1998, Frost and Savarino,

1988, Grauer and Shen, 2000, Jagannathan and Ma, 2003).

It is worth to point out that the GMVP as well as any LMVP can exhibit large positive
or negative weights which are not caused by estimation errors. Asset returns in general
are dominated by a large principal component representing the market or systematic risk.
There often exist some assets — typically belonging to the finance sector — which strongly
depend on the market risk and have a relatively small amount of idiosyncratic risk. In
that case extreme negative portfolio weights occur as a matter of principle (Green and
Hollifield, 1992). Thus, placing short-selling constraints on the portfolio weights can in-
crease the out-of-sample variance of the portfolio return. Of course, this holds also if linear
equality constraints are considered. Nevertheless, Jagannathan and Ma (2003) argue that
the negative effect of restricting portfolio weights is usually outweighed by the positive

effect of reducing estimation risk. This question will be treated analytically in a different

paper.
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4.4. Distribution of the Estimated Portfolio Weights

In the following section I will concentrate on the small-sample distribution of the estimated
weights of global and local minimum variance portfolios. This is only loosely connected
to hypothesis testing but the small-sample distribution of the estimated portfolio weights

might be of interest in its own right.

4.4.1. Preliminary Definitions

For the sake of simplicity from now on I will ignore the standard notation of linear regression
theory. Recall that @w denotes the estimator for the GMVP whereas w* is the estimator for
some LMVP. Correspondingly, w symbolizes the true GMVP and w* is the true LMVP.
The expected return of the GMVP is denoted by n whereas the expected return of the
LMVP is given by n*. Moreover, o2 is the variance of the GMVP return whereas o*?

symbolizes the variance of the LM VP return. The corresponding traditional estimators for

these quantities are given by 7, %, 62, and 6*2.

In the following t;(a, B,v) (where t(-) = t1(-)) stands for the k-variate t-distribution with
v > 0 degrees of freedom, location vector a (k x 1), and positive-semidefinite dispersion
matrix B (k x k), i.e.

a—+ Ntk(CL?Bay)v

¢

VE /v
where ¢ ~ N (0, B) is stochastically independent of x2 . Here ¢ ~ B'/2¢ with & ~ N3 (0, I},)
and B'/? is some matrix such that BY/2B1/2/ = B.

By defining the (d — 1) x d matrix A := [1 — I;_4] it follows that AR = X* and
thus ©Q := AYA’ denotes the covariance matrix of X®. Analogously, in the context of
local minimum variance portfolios the notation R* = 7'R and AR* = X*® will be used.
Further, Q* := AY*A’ is the covariance matrix of X**, where X* := 7'X7 denotes the

covariance matrix of R*.

4.4.2. Global Minimum Variance Portfolio

The next theorem provides the small-sample distribution of the traditional estimator for
the GMVP. Another variant of this theorem can be found in Okhrin and Schmid (2006)
and so the proof is skipped.
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Theorem 4.6 Let w = (wy,...,wy) be the GMVP of d assets and w = (w1, ...,Wq) the
corresponding traditional estimator given a sample of asset returns with size n > d. It

holds that

0,2

— O ln—d+1
’n—d—i—l 7n +)7

(Wa, ... ,0q) ~ tg—1 ((w2, CWq)

where ) is the covariance matriz of AR and 0® = w'Sw is the variance of the GMVP

return.

An unbiased estimator for the covariance matrix of w® = (w9, ...,wy) is provided by the

next corollary.

Corollary 4.7 Consider a sample of asset returns with size n > d + 2 and let 0 =

(W1, ...,wq) be the traditional estimator for the GMVP. Then the matrix

— ag ~
N N L 1
Var{(dg,...,0q)} = p—— Q
is an unbiased estimator for the covariance matriz of W* = (W, ..., wy), where Q is the

sample covariance matriz of AR and &2 is the traditional estimator for the variance of the

GMVP return.

Note that w; = 1 — 1’%® and from Theorem 4.6 it follows that the GMVP estimator
is t-distributed with mean w, dispersion matrix o2A’Q"'A/(n —d + 1), and n — d + 1
degrees of freedom. From Proposition 1 of Okhrin and Schmid (2006) it follows that

A2A'QIA = 629! — ww' and thus
w Ntd(w, (S —ww') /(n—d+1),n—d+ 1) .

Moreover, Corollary 4.7 implies that

~

Var () := (627" — @) /(n — d) (4.17)

is an unbiased estimator for the covariance matrix of w.

A stochastic representation for 7, i.e. the traditional estimator for the expected return of
the GMVP could be found after some calculation. However, this is cumbersome and not
useful for econometric purposes. In contrast, the first two moments of the distribution of 7

can be easily derived. First of all recall that ¥ and S are stochastically independent. Thus

E(7) = E{E(t'®|%)} = E(/®) = p'w = 1.
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Further, it holds that

Var() = E{Var(F'w|%)} + Var{E(¥'w|S)}

= E@'Sw/n)+ p'Var(w)p,

and after some calculation it follows from Theorem 4.6 that

That means if n > d+ 2,

5 — Var(d n-2 o
Var(i) = pVar(@)p + ————= - —,

where

Var(w) = (6?27 —ww')/(n —d —1).

Note that o2 /n is the variance of ¥/w, i.e. the variance of the expected GMVP return if
w would be known but the expected asset returns pq,..., g unknown. That means the
estimation risk concerning the expected GMVP return can be decomposed into two parts,

viz.

1. one part carrying the estimation risk of the portfolio weights and

2. another part for the estimation risk concerning the expected returns.

More precisely, the variance of 7 is an affine-linear transformation of o/n, where (n —

2)/(n—d—1)>1and p/Var(w)u > 0.

4.4.3. Local Minimum Variance Portfolios

From the previous discussion it is clear that any LMVP can be found in the same manner
as the GMVP after transforming the asset return vector R into the portfolio return vector
R*. Recall that the LMVP estimator w* can be written as w* = 7 (1 — 1'a¢); g, Q1) (see
Section 4.3.2), where

*2

ag

o ln—d 1).
"n—d+q+1 mo gt

Aors ~ ta—g-1 (as
Thus it holds that

w* Ntd(w*,(0*2’2'2*_1’]"—w*w*’)/(n—d+q+1),n—d+q+1).
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Similarly, the remaining assertions follow from the theorems and corollaries already derived
for the GMVP, simply by substituting d by d — ¢, n (or ) by n* (or #*), and o2 (or %)

by o*? (or 6*2). For example, according to Eq. 4.17 it follows that
Var(@*) := (82 TS 1T — @ a™) /(n — d + q)

is an unbiased estimator for the covariance matrix of w*. Moreover, E(7*) = n* and

n—2 o*?

V A*: /V A~k .
(i) = V(i + e

9

where

Var(v*) = (6278 ' T —w*w”) /(n —d+q—1).

4.5. Empirical Study

The following empirical study is based on daily asset prices between 1980-01-01 and 2003-
11-26 of the 500 stocks listed by the S&P 500 stock index on 26" November 2003. The
data have been kindly provided by Thomson Financial Datastream and the considered
asset prices are adjusted for dividends, splits, etc. However, only for 285 stocks the asset
prices are available over the whole sample period. The residual 215 time series exhibit
missing values caused by IPO’s or M&A’s during the sample period and are not considered
in this study. Moreover, 274 firms could be found to belong to one of 10 industry sectors
according to S&P’s Global Industry Classification Standard (GICS). The other 11 stocks

have been also removed from the study.

The risk-free interest rate is calculated by the secondary market 3-month US treasury bill
rate (p.a.). The investment period is supposed to be 21 days (i.e. one trading month)
and so the corresponding yields have been divided by 12. For example, the treasury bill
rate on 1% January, 1980, corresponds to 12.04% and so the risk-free interest rate between
1980-01-01 and 1980-01-22 is set to 1% . The interest rates are used to calculate the excess

returns of each asset.

The sample contains n = 296 monthly excess returns for each of the d = 274 firms. The
estimated expected return of the GMVP corresponds to 7 = 0.18%, whereas 6 = 0.8% is
its estimated standard deviation. The latter is obtained by the biased traditional estimator

62. After adjusting for the bias the estimated standard deviation corresponds to

n L / 1 .
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Table 4.1.: Industry sectors and numbers of assets.

Industry sector Assets
Consumer Discretionary 54
Energy 14
Consumer Staples 31
Financial 38
Health Care 22
Industrial 40

Information Technology 20

Materials 24
Telecommunications )
Utilities 26
by 274
with effective sample size @ = n/d = 1.08. Hence, the considered capital market is

high-dimensional and the small-sample bias is tremendously large although there are 296

observations.

For the purpose of dimension reduction a pre-allocation is done by aggregating the stocks
within each industry sector. More precisely, the asset returns of the firms belonging to the
industry sector ‘Consumer Discretionary’ (see Table 4.1) are equally weighted by 1/54,
the asset returns belonging to ‘Energy’ by 1/14 and so on. Hence, after the pre-allocation
there remain 10 portfolios which can be interpreted as sector indices. The estimate for
the expected return of the corresponding GMVP (see Table 4.2) amounts to 7 = 0.33%,
whereas the estimated standard deviation is & = 3.62%. Now there are only d = 10 assets
(which are the sector indices), @ = 29.6 and so the curse of dimension is lifted. Hence, the
estimate for o based on the unbiased estimate for o2 corresponds to 3.68%, which is quite

similar to &.

By applying Theorem 4.3 one can test for example against the null hypothesis Hy: w =
1/d =0.1-1, i.e. that the GMVP corresponds to the trivial portfolio. Thus ¢ =d—1 =9,
n—d =286, w* =0.1-1, and the F-statistic corresponds to

n—d (=)@ — )

q o2

= 15.7536 > 1.9127 = Fp§ y55(1 — @)
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Table 4.2.: Estimated weights of the GMVP and corresponding standard errors in paren-

theses.
Sector Weight | Sector Weight
Consumer Discretionary —14.67% | Industrial 27.07%
(10.24%) (13.10%)
Energy 14.33% | Information Technology —4.70%
(4.29%) (4.09%)
Consumer Staples 35.50% | Materials —5.81%
(9.79%) (9.64%)
Financial —17.14% | Telecommunications 18.18%
(7.89%) (5.34%)
Health Care 6.02% | Utilities 41.22%
(7.19%) (5.88%)

with o = 0.05. Hence, Hy can be rejected which means that for the purpose of risk

minimization it is not sufficient to choose the trivial portfolio.

The next null hypothesis is given by Hy: 0% > O'g = (0.2)2/12 = 0.33%. Due to Theorem
4.4 the test statistic is given by
n5'2 -1
0—8 = 116.2874 < 247.8302 = FX2’286(04).
That means the GMVP has a sufficiently low risk of return (i.e. 1202 < (0.2)?). Another
null hypothesis is given by Hy: n < ng = 0.02/12 = 0.17%. For the t-test based on
Theorem 4.5 one has to calculate the t-statistic
11— "o
Vg2 +FSE) — 2} /(n - d)

and so the null hypothesis cannot be rejected. Although 7) is twice the size of 79, the

= 0.7352 # 1.6502 = F, 555(1 — o),

estimate for the expected return of the GMVP is not significantly larger than 0.02/12 or,

equivalently, 12 > 0.02. This is a typical problem of performance measurement (Frahm,

2007).

Now suppose that an investor wants to put 80% into the sectors ‘Energy’ and ‘Information
Technology’ and he is searching for the corresponding LMVP. The matrix F' given by (4.7)
corresponds to the row vector [0 100001000], f = 0.8, the matrix
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Table 4.3.: Estimated weights of the LMVP and corresponding standard errors in paren-

theses.

Sector Weight | Sector Weight

Consumer Discretionary —19.48% | Industrial —18.37%
(12.66%) (15.57%)

Energy 51.30% | Information Technology  28.70%
(3.81%) (3.81%)

Consumer Staples 77.92% | Materials —21.99%
(11.36%) (11.82%)

Financial —20.03% | Telecommunications 5.84%
(9.76%) (6.50%)

Health Care —16.77% | Utilities 32.88%
(8.61%) (7.23%)

possesses full rank and

— 11111111
F
000O0OT1O0TO0O© 0

no
I

The transformation matrix 7 can be simply calculated by (4.11) and (4.12) and the esti-
mated weights of the LMVP are given in Table 4.3. Further, the estimate for the expected
LMVP return corresponds to 77" = 0.45% and 6* = 4.49% for the standard deviation. Both
the risk and expected return are apparently higher for the LMVP than for the GMVP. This

effect has been already motivated in Section 4.1 and indicated by Figure 4.1.

Similar to the F-test conducted above, the null hypothesis is now that the industry
sectors are equally weighted (except for ‘Energy’ and ‘Information Technology’). Here
p="T7 n—d+1 = 287 and it can be found that w3* = 64.82%, w* = 15.18%,
Wi, W, L gk, wE, L Wi = 2.50%. The F-statistic given by (4.16) amounts to

P 6.*2

= 184532 > 2.0416 = F7 45;(1 — ).

That means the LMVP is not a trivial one.

Further, the x2-test against the null hypothesis Hy: 0*? > 032 = 0.33% leads to

ng*? -1
T 178.8119 < 248.7615 = F. ;. (@)

and so also the LMVP risk of return is sufficiently low. However, for the t-test against
Hy:n* <nf =0.17% it holds that
" — g
{620+ B T(TST)VT®) 72} /(n —d + q)

= 1.0689,
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whereas Ft,_2187(1 — «) = 1.6502. Once again it is not possible to proof that the expected
excess return of the LM VP is significantly large whilst the ¢-value obtained for the LMVP
(1.0689) exceeds the t-value of the GMVP (0.7352).

4.6. Conclusion

Traditional portfolio optimization does not take estimation risk into account. Many em-
pirical and numerical studies show that estimation risk is a substantial drawback of pure
statistical portfolio optimization techniques. This is an important problem in practice,
particularly when the sample size compared to the number of assets is small. In the
present work it has been shown that estimation risk can be simply reduced by imposing
linear constraints on the portfolio weights. Small-sample hypothesis tests for global and
local minimum variance portfolios have been derived by linear regression theory. Further,
the joint distribution of the weights as well as the first two moments of the estimator for
the expected return of the global or some local minimum variance portfolio have been
calculated. The presented results hold in small samples, which is an important fact since
large-sample approximations fail if the sample size is large but the number of observations
relative to the number of assets is small. Hence, the estimation risk of global and local
minimum variance portfolios can be readily controlled by applying the given instruments

even in the context of high-dimensional data.

Appendix

Proof of Proposition 4.1

Since

E{(Z1 — b1 — ZV)*} = Var(Zi — b — Z90°) + {E(Z; — b — ZS’bS)}2

— Var(Z — Z°F) + {E(Z) — by — E(2°)°}7,

where b% := (ba, ..., by), it is clear that 31 = E(Z1) — E(Z%)'3® and thus E(u) = 0. That

means the minimization problem can be solved equivalently by minimizing

E{(Zf —bZ; — ... — baZ})*}, (4.18)
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where Z7 := Z; — E(Z;) for j = 1,...,d. Now define Z** := (Z3,..., Z}) so that (4.18)

corresponds to
E{(Z] — Z"*)*} = Var(Z1) — 2Cov(Z1, Z%)'b° + b Var(Z5)b° .

Due to the positive definiteness of Var(Z) also Var(Z®) is positive-definite. Hence, this is

a simple quadratic minimization problem and its unique solution is given by
B = Var(Z°%) " 'Cov(Zy, Z°).
Now calculate the (d — 1) x 1 vector of covariances between v and Z; (j = 2,...,d), i.e.

Cov(Z°%u) = Cov(Z° 71 — B — Z%3)

= Cov(Z,,2°%) — Var(Z®)3° = 0.

Q.ED.

Proof of Theorem 4.3

From linear regression theory (Greene, 2003, p. 102) it is known that

~ k] Ak A~ /) A

n—d ua'a"—-d'ua

q i ~ fgn—d-

Since Eq. 4.5 constitutes an inhomogeneous regression it holds that 7* = ¥’1* and hence

af = (R — 1F’)u§*. That means

*
~

o /n=0"(R—1F") (R - 1F)0* /n = 62,

where 6*2 := "' 0*. Since 62 = WS and w = S11/(1'£711), it follows that

S

62 =62 + (b — 'S (b — b*).

avat - da (- 0")'S (b — a*)
' B 62 ’
which leads to the desired F-statistic. Q.E.D.
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Proof of Theorem 4.5

From linear regression theory (Greene, 2003, p. 51) it follows that
n—n

Va2 [(X'X) 1]y, /(n —d)

where [(X’X)_l}11 denotes the upper left component of (X'X)™!, i.e.

[(X'X) 1], = {n —nx'(X¥X%) " 'xn} ' = {1- nf’(X:L’XS)—li}—l |

~t(n—d),

where X® (n x (d — 1)) symbolizes the regressor matrix X without the column of ones.
Note that X¥X® = n(ﬁ +xx’ ) and due to the binomial inverse theorem (Press, 2005,
p. 23) it holds that

O—ls</0-1
P (XX = (@) =g - TR
1+x'Q-1x
That is R
1—nx/(X¥X%) 'k =1-x'0"'x+ (i/Q_Ali)z = L
1+x'0-1x 1+x'Q71x
and thus

1+ FAQ AT
- — ,

Since 62A'Q1A = 6251 — i’ and ) = T/, it follows that

[(xXX)~]

11

=62 +7/(6°87 — )T =62 (L +F'S71F) — i

Q.E.D.

Proof of Corollary 4.7

Theorem 4.6 implies that the covariance matrix of (g, ...,wy) is given by
o? 1
Var{(ws,...,Wq)} = ——— - Q7.
(2, iba)} n—d—1

From Wishart theory it follows that Q! ~ W ((Q/n)~t n+d—1) (Press, 2005, p. 117).
Hence, it holds that

Sy (Q/n)~! B n _
B(O7) = td—1)-2@d-1)-2 n-d1" 1

(Press, 2005, p. 119). Moreover, from linear regression theory (Greene, 2003, p. 56) it is

known that 63; g = @'1/(n — d) is a conditionally unbiased estimator for 2. That means

E<&%LS ,@—1) _ E{E<&%LS ,ﬁ-l,@-l)} :E<0—2-§‘1>
n n n

o2

== m ‘Q_l :Var{(ﬁig,...,z[)d)}

and note that 63; ¢ =n/(n — d) - 6°. Q.E.D.
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Chapter 5.

Dominant Estimators for the Global

Minimum Variance Portfolio

5.1. Introduction

When implementing portfolio optimization according to Markowitz (1952), one needs to
estimate the expected asset returns as well as the corresponding variances and covariances.
If the parameter estimates are based only on time series information, the suggested portfo-
lio tends to be far removed from the optimum. For this reason, there is a broad literature
which addresses the question of how to reduce estimation risk in portfolio optimization. In
a recent study, DeMiguel et al. (2007) compare portfolio strategies which differ in the treat-
ment of estimation risk. It turns out that none of the strategies suggested in the literature
is significantly better than naive diversification, i.e. taking the equally weighted portfo-
lio. Further, the study conducted by DeMiguel et al. (2007) confirms that the considered
strategies perform better than the traditional implementation of Markowitz optimization,

which means replacing the unknown parameters by their sample counterparts.

The global minimum variance portfolio (GMVP) has been frequently advocated in the
literature (Frahm, 2008, Jagannathan and Ma, 2003, Kempf and Memmel, 2006, Ledoit
and Wolf, 2003) because it is completely independent of the expected asset returns, which
have been found to be the principal source of estimation risk (Chopra and Ziemba, 1993,
Merton, 1980). We present two estimators for the GMVP which dominate the traditional
estimator with respect to the out-of-sample variance of the portfolio return. Due to the
arguments set forth by Frahm (2008), the same conclusion can be drawn for estimating
local minimum variance portfolios, i.e. minimum variance portfolios where the portfolio

weights are subject to other linear equality constraints besides the budget constraint.
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Okhrin and Schmid (2006), Kempf and Memmel (2006) and Frahm (2008) all explore the
properties of the traditional GMVP estimator by assuming jointly normally distributed
asset returns. They derive the small-sample distribution of the estimated portfolio weights
and give a closed-form expression for the out-of-sample variance of the portfolio return. In
contrast, Bayesian and shrinkage approaches have a long tradition in the implementation
of modern portfolio optimization. Jobson and Korkie (1979) and Jorion (1986) introduce
shrinkage estimators for the expected returns. Frost and Savarino (1986) generalize these
estimators by also including the variances and covariances. Furthermore, DeMiguel et al.
(2007), Garlappi et al. (2007), Golosnoy and Okhrin (2007) as well as Kan and Zhou (2007)
present some shrinkage estimators for the weights of mean-variance optimal portfolios,
whereas Ledoit and Wolf (2003) introduce a shrinkage estimator for the covariance matrix

of stock returns and apply their results to the estimation of the GMVP.

Our work is related to these shrinkage approaches. However, it differs in two important
aspects. First, we derive feasible estimators, and our dominance results turn out to be
valid even in small samples. The shrinkage approaches presented by the aforementioned
authors can only be justified for a large number of observations. As pointed out by Frahm
(2008), large-sample results can be misleading in the context of portfolio optimization
since, even if the sample size is large, the number of observations can be small compared
to the number of assets. Second, in contrast to Ledoit and Wolf (2003) we do not seek
to obtain a better covariance matrix estimator but instead to reduce the out-of-sample
variance of the portfolio return, which seems to be the major goal when searching for a

minimum variance portfolio.

Another method of alleviating the impact of estimation risk is to impose certain restrictions
on the estimated covariance matrix or portfolio weights. Examples for restrictions on the
covariance matrix are the single index model of Sharpe (1963) and the constant correlation
model suggested by Elton and Gruber (1973). Jagannathan and Ma (2003) show that
imposing short-sales constraints on the GMVP is equivalent to assuming a special structure
of the covariance matrix. Frahm (2008) analyzes linear equality constraints on the portfolio
weights and proves that linear restrictions reduce estimation risk. All these approaches have
in common the fact that the restrictions may be binding and so the true GMVP does not
need to be attained if the length of the time series approaches infinity. Nevertheless, in
an empirical study presented by Chan et al. (1999) it has been shown that the reduction

of estimation risk typically outweighs the loss caused by applying ‘wrong’ restrictions.
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Shrinkage estimators reduce the estimation risk as well. However, in addition they have
the appealing property of converging towards the optimal portfolio weights as the sample

size grows to infinity.

Our contribution to the literature is threefold. First, we derive two shrinkage estimators
for the GMVP that dominate the traditional estimator with respect to the out-of-sample
variance of the portfolio return. Second, we present not only the small-sample properties of
the shrinkage estimators and some related quantities, but also their large-sample properties
for fixed d and n — oo as well as n,d — oo and n/d — ¢ < oo. The latter kind
of asymptotic behavior becomes relevant when analyzing the estimators in large asset
universes. Third, backed by the results of DeMiguel et al. (2007), we derive a small-sample
test for the naive diversification hypothesis, i.e. for deciding the question of whether or not

it is better to completely ignore time series information in favor of naive diversification.

5.2. Preliminaries

5.2.1. Notation and Assumptions

Suppose that the investment universe consists of d assets and the investor is searching
for a buy-and-hold portfolio which will be liquidated after one period. We will consider
the asset excess returns Ry = (Ryy, ..., Rg) for t = 1,...,n,! i.e. the asset returns minus
the corresponding risk-free interest rates. Nevertheless we will drop the prefix ‘excess’ for

convenience and make the following assumptions:

A1. The asset returns are jointly normally distributed, i.e. Ry ~ Ny(p,2) fort =1,...,n

with ¢ € R? and positive-definite matrix ¥ € R?*¢,
A2. The mean vector p and the covariance matrix . are unknown.
A3. The asset returns are serially independent.
A4. The sample size exceeds the number of assets, more precisely n > d + 2.

A5. There exist at least four assets, i.e. d > 4.

n the following ‘(z1,...,x4)’ indicates a d-tuple, i.e. a d-dimensional column vector.
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The GMVP w is defined as the solution of the minimization problem

min v'Y v, st.v’l=1. (5.1)
vERI

Here 1 denotes a vector of ones. Since X is positive-definite, the GMVP is unique and the
solution of this minimization problem corresponds to w = ¥ ~11/(1’$711) . The traditional
estimator wr for the GMVP consists in replacing the unknown covariance matrix 3 with

the sample covariance matrix i, ie.
~ 1 _ .,
X=— (Re—R)(R: — R), (5.2)

where R = 1/n >t Ry represents the sample mean vector of Ry, ..., R, . The variance of
the GMVP return corresponds to 02 = w'Yw = 1/(1’$7'1) and its traditional estimator
is given by 62 = wifi wp =1/(1'S7'1).

Since the portfolio weights always add up to 1, it is possible to omit one element of the

portfolio weights vector without losing information. We choose to omit the first element

and define w*™ := (wa,...,wq). For convenience we introduce the (d — 1) x d matrix
A:=[1 —I;1]. By using the operator A, we can easily switch between the two notations.
For instance, note that (v; —vg) = —A'(v$* —v§¥) for all vectors vy, vy € R? whose elements

add up to 1. Moreover, the following relationship will be useful in the subsequent discussion:
(01— v2)'A (01 — v2) = (0] — v5")'B (o — v§") (5:3)

with B := AAA’ for any d x d matrix A. A key note of the present work is that
VEv =024 (v—w)E (v —w) =%+ (U™ — w)Q V™ — w™) (5.4)

for every vector v € R% with v/1 = 1, where Q is defined as Q := AXA/. The first equality
in (5.4) can be obtained by noting that Yw = 1/(1’27'1) and thus v'Sw = 1/(1'Y7!1) =

02, The second equality follows from the arguments given above.

In the following Xi()\) denotes a noncentral y2-distributed random variable with & € N
degrees of freedom and noncentrality parameter A > 0. This means X%(A) ~ X'X with
X ~ Ni(0,1I;) and @ € R¥ where the noncentrality parameter is defined as A := §'0/2. By
contrast, X3 stands for a central y?-distributed random variable (i.e. A\ = 0) and we also
define x} () := {X%()\)}T/2 for any r € Z. Moreover, let x7 (A) and x7, with ki, ky € N
be stochastically independent. Then Fy, x,(A) ~ (k2/k1)(x3, (A)/x},) has a noncentral F-

distribution with k1 and ke degrees of freedom as well as noncentrality parameter A > 0.
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Now suppose that X7, ..., X,, are m independent copies of X ~ N,(0,), where 0 denotes
a vector of zeros and X is a positive-definite ¢ X ¢ matrix. Then the ¢ x ¢ random matrix
We(X,m) ~ > X; X] possesses a g-dimensional Wishart distribution with covariance
matrix ¥ and m degrees of freedom. Furthermore, % := max{z,0} denotes the positive
part and x~ := —min{x, 0} the negative part of x € R. Let A be some positive-definite
g x g matrix. Then A2 represents the unique symmetrical ¢ x ¢ matrix such that A = A3 A3,

Finally, x o< y means ‘z is proportional to y” and || - || denotes the Euclidean norm.

5.2.2. Important Theorems

Let us now provide some important theorems which will come in handy in the following
sections. First, we present some elementary small-sample properties of the traditional
estimator for the GMVP and its related quantities. A proof can be found in Kempf and
Memmel (2006).

Lemma 5.1 (Kempf and Memmel (2006)) Under assumptions Al to A3 andn > d,
the sample covariance matrix Q of AR, the traditional estimator W for the GMVP (except
for the first portfolio weight), and the traditional estimator 6’% for the minimum variance

o2 satisfy the following properties:

P1. nQ~Wy_1(Q,n—1), where Q := LS . (AR—AR)(AR - AR)/.
P2. 0f| Q~ Ny (we™, 0262_1/71),
P3. nét /o ~ X2 _,.

Py. &% 1s stochastically independent of Q and W

The following theorem will play the central role in the development of the shrinkage esti-

mator and its dominance property.

Theorem 5.2 Consider a q X g random matrizc W ~ W, (Q,m), where £ is a positive-
definite ¢ X q matriz, ¢ > 3 and m > q + 2, a g-dimensional random vector X with
X|W ~ Nq(w,W_l), where w € R? is an unknown parameter, and a random variable

2 ~ X% with k > 2, which is stochastically independent of W and X. Furthermore,
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consider a non-stochastic vector x € R1. For all 0 < ¢ < 2(q — 2)/(k + 2), the shrinkage
estimator
2
cX
X —
(X —a)W(X - g;)> (X~ 2)

XS:l‘—l-(l—

dominates the estimator X with respect to the loss function
Loo@)=(@-w)Q@-w), (5.5)

ie. E{(Xs —w)'Q(Xs —w)} < E{(X —w)Q(X —w)}. In case x = w the expected loss
of the shrinkage estimator becomes minimal if and only if c = (q —2)/(k + 2).

Proof: See the appendix.

Note that Theorem 5.2 coincides with the well-known result developed by Stein (1956) if
W is substituted by the identity matrix I, . Other extensions of Stein’s theorem, which can
be found in the literature, require that W correspond to a non-stochastic but observable
matrix €2, or at least that W be stochastically independent of X where € is unobservable
(Judge and Bock (1978, p. 177), Srivastava and Bilodeau (1989), and Press (2005, p. 189)).
By contrast, we allow X to depend on a Wishart-distributed random matrix W, but the

matrix €2 given in Theorem 5.2 remains unobservable.

Theorem 5.2 also clarifies why the shrinkage constant ¢ = (¢—2)/(k+2) is a natural choice.
Although any constant within the interval given in Theorem 5.2 would lead to a dominant
estimator, only ¢ = (¢ — 2)/(k + 2) turns out to be the best choice if the reference vector
x corresponds to the unknown parameter w. The same value for ¢ remains optimal in the

variants of Stein’s theorem where W is non-stochastic or stochastically independent of X.

5.2.3. Out-of-Sample Variance
The out-of-sample variance of the return of a stochastic portfolio ¢ is defined as
Var(0'R) = E{Var(¢'R|0)} + Var{E(¢'R|9)} = E(¢'S0) + p/'Var(0) u.

This means the total variance of the portfolio © can be split into a within variance E(@’ by @)

and a between variance yi'Var(9)p. Due to (5.4), it holds that

Var(0'R) = o? + E{(0 —w)'S (0 —w)} + p'Var () p. (5.6)
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2 is a lower bound for the out-of-sample variance of any

Hence, the minimum variance o
given portfolio v. Interestingly, the between variance ,u’Var(f)) p vanishes whenever the
expected asset returns are equal to each other, i.e. u = n1 for any n € R. This can be
seen by noting that Var(d) = A'Var(0™)A and Ap=0if p=n1.

Kempf and Memmel (2006) showed that — concerning the traditional estimator w for the

GMVP — the second part of (5.6) corresponds to

E{ (b1 — w)'S (i — w)} = % ot
The factor (d — 1)/(n —d — 1) is large whenever the sample size n is small compared to
the number of assets d. For n,d — oo but n/d — ¢ with 1 < ¢ < oo, this factor tends to
1/(¢—1). Hence even in large samples the contribution of the estimation risk to the out-of-
sample variance is not negligible if the ‘effective sample size’ ¢ is small. For instance, given

an investment universe with d = 50 assets and a history of n = 100 monthly observations,

the additional variance caused by the estimation risk is 1/(100/50 — 1) = 100% .

From the small-sample distribution of @ presented by Frahm (2008), it follows that the
third part of (5.6) corresponds to

2 2
"max — "GMVP 2

,u'Var(zZ)T),u: R o“,

where 7. denotes the Sharpe ratio of the tangential portfolio ¥~y /(1'Y 7 ) and ramve

the Sharpe ratio of the GMVP.? This means it holds that

d—1 2 2
Var (i R) = <1+ — Tm;"_ drfMlVP) -o?.

In most practical situations the difference of 72, and r&,;yp turns out to be much smaller
than the numerator d — 1 (and even vanishes if 4 =n1).

Generally, in real-world asset markets the expected returns presumably do not differ so
greatly in the cross-section; the between variance is therefore very small compared to the
within variance. Hence we believe that the between variance p'Var (f}),u for any portfolio ©
is negligible in most practical situations and will concentrate in the following on reducing
the within variance E(f/ b f)). Note that each realization of '3 represents the actual
variance of the return belonging to the portfolio 0, which has been chosen on the basis of
historical observations, for instance. Then due to (5.4), each realization of (0 —w)'> (0 —w)
can be interpreted as that part of the actual variance which is caused by estimation risk.

In the subsequent analysis this quantity will be referred to as the loss of ©.

2The Sharpe ratio of a portfolio is the expected excess return divided by the standard deviation.
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5.3. The Dominant Estimators

5.3.1. Small-Sample Properties

We now present the shrinkage estimator for the GMVP that dominates the traditional
estimator. Kempf and Memmel (2006) show that the traditional estimator is the best
unbiased estimator in the case of jointly normally distributed asset returns.> However, as
already discussed earlier, this estimator can lead to a huge out-of-sample variance of the

portfolio return compared to o2, i.e. the smallest of all possible portfolio return variances.

In this section we will use the following notation. Let wa be an arbitrary portfolio. Then
Ui = wgz Wy is the actual variance of the portfolio return, whereas c}i = ﬁ)gi wa denotes
the corresponding estimator. This notation will be used both for stochastic and non-
stochastic portfolios, i.e. if wy is a non-stochastic portfolio, it holds that O’i = whXwa

and c}i =w) X wa .

Theorem 5.3 Suppose that the assumptions A1 to AS are satisfied. Let wr be the tradi-
tional estimator for the GMVP w, whereas wg € R% with wir1l =1 denotes an arbitrary

reference portfolio. Consider the shrinkage estimator

wWg = KSWR + (1 — /is)ZDT (5.7)
with
o d-3 1
ST h—d+2 7’

where TR = (&%{ — &%)/&% is the estimated relative loss of the reference portfolio wg .
The shrinkage estimator ws dominates Wt with respect to the loss function L 5(0) =

(0 —w)'2 (0 —w), ie.

E{(ds — w)'S (ws — w)} < E{(dr — w)'E (br —w)} .
Proof: See the appendix.

The estimator suggested in Theorem 5.3 exhibits the typical structure of James-Stein-
type shrinkage estimators. It is a weighted average of a given reference portfolio and

the traditional estimator for the GMVP. The better the reference portfolio fits the actual

3An estimator is called best if its covariance matrix attains the Rao-Cramér lower bound.
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GMVP, the smaller the out-of-sample variance of the shrinkage estimator will be. When
it comes to portfolio diversification without any subjective or empirical information as
well as restrictions on the portfolio weights, the naive portfolio wy := 1/d can be viewed
as a natural choice for the reference portfolio. Due to the arguments given by DeMiguel
et al. (2007), there are even doubts as to whether time series information can add useful
information at all, and so wgr = wy might serve as a rule. We will come back to this point

in Section 5.4.

Theorem 5.4 Under the assumptions of Theorem 5.3, the distribution of the relative loss

2 2
US_U

TS = 5

a

of the shrinkage estimator for the GMVP given by (5.7) depends only on the number of
observations n, the number of assets d, and the relative loss Tr = (0} — 0?)/0? of the

reference portfolio. More precisely, Ts can be represented stochastically by
_1 2
T = H/is@— (l—lis)v 2§H s (5.8)

with any 6 € R such that 0'0 = tr, € ~ Nyg_1(0,14_1), V ~ Wa_1(Ig_1,n — 1), and

_d-3 Xa_g
n—d+2 (g4v ) V(O+V2E)

Ks
Here £,V , and X%—d are supposed to be mutually independent.
Proof: See the appendix.

Due to Theorem 5.3, the shrinkage estimator is dominant in the sense that E(TS) < E(TT),
where 717 = (0% — 02)/0? represents the relative loss of the traditional estimator for the
GMVP. It can be shown that the expected relative loss of the shrinkage estimator is a
strictly increasing function of 7g and its infimum is attained if and only if 7g = 0. Note

that 7r = 0 or, equivalently, # = 0 holds if and only if wg = w, since X is positive-definite.

In that case it turns out that

d—3 n—d d—1
IN“)_<1_d—1'n—d+2>n—d—1

By contrast, E(ts) — E(77) for g — 00.

Following the arguments given by Judge and Bock (1978, p. 182), we can try to reduce

the out-of-sample variance of the suggested estimator by restricting kg to values smaller
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than or equal to 1, i.e. by taking k) := min{kg, 1} instead of kg . Then the corresponding

shrinkage estimator is given by
WM = KMWR + (1 — I{M)ZDT . (5.9)

The shrinkage constant xyr can only attain values between 0 and 1, which prevents
from having the opposite sign of wt whenever 7R is small, i.e. whenever the traditional
estimate of the GMVP is close to the reference portfolio. The next theorem states that the

modified shrinkage estimator does, in fact, lead to a better out-of-sample performance.

Theorem 5.5 Under the assumptions of Theorem 5.8 and given the notation of Theorem

5.4, the distribution of the relative loss

01%4—02
™= — 5 —
o

of the modified shrinkage estimator for the GMVP given by (5.9) depends only on the
number of observations n , the number of assets d, and the relative loss TR of the reference

portfolio. More precisely, Ty can be represented stochastically by
1
™ = HI{MH— (1—I£M)V_§£H2, (5.10)
with kv = min{kg, 1}, and it holds that

E(TM) < E(Ts) < E(TT) .
Proof: See the appendix.

The stochastic representations (5.8) and (5.10) can be used, for instance, for evaluating
the out-of-sample performances of the presented shrinkage estimators by Monte Carlo
simulation. Theorem 5.5 asserts that the modified shrinkage estimator dominates not only
the traditional estimator but also the simple shrinkage estimator given by (5.7). Moreover,

it can be shown that the expected relative loss of wy; corresponds to

d—3 2. \N? d-1
E(ry) =E[{ (1- : e
(TM) [{( n—d+2 X?l+1> n—d-—1

in the event that 7p = 0.

Our results about the superiority of the presented shrinkage estimators require the asset

universe to consist of at least four assets. By contrast, if there are only two or three assets,
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one should draw on the traditional estimator. It is worth pointing out that the methodology
presented here can be easily applied to the estimation of local minimum variance portfolios.
As has been shown by Frahm (2008), any d-dimensional asset universe can be transformed
into a (d— ¢)-dimensional asset universe such that ¢ linear equality constraints (besides the
budget constraint) are implicitly satisfied for each portfolio of the d — ¢ available assets.
In that case assumptions A4 and A5 have to be changed ton >d—g+2and d > q+4.

Furthermore, the chosen reference portfolio must satisfy the given linear restrictions.

5.3.2. Large-Sample Properties

In the previous section, we investigated the small-sample properties of the relative losses
of the shrinkage estimators wg and wy;. Due to Theorem 5.4 and Theorem 5.5, it can be
seen that the expected relative losses of the shrinkage estimators as well as the traditional
estimator tend to zero if the number of assets d is fixed but n — oco. However, that does
not mean that the presented shrinkage estimators are always asymptotically equivalent to

the traditional estimator. This is confirmed by the next theorem.

Theorem 5.6 Under assumptions Al to A3 it holds that

’l[)T —w 1
Vi s —w | 5 H{TR:0}<1 - %753) tlgesoy (AL, n— 00,
_l’_
N — d—3
WM w ]l{TR:O} (1 e > + H{TR> 0}

where A is a d x (d — 1) matriz such that AN = o?S~! —ww' and & ~ Ny_1(0,15-1).
Proof: See the appendix.

For instance, from the last theorem it follows that
Vn (bt — w) i>./\/'d(0,0'22_1—ww'), n — oo,

and the shrinkage estimators are asymptotically equivalent to the traditional estimator,

i.e.

\/ﬁ(l[)T—ws) 20 and \/E(ZDT—’LZ)M) LO, n — 00, (5.11)
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only if wr # w.* The last theorem also implies that if wr = w and the sample size is large
(compared to the number of assets), the modified shrinkage estimate corresponds to the
true GMVP roughly with probability in,l (d — 3). Admittedly, this might be regarded as
purely theoretical, since it has to be assumed that wr # w in most practical situations,

with w\ then being asymptotically equivalent to w in the sense given above.

So far we have focused on the expected relative losses of the estimators for the GMVP but,
as already mentioned, these quantities vanish if the sample size tends to infinity. However,
due to the next theorem it is possible to make statements about the relative loss itself if d

is fixed but n tends to infinity.

Theorem 5.7 Under assumptions Al to A3 it holds that

TT 1
d d—3\? R
n|rg| — Lirr=0y <1 N X?zq) T 1m0y X1 " -
+42
d—3
TM H{TRZO}{ (1 - X§71> } + ]l{TR>0}

Proof: See the appendix.

This theorem asserts that the relative losses are super-consistent. It is worth pointing
out that, even if the expected relative losses of the shrinkage estimators presented here
are always smaller than the expected loss of the traditional estimator (which follows from
Theorem 5.4 and Theorem 5.5), a given realization of 7g may turn out to be greater than
77 . Surprisingly, Theorem 5.7 implies that, only if wg = w, the probability of this event
does not vanish (even asymptotically) but tends to Fxﬁ,l{(d —3)/2} > 0. For example, if
there exist d = 5 assets, this adverse effect occurs with a probability of approximately 9%.
However, the same theorem confirms that 7o > 77 is asymptotically impossible. This is

another advantage of the modified shrinkage estimator over the simple one.

As already discussed earlier, it might be criticized that in many practical applications of
portfolio theory the number of assets is large compared to the number of observations. In
the following we will investigate the asymptotic distribution of the relative loss assuming
that n,d — oo but n/d — ¢ with 1 < ¢ < oo. Here the relative loss of the reference

portfolio is assumed to be constant; recall that the number ¢ can be interpreted as the

“The proof of Theorem 5.6 reveals that (5.11) can be even strengthened to almost sure convergence.
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0.5

= Traditional estimator
0.4} = Shrinkage estimator
= = Modified shrinkage estimator

osl — Reference portfolio

Large asset universe

0.2

0.1

Expected relative loss of a GMVP estimator

0 0.1 0.2 0.3 0.4 0.5

Relative loss of the reference portfolio

Figure 5.1.: Expected relative losses of the traditional (blue), simple (red) and modified
(dashed green) shrinkage estimator for n = 300 and d = 100 as well as the relative loss of

the reference portfolio (black) and the asymptotic loss function L(7g,3) (yellow).

effective sample size. The following theorem asserts that if the asset universe is large, the

relative losses of all GMVP estimators are no longer super-consistent.

Theorem 5.8 Under assumptions Al to A3 it holds that

a.s. 1
T — ——

q—1
asn,d — oo but n/d — q with 1 < g < co. Moreover, concerning the shrinkage estimators

for the GMVP it holds that

a.s. 1
N T
as well as
a.s TR 1 2 1
= L = — 1-—
TS, TM — (TR,Q) (1+q7'R)2 + < 1—|—qTR> —1

as n,d — oo but n/d — q with 1 < g < o0
Proof: See the appendix.

It can be shown that the asymptotic loss function L is increasing in 7g, and it holds that
L(TR, q) < 1/(q¢ — 1) whenever ¢ < oo, i.e. the shrinkage estimators dominate the tradi-

tional estimator with respect to the asymptotic loss if not only the number of observations
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n— oo, d< oo n—oo,d—o00,n/d—q
=0 q < o0 q = o0
TR =0 TR>0| 7T =0 TR >0 TR >0
T 0 0 =1 >0 —1 >0 0
Tg 0 0 0 0 < L(TRr,q) < q_% 0
™ 0 0 0 0< L(TR,q) < q_% 0
2 2
nTT Xd—1 Xd—1 o0 00 00
2
1_d—3> 2 2 0
+42
d—3
nTM {(1 — Xi—l) } X§_1 X?l—l 0 o0 %)

Table 5.1.: Large-sample properties of the relative losses of wr, ws, and Wy .

but also the number of assets tend to infinity and the effective sample size remains finite.
Moreover, it turns out that L(TR, q) > 7R if and only if
1 2—q

i (5.12)

TR <

Therefore, the shrinkage estimators dominate the reference portfolio uniformly if ¢ > 2 (see
Figure 5.1). Conversely, in terms of the asymptotic loss they become uniformly worse than
wg as ¢ tends to 1 from above, since the right-hand side of (5.12) then tends to infinity.
The large-sample properties of the relative losses of the GMVP estimators wr, wg, and

wy are summarized in Table 5.1.

5.3.3. The Link to Covariance Matrix Estimation

Jagannathan and Ma (2003) analyze short-sales constraints as a means of lessening the
impact of estimation errors on the sample covariance matrix. They show that using short-
sales constraints is equivalent to transforming the sample covariance matrix and taking this
quantity for calculating the GMVP on the basis of the unconstrained traditional estimator
for the GMVP. The following theorem states that a similar argument holds for the shrinkage

estimators presented earlier.

Theorem 5.9 For any reference portfolio wr there exists a positive-definite d X d matriz

E}_{I such that wgr Egll as well as 1’21—__{11 = l’i_ll, where 3 is the sample covariance
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matriz given by Eq. 5.2 and it is assumed that n > d. The shrinkage estimators for the
GMVP can be calculated by using

igl = /{SE; + (1 - ms)g_l and /Z\ll\_/ll = /QME}_{I + (1 - /QM)i_l

for the traditional GMVP estimator, i.e.
St Sl

g = —5 T and M
s

Proof: See the appendix.

The random matrices is and i\JM can be interpreted as shrinkage estimators for the un-
known covariance matrix Y. However, iM is positive-definite, a trait that does not hold
for is in general. Any other matrix which is proportional to is or iM would lead to the
same shrinkage estimators for the GMVP, but the expressions given in Theorem 5.9 satisfy
a convenient scaling condition, i.e. l’igll = 1’3\]{411 = 1’2&11 =111 = 1/62.

Similar shrinkage estimators for the covariance matrix have been already suggested by
Ledoit and Wolf (2001, 2003). However, the estimators given in Theorem 5.9 differ from

the estimators introduced by Ledoit and Wolf in two aspects:

1. Their shrinkage constants depend on unobservable quantities which have to be es-
timated from empirical data. Even if the suggested covariance matrix estimators
dominate the sample covariance matrix asymptotically, it is not clear why the dom-
inance result should be valid in small samples. By contrast, our shrinkage approach

focuses on the small-sample properties of the resulting portfolio weights.

2. Ledoit and Wolf shrink the covariance matrix itself, whereas our approach is based
on shrinking its inverse. By shrinking the covariance matrix, it is possible to allow
for n < d, i.e. the aforementioned authors are able to apply their approach to asset

universes where the number of assets exceed the number of observations.

So far our methodology consists of shrinking the traditional GMVP estimator towards
some non-stochastic reference portfolio wr. However, all the presented results remain
valid if wg is a stochastic portfolio satisfying the budget constraint and being stochastically
independent of the historical observations which are used for calculating @ .> Nevertheless,

in the following we will concentrate on the special case wg = wy = 1/d.

5For example, wr could be interpreted as a portfolio which has been suggested by a layman.
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Figure 5.2.: Expected relative losses of the traditional (blue), simple (red) and modified
shrinkage (dashed green) estimator for n = 20 and d = 10 as well as the relative loss of

the naive portfolio (black) and the asymptotic loss function L(7g,q) with ¢ = 2 (yellow).

5.4. Naive Diversification vs. Portfolio Optimization

5.4.1. A Small-Sample Simulation Study

DeMiguel et al. (2007) raise the question of whether optimizing a portfolio using time
series information is worthwhile to begin with. They do not even refer to the fact that
asset returns typically exhibit structural breaks, serial correlations in the higher moments,
and heavy tails. According to these authors, the estimation error outweighs the potential
gain of portfolio optimization, even if the asset returns are normally distributed and serially
independent. In this section we address a similar question: Does it pay to strive for the
GMVP by using time series information or is it better to renounce parameter estimation

altogether and put the money straight away into the naive portfolio?

In order to revisit this question, we may focus on the expected relative loss which is caused
by a given GMVP estimator. Due to Theorem 5.5 and the arguments given in Section
5.3.2, we will concentrate on the modified shrinkage estimator wy; and choose the naive
portfolio wn as a reference portfolio. Although closed-form expressions for 7y in large
samples and asset universes have been already presented in Section 5.3.2, the relative loss

can only be simulated, e.g. by using Equations 5.8 and 5.10, if the sample is small. Figure
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5.2 contains the expected relative losses of the four different portfolio strategies, i.e. naive
diversification, traditional estimation, as well as simple and modified shrinkage estimation
for n = 20 observations and d = 10 assets. The x-axis denotes the relative loss 7 of the
naive portfolio, whereas the y-axis accounts for the expected relative losses of the different
portfolio strategies depending on 7 . Note that (according to Theorem 5.4) the expected
relative loss of the traditional estimator does not depend on 7y but only on the number n

of observations and the number d of assets.

It can be seen that the expected relative loss of the traditional estimator corresponds to
100%. Due to Theorem 5.4 and Theorem 5.5 it is clear that the expected relative losses
of the shrinkage estimators are always below the expected relative loss of the traditional
estimator. This is also confirmed by Figure 5.2. Particularly if 7y is small, i.e. the true
GMVP does not differ too greatly from the naive portfolio (which serves as an anchor
point for wg and ), the shrinkage estimators are more favorable than the traditional

estimator.

Figure 5.2 also indicates the critical relative loss 7Y, of the naive portfolio with respect to
the modified shrinkage estimator wy; . This is that point on the z-axis where the modified
shrinkage estimator leads to the same expected relative loss as naive diversification. As
indicated by Figure 5.2, this critical value is about 63%. For example if there are 5
years of quarterly asset returns and 10 stocks on the market, naive diversification would
be better as long as 7 < 63%. Suppose that the standard deviation of the GMVP
return corresponds to o = 10%, whereas its counterpart related to the naive portfolio
amounts to 11% (per quarter). In that case, the relative loss of naive diversification is
7~ = (0.11/0.10)? — 1 = 21%, whereas the expected relative loss caused by the modified
shrinkage estimator roughly amounts to E(TM) = 43% . Therefore, it would not pay to
use the modified shrinkage estimator in that case. In contrast, if the naive portfolio leads
to a standard deviation of 13%, it holds that 7y = (0.13/0.10)> — 1 = 69% > 7% and
so the modified shrinkage estimator is slightly better than the naive portfolio. Note that

traditional estimation is always worse than naive diversification in all such cases.

Table 5.2 lists some critical relative losses of naive diversification for different combinations
of n and d. For example, if 10 years of monthly asset return observations are available
(i.e. n =120) and the stock market consists of d = 50 assets, one should use the modified
shrinkage estimator if and only if the variance of the naive portfolio return is at least 21%

greater than the variance of the GMVP return. Depending on the length of the time series
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n\d ) 10 25 20 100

12 52% 847% — — —
(550%)  (99261%)

24 16% 40% — — —
(111%)  (334%)

36 9% 19% 152% — —
(59%)  (132%)  (1809%)

60 5% 9% 28% 420% —
(30%)  (58%)  (209%)  (7806%)

120 2% 4% 8% 21% 377%
(13%)  (24%) (57%)  (161%)  (5202%)

Table 5.2.: Critical relative losses of the naive portfolio with respect to the modified shrink-
age estimator for different combinations of n and d. The parentheses under the critical
relative losses contain the critical thresholds of 7y for testing the naive diversification

hypothesis at a significance level of o = 5% .

and the number of assets, the modified shrinkage estimator is able to reduce the relative
loss of naive diversification. However, the table also indicates that, if the number of assets
is large compared to the number of observations, naive diversification is apparently the best

strategy, which reconfirms the naive diversification hypothesis of DeMiguel et al. (2007).

5.4.2. Testing the Naive Diversification Hypothesis

For applying the decision rule discussed above, one needs two numbers, i.e.

1. the critical relative loss of the naive portfolio with respect to the modified shrinkage

estimator and

2. the relative loss of the naive portfolio.

The critical relative loss can be calculated by Monte Carlo simulation (as it was done to
obtain Table 5.2), whereas the actual relative loss of the naive portfolio is not observable
and needs to be estimated from the history. The next theorem provides the distribution

of its empirical counterpart 7y or, more generally, 7r (see also Theorem 5.3).

Theorem 5.10 Under assumptions Al to A8 and n > d, the estimator TR = (&% —
6%)/6% for the relative loss of the reference portfolio is conditionally noncentrally F-

distributed, more precisely
d—1

PR~ p— . Fd_17n—d(TRX12’L—1/2) :
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Proof: See the appendix.

With Theorem 5.10, it is possible to test whether one should invest in the naive portfolio

or to apply a GMVP estimator, i.e.

Hy: 7w <7y Vvs.

Hy:mn > 7y

The test statistic is given by 7§ = (&12\1 — &%) / &% and according to Theorem 5.10, Hy can
be rejected whenever the realization of 7§ exceeds the upper a-quantile (0 < a < %) of
the cumulative distribution function of

d—1
n—d

Fy1n-a(TRXe-1/2)

which can be also calculated by Monte Carlo simulation.%

Critical thresholds for this hypothesis test at a significance level of o = 5% are presented
in Table 5.2. For instance, suppose that the asset universe consists of 50 assets and the
investor can observe 10 years of monthly asset returns. Then the naive diversification
hypothesis can be only rejected if 7 > 161% . Note that this is by far greater than the
theoretical value of the critical relative loss 73, = 21%, since the distribution of 7y is

considerably skewed to the right.

We consciously formulate the hypothesis test in such a way that the naive portfolio has to
be rejected but not the portfolio based on some GMVP estimator. Therefore, for typical
significance levels like o = 1%, 5%, 10% , our decision rule favors naive diversification. More
precisely, if Hy can be rejected, the considered GMVP estimator significantly leads to a
better out-of-sample performance but if Hy is not rejected, from a statistical point of view
it cannot be assumed that naive diversification is better. However, in that case the naive
portfolio can be justified either empirically, e.g. because of the well-known stylized facts of
financial data, or due to the arguments given by DeMiguel et al. (2007). In other words:
if it is not possible to guarantee that a statistical method will lead to a better result but
it is likely that the outcome will become worse, the naive portfolio can be justified by the

principle of insufficient reason (against naive diversification).

5This hypothesis test can be adapted to any GMVP estimator if its expected relative loss E(T) < o

depends only on n, d, and 7n and provided 7n +— E(7) has only one intersection point with 7x +— 7 .
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5.5. Conclusion

We present two shrinkage estimators for the GMVP that dominate the traditional estimator
under the assumption of serially independent and identically normally distributed asset
returns. Their small-sample and their large-sample properties alike have been investigated.
The presented shrinkage estimators considerably reduce the out-of-sample variance of the
portfolio return compared to the traditional estimator, especially if the asset universe is
large. In addition, we provide a hypothesis test to decide whether one should invest in
a portfolio based on estimators for the GMVP or in the naive portfolio. This decision
depends only on three quantities: the number of observations, the number of assets, and
the relative loss (compared to the GMVP) caused by naive diversification. Further research

could include, for instance, an empirical investigation of the presented shrinkage estimators.

Appendix

Lemma 5.11 For any A > 0 it holds that
B (N} = aB{xi ()} + 222G (N ] (5.13)
and if ¢ > 3,
(a-2ELGE N = @—20ELGR () |+ 2 B{GAMW) |- (5.14)
Proof: Eq. 5.13 follows immediately from Theorem 2 in Judge and Bock (1978, p. 322) by
setting ¢(z) = 272, A= 1I,, and § € R? such that A = 6'6/2. Similarly, with ¢(z) = 271,
1=qB{x (N } + 2 B2 | = (-2 B{? (V) } + 22E{ () |

for any ¢ > 3, which leads to (5.14). Q.E.D.

Lemma 5.12 Consider a g x ¢ random matriz V ~ W, (Iq, m) withq >3 andm > q+2.
Further, define X := 0'0/2 and X := 0'VO/2 for some 0 € RY. Then it holds that
_ A 9 41 q—1 A PP
1 —_ — . 2 - —_— . J— PR 2
EKtrV 3 q) E{Xq+2()\) \V}] pr——— E[(q 2) 3 E{Xq (A) ]V}}

and

(e T e e e I

m—q—1

_g-1 .E[2)\E{Xq_f2(A) |V}} '

m—q—1
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Proof: Consider the function h(2)\) = E{Xq+2 A |V} and note that, after rotating 6, it
holds that 2\ = ¢’ Ox? for some random variable x? ~ x2,. Then, due to Theorem 6 in
Judge and Bock (1978, p. 324),

B{ (v )n(2i)]} = g(m—2) ‘E{h(22§)}+ 2(q—1)1 B{son (),

m—q—1 X m—q—

where i’ denotes the first derivative of h with respect to 2A. Since A/X = 1/x2,

E{ (trV‘l - % : q)h(Z;\)} - mq_;ql_l : [qE{h(jj\) } n 29’9E{h’(2&)}] . (5.15)

where

L dBOGEMIVE 1 [

v - 3 - e B{GE(M V) (GO

which follows from the derivative rule on page 327 in Judge and Bock (1978). After

substituting b’/ (25\) in (5.15) and some re-arrangement, we obtain

E[(trv_l - % . q> E{X;ﬁz(j‘) yv}} -

mq_;ql_l E[% [(q_25\) E{X;-E2(;\) |V} +2;\E{X;f4(5\) |V}}

Now the first statement of the lemma appears immediately after applying (5.14). Simi-
larly, by allowing for the function h(2/\) = E{Xq+2 A |V} and using (5.13), the second

statement of the lemma becomes valid. Q.E.D.

Proof of Theorem 5.2

The loss function £, o can be re-formulated as

Loa(@)=(0-w)Q(@-w)=(0-0)(0-0)=Le(d),

where § := Q2 (W—z)and 0 := Q2 (w—x). Accordingly, the random vector X is transformed

1

into Y := Q2(X —2) |V ~ Ny (0, V™) with V := Q2WQE ~ Wy (14, m) and similarly

2
1 C
Yo = Q2 (Xs —7) = <1—Yléy)y

After some elementary transformations, it turns out that

Y'(Y - 6) Y'Yy
Yo) = VY—<d9ey2. T 2 A -
Lo(Ys) = Lo(Y) { X~y T X (Y’VY)2}
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This means the random variable Yg dominates Y if and only if
E{Ly(Y) = Lo(Ys)} = 2ck& — Pk (k+2) & >0, (5.16)

where

Y'(Y - 0) Y'Y
=Ed —F d =B ——= /.
A b G B R
Hence, the dominance result is satisfied for all ¢ with 0 < ¢ < 2/(k + 2) - £1/&; and, to
prove the theorem, it has to be shown that £ /& > (¢ —2). Now we define Z := VY
and ¢ := V26 so that Z |V ~ Ny(C, 1) . Then it holds that

Y'(Y - 6)
Y'VY

Z'V-\(Z - Y'Y Z'v-'z
#yv and o [V~ o |V

[V~ Y'VY)? (Z'2)?

By setting ¢(x) = 27! in Theorem 1 and Theorem 2 of Judge and Bock (1978, pp. 321-322)
and allowing for A = 0’/2 and A\ = 0'V6/2 it follows that

E{W | V} = (trV‘l)E{x;f2 (V] V}+2A E{X;f4 (A) | V}—Z/\ E{X;f2 (A) | V} .

Similarly, by setting ¢(x) = 272 in Theorem 2 given by Judge and Bock (1978, p. 322),
we find that

Y'Y _ 4 7 4 7
o 1V} = (00 (k) v} + v}
After some re-arrangement and an application of (5.14) we obtain
Y'(Y —0) B A 9%
1A —2 (3
(trV b 7 q) E{quz(A) !V} :

Moreover, with an application of (5.13) it also turns out that

Y'Yy A a3 1A —4 (3
E<7(Y,Vy)2 \v) =< B{x;2(V) [V} + <trV -5 .q> Bl 1V}
Now, from Lemma 5.12 it follows that & = (¢ — 2) & + ¢ with

e:= % : 2)\E[E{X;fz(5\) yv}} > 0.

Since & > (¢ — 2) & with & > 0 it follows that £,/& > (¢ —2). For x = w it holds
that A\ = 0 and thus & = (¢ — 2) & . This means the optimal constant ¢ of the quadratic

function given by (5.16) does not depend on &; or & . Further, it is unique and corresponds

toc=(¢—2)/(k+2). Q.E.D.
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Proof of Theorem 5.3

Lemma 5.1 and Theorem 5.2 can be brought together by the following substitutions: m =
n—1,g=d—1, W =nQ/0%, X =0, x2 =né2/o% k=n—d, and z = wS. Then

the constant
c_q—2 _d—3
k42 n—d+2

leads to a dominant shrinkage estimator wg* for w®™, viz.

d—3 64,

n—d+2 (9 - wg) QW — w)

) o)

ﬁ)g":w%ﬁ‘—l—(l—

Note that
(@ —wi)Q (@F — wf) = (@r —wr)'S (@r — wr)
and thus
5 5 5

(5 — wg)Q (@ — wg) (b7 — wr)'S (b —wg) R~ 0T TR
Due to ws = e; — A'wg* it follows that

. d—3 1 R N
ws:wR—l—<1—m-a>(wT—wR):/ﬁsz+(1—/{s)wT.

Q.ED.

Proof of Theorem 5.4
After some calculations we find that

T = TR — 2(1 — Hs)a—i- (1 — Hs)zb,

where
. d—3 nos/o?
S p— . A~ 9
n= A2 (a — wg) (n/o?) i — u)
o (W — wf{‘)’Q (W™ —wg) and b (W — wef{)’Q (W —wg)

o2 2 :

With 6 = Q%/a (W —wg), & ~ Ng—1(0,14-1), and V ~ Wy_1(I4—1,n—1), the shrinkage

g

constant kg can be represented by

d—3 ' Xi_d
n—d+2 (g4 V- 2)V(0+ V28

RS =
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as well as a = 9’(9 + V_%ﬁ) and b = (0 + V_%ﬁ)/(ﬁ + V_%f), where £, V, and X?z—d are
mutually independent. Hence, 7g is equal to the expression given on the right hand side

of (5.8). Moreover, it holds that
rs = [ Ofnst — (1= rs)V 26} |* = [[msn — (1 — ns)OV 3¢

with 7 := O#f for any orthogonal (d —1) x (d —1) matrix O; note also that kg is a function

of V_%ﬁ only through the quadratic form
0+ V=26) V(0 +V72E) = (n+ OV 28) (OVO') (n + OV~ 2¢) .

The random matrix V has a radial distribution, i.e. OVO' ~ V as well as OV 10" ~ V1,

Similarly, & has a spherical distribution, i.e. O& ~ £ . It follows that OV=30 ~ V™3 and
thus (QV_%ﬁ ~ V_%ﬁ. This means for any rotation 7 of 6 it holds that
—1 .2
ri s — (1 = ws) Ve
Ergo, the distribution of 75 depends only on n, d, and 7r = 6'6. Q.E.D.

Proof of Theorem 5.5

From the proof of Theorem 5.4 it follows that the distribution of 7y, too, is only a function
of n, d, and 7. To prove that E(ry) < E(7g), the relative loss of the simple shrinkage

estimator can be written as
Ts =T —20'V "2 (1 —ks) (V20 +€) + (1 —rg)’ V20 + €]}

Since (1 - lis) = (1 - lis) T (1 - lis) ~, the relative loss of the modified shrinkage estimator

becomes
=75 — 20V (1 —ks) (V20+€) — {(1—rg) }2 V20 + €3
Here it holds that
E[{(1—rs) Y IVE0+ €I} ] >0

and from Theorem 1 given by Judge and Bock (1978, pp. 321) it follows that

d—3 o -
{1 - — } >0.
n—d+2 x5.,(TrX;-1/2)
That means E(TM) < E(Ts). The second inequality E(Ts) < E(TT) is a direct conse-
quence of Theorem 5.3. Q.E.D.

E{e’v—% (1—rg) (VEO + g)} —
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Proof of Theorem 5.6

The traditional estimator for the GMVP without the first portfolio weight can be rep-

resented by W = w*™ + JQ_%V_%ﬁ, where V.~ Wy_1(I4_1,n — 1) is stochastically
1

independent of & ~ Ny_1(0,1;_1). Since \/HV_% = (V/n)_5 2% I, 1 asn — 0o, it holds

that

\/ﬁ(tbOTX—wOX)&JQ_%é, n— 0o.
The presented expression for the asymptotic normality of wr = e; — A’wF follows from the
relationship 02A’Q7'A = 2% 7! — ww' (Frahm, 2008). Further, the shrinkage estimator
can be represented by

d—3 . Xi_d
n—d+2 (94 V-26)V(6+V2¢)

ngzwﬁur{l— }{(wox—wﬁ‘)+a§2—%v—%§}7
where 0 = Q%/a (w™ —w§g) and '8 = 7R . Following the proof of Theorem 5.4 it can be

assumed that 6 = (‘/7' 7O) without loss of generality. Since

V0 X3 as 20'V 3¢

=TR" — TR
n

!
= (Ve 0, S0 0 oo,

it follows that (9 + V_%ﬁ),V(H + V_%f)/n 2% 7R as well as X%_d/n B lasn— x.

Hence, in the event that 7 > 0 it holds that

d—3 Xo_4/70

TS O+V 3 V(O +Vie)

(wf —w™) 250, n— o0o.

Further, as already mentioned above, /no 02 V_%g 4 Q_%f and so

1— d—3 ) X%—d/”
n=d+2 (4 V26)V(0+V28)/n

}\/ﬁaa—%v—%g 2% Q75
as n — oo. By contrast, if 7r = 0 and thus 6 = 0 as well as w™ = wg",

d-3 Xo—d _ d=3  Xp4
n—d+2 (g4v-a)v(e+voze) n—d+2 ¢

and since x2_,/(n —d+2)*3 1 asn — oo,
\/ﬁ(wg"—wox)&<l——>aﬂ_%£, n — 00.

Similar arguments hold for the modified shrinkage estimator, since

2
mind v —4=3 1X,"_d/n ; WVnp =50, n— o0,
n—d+2 94+ V-2 V(0+V2E)/n
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if 7r > 0 and otherwise

. d_3 Xi_d a.s. . d—3
min . ,1 5 — min ;15 n — 00.
n—d+2 ¢

Q.ED.

Proof of Theorem 5.7

Due to Eq. 5.3 it will suffice to concentrate on the GMVP estimators without the first
portfolio weight for calculating the relative losses, e.g.

\/ﬁ(weTX _ weX)/Q\/ﬁ (w%x _ wex)
P) .

g

nrTT =

Now the theorem follows immediately by applying the Continuous Mapping Theorem to

the results which are given in the proof of Theorem 5.6 and noting that

2
Lipe oy X + Um0y | = Drpmoy X7 4 Lrps

for any random variable X. Q.E.D.

Proof of Theorem 5.8

Due to the proof of Theorem 5.6 it holds that

2
Xd—1

2
Xn—d+1

DX XY Q) (08X — X
T = (wT w ) (wT w ) _ glv—lg —

o2

with x2 | := ¢’¢ and X%—d-‘,—l = x2_,/&€VI¢. Note that (n —d) — oo as n,d — oo and

n/d — ¢q. That means

d Xg—l/d a.s. 1
= . B} _— ,
n—d Xn_d+1/(n_d) q—1

TT n,d — oo, n/d — q.

For proving the almost sure convergence of the shrinkage constants kg and ky1, consider

0= (./T 7O) and suppose that V'3 is the Cholesky root of V| i.e.
1
O'V3IE = /TR Xn-1&1 -

Furthermore, note that (d —3)/(n —d+2) — 1/(¢—1), x>_,/(n —d) 221,

o'V X231 n as qrr 200V Xn1&1 as
_ ' s _y ‘ s g
n—d_ ® g n—d—>q—1’ n—d VIR T Tad

124



Chapter 5. Dominant Estimators for the Global Minimum Variance Portfolio

as well as

¢ g8 d as 1

d d .
n—d d n-—d g—1’ n,d — 00, nfd—gq

Now, by applying the Continuous Mapping Theorem, we obtain kg, iy — 1 /(1+qtR) as
n,d — oo and n/d — ¢. Similarly, note that

& =2\TR -

TL - d é Tl a.s.
Xn—d+1 Xn—d+1 1 n—d

=50

20V "2¢ = 2/7xR -
and V=1 *3 1/(q — 1) as n,d — oo and n/d — ¢. By relying on (5.8) and (5.10) it
turns out that

TS, T ii—@— ! )7‘ —|—<1— ! >2<T +L>
Sy TM 1+gqrRr 1+qmr R 1+g7R R qg—1)°

After a little calculation it can be found that the limit corresponds to the asymptotic loss

function L(TR, q) which is given in the theorem. Q.E.D.

Proof of Theorem 5.9

Since wz1l = 1 > 0, the angle between wgr and 1 is acute. Therefore, there exists an
orthogonal d x d matrix O such that both Qwg and O1 belong to the set {x € R? : z >
0}. That means there also exists a positive-definite diagonal d x d matrix A such that
01 = AOwg, i.e. wr = Al with A := O’A~'O being positive-definite. The matrix E}_{I
can be obtained by re-scaling A such that the condition 1’21}11 = 1'S711 > 0 is satisfied.
Now the rest of the theorem can be verified by substituting 51 by the given expressions

for is_ Land il\_/[l within the traditional GMVP estimator. Q.E.D.

Proof of Theorem 5.10

Due to the proof of Theorem 5.4 it can be seen that

(V2046 (V20 +¢)
TR = 2 )
Xn—d

note that 0’V = Trx2_; . Q.E.D.
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Chapter 6.

A Hypothesis Test for the Best

Investment Strategy

Motivation

In many practical situations we cannot calculate some number analytically. Then it is often
possible to use Monte Carlo simulation for approximating the desired quantity. Standard
large-sample theory can be applied for controlling such kind of approximations. Now sup-
pose that we are searching for the maximum of some unknown and analytically untractable
quantities. Thus we could choose the largest outcome given by Monte Carlo simulation.
However, since we take the best result from a set of given outcomes there is some sort of
selection bias and it is not evident if our choice is significantly better or at least not worse
than any other. The same problem frequently occurs in statistical inference or decisions
under uncertainty when searching for the ‘best alternative’ such as portfolio optimization.
In the following I will derive a large-sample test for the best alternative in a rather gen-
eral setting. The presented test is demonstrated by an application to financial data. It is
shown that the Jobson-Korkie-Memmel test for the Sharpe ratios of two asset portfolios
can be generalized to ergodic stationary stochastic processes satisfying Gordin’s condition.
The resulting test for the best alternative accounts for conditional heteroscedasticity and

non-normality of asset returns in contrast to the Jobson-Korkie-Memmel test.
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6.1. Testing for the Best Alternative

6.1.1. Basic Assumptions and Notation

Let po = (p1, ..., ftq) € R? be an unknown vector of quantities and we are searching for the
best alternative

it = argmax{,uj: j= 1,...,d}.
j

It is worth to mention that ¢* does not need to be unique. That means there can be
several equivalent and optimal alternatives. In contrast, let ¢ € {1,...,d} be our specific
choice, i.e. we believe that there is no other alternative better than p;. We will set i =1
for notational convenience and without loss of generality. Hence, we want to support the
alternative hypothesis

Hl: MIZM%'-W/JJCZ

vs. the null hypothesis Hy: —H; . If we can reject Hy, our choice turns out to be significantly

optimal among all given alternatives.
Let (X,,) be a sequence of d-dimensional random vectors such that

w(Xump) e n oo,

where (a,,) is some sequence of real numbers growing to infinity and ¢ is a d-dimensional
random vector. It is supposed that the cumulative distribution function (c.d.f.) of & does
not depend on . By Cramér’s theorem (Davidson, 1994, p. 355) it follows that X,, — p
as n — oo. Hence, we can think of X,, as a convenient approximation of u if n is large.
Due to the Central limit theorem (CLT) we will typically encounter a,, = y/n and £ has a

multivariate normal distribution with zero mean and covariance matrix X .

6.1.2. Test Procedure

A crucial point of the following test is that ¢ must be fixed without examining X, or say,
more precisely, the choice must not depend on the data which are used for testing the
aforementioned hypothesis. Otherwise the presented method would suffer from a selection
bias. Indeed, this is not a serious drawback of the procedure. For instance, consider a
Monte Carlo simulation. In that case we can simply run the process (X,,) a first time so

as to choose the largest component of X,,, that is

i:argmax{Xjn: ] = 1,...,d}.
J
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After that we start a new run of (X,,) and apply the following test with respect to the
choice made by the first run. In case of historical data we can simply divide the overall
sample into two sub-samples, i.e. a calibration and a validation sample. Then the choice
can be made by using the calibration sample, whereas the test has to be applied to the

validation sample.

Define the (d — 1) x d matrix

1 -1 O 0

1 0 -1 0
A =

10 0 —1]

and note that due to the Continuous mapping theorem (Davidson, 1994, p. 355) we obtain
an(AXn—A,u)i»Af, n — o0o.

Now the alternative hypothesis can be compactly written as Hy: Ay > 0. In case d = 2 we
will obtain a simple Gauss-type test for the null hypothesis Hgo: p1 < po. In the general
multivariate case the global hypothesis H; can be supported whenever Hy; : pu1 > p;
survives after each comparison with j = 2,...,d. This is an important implication of the

following theorem.

Theorem 6.1 Let ¢ = ((1,...,Ck) be a random vector and consider Z = n + ¢ where
n € RF but notn > 0. Let X\j be the B-quantile of j for j =1,...,k and 0 < 3 <1. Then
P(Z>)\) <1—B with A= (\,...,\;) € RE.

Proof. At least one component of 7 must be negative, say 7; < 0. Now the assertion

follows immediately by noting that P(Z > X\) <IP(Z; > \;) <1—-3. ]

In our case 7 represents Au, k =d—1, f=1—a with 0 < a < 1, ( = A{/a,, and
7 = AX,. Hence, we can reject Hy if AX,, > X or, following the usual notation of
large-sample theory, T := a,AX,, > 7, where 7 = (71,...,74-1) := axA. The (d —1) x 1
vector 7 contains the (1 — a)-quantiles of A¢. Theorem 6.1 guarantees that our choice
is significantly optimal among all given alternatives whenever it is significantly better or
not worse than every other candidate on the same level a. That means if each pairwise
test Ho: p1 < pj vs. Hy: pg > pj possesses a significance level of o then the overall test

Hy: py > po, ..., pug vs. Hop: =Hy works on the same level.
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In many practical situations we do not know the exact c.d.f. of A¢. However, we can often
calculate or simulate the c.d.f. of &,, where (&) is some sequence of d-dimensional random
vectors such that &, —q £ as n — oo. This can be used for a large-sample approximation
of the critical thresholds 7q,...,74_1. For instance, suppose that Xi,..., X, is a sample
of independent copies of a random vector X with mean vector p and positive definite

covariance matrix 3. We assume that p and X are unknown. From the CLT we know that
- d
NCE —-ZXZ-—,u — N(0,%), n — 00.
"oia

For brevity we may denote the sample mean vector by X,, = (Yln, ... ,de). Now we try

to reject Hoj: 11 < pj by applying the one-sided Gauss test

Tj—1:=+n- (Xln_yjn) > Tj-1,

for j =2,...,d, where

Tio1 = /0% + 0]2- — 201 - @711~ a).

Here a? represents the variance of the jth component of X (j = 1,...,d), oy, is the
covariance between its first and jth component (j = 2,...,d), and ®~! denotes the quantile
function of the standard normal distribution. Note that the parameters of ¥ are unknown

but we can substitute ¥ by the sample covariance matrix

i=1
because — due to the i.i.d. assumption — the sample covariance matrix is strongly consistent

for ¥ . Hence, by the Cramér-Wold device (Davidson, 1994, p. 405) it follows that
~1
S2Y -5 NIV ~N(0,Y),  n— oo,

where Y ~ N(0,1;) and 2 denotes a d x d matrix such that $2%3’ = ¥, That means the
critical thresholds 7q,...,74_1 can be readily approximated by using the sample variances

and covariances and we obtain the usual one-sided Gauss test for a joint sample, viz.
Yln - an
V(@ + 62 —261;) /m

If this inequality is satisfied for every j = 2,...,d, the first alternative is significantly

> 071 - a).

optimal among all given alternatives.
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6.2. Application to Financial Data

6.2.1. General Conditions

Let P, a.>s. 0 be the price of an asset at time ¢t € Z so that R; := P,/P,—1 — 1 represents the
corresponding asset return from ¢ — 1 to ¢. It is assumed that (R;) is strongly stationary
and ergodic with E(R;) = n and Var(R;) = 0? < oo. Ergodicity means that any exist-
ing and finite moment of R; can be consistently estimated by the corresponding sample
moment of (R;). This is guaranteed if (Ry,..., Ri4x) is asymptotically independent of
(Ri—pny---yRi—p+1) as n — oo for all k,1 € N, whilst the components of the considered
random vectors generally depend on each other (Hayashi, 2000, p. 101). For the CLT we
need some additional restrictions. More precisely, the CLT holds for the sample mean of
(Ry) if the centered process (R; — n) satisfies Gordin’s condition. Let Hy := (R, Re—1, .. .)
be the history of (R;) at time ¢ € Z. Roughly speaking, Gordin’s condition implies that
the impact of H;_,, on the conditional expectation of R; vanishes as n — oo and also that
the conditional expectations of R; do not vary too much in time (Hayashi, 2000, p. 403).
In that case it is guaranteed that the CLT holds with an asymptotic or, say, long-run vari-
ance o ==Y ~(k) (Hayashi, 2000, p. 401), where ~ is the autocovariance function
of (Ry). This can be easily extended to any d-dimensional stochastic process (Hayashi,
2000, p. 405) and applied to a broad class of standard time series models. There exist
several alternative criteria for the CLT in the context of time series analysis which can be
found, e.g., in Brockwell and Davis (1991, p. 213) and Hamilton (1994, p. 195). However,
to my knowledge Gordin’s condition represents the most unrestrictive set of assumptions

concerning the serial dependence structure of a stochastic process (Eagleson, 1975).

It is worth to note that the number of dimensions d is supposed to be fixed or at least
n,d — oo such that n/d — oco. If n/d tends to a finite number, the CLT may become
invalid and other interesting issues arise from Random matriz theory (Bai, 1999). However,
if the number of observations relative to the number of assets is large enough, the sample
mean is approximately normally distributed under the aforementioned conditions. We
additionally assume that the asset return R; possesses a finite fourth moment and that
Gordin’s condition is satisfied not only for (R; —n) but also for {(R; —n)? —o?}. Consider
the random variable X := R/o and suppose that the risk-free interest rate is constant
and zero without loss of generality. The Sharpe ratio p:=n/o (see, e.g., Campbell et al.,

1997, p. 188) is frequently used as a performance measure in the finance literature. Now
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I will derive a hypothesis test for judging whether a certain portfolio possesses the largest
Sharpe ratio among a set of given portfolios. As mentioned before, this will be done under
quite general assumptions about the serial dependence structure of the asset returns. This
problem has been also addressed by Ledoit and Wolf (2008) as well as Schmid and Schmidt
(2007) in a bivariate setting. However, note that the following test is motivated by the

multivariate point of view and the primary goal is to avoid a selection bias.

6.2.2. Asymptotic Distributions

Concerning the sample mean 7] we obtain
\/ﬁ-(ﬁ—n)LN(O,Jﬁ), n —> 00.

The sample variance 62 represents a consistent estimator for the stationary variance o but
for estimating the long-run variance O’E we need to estimate the autocovariance function ~
of (Ry). Actually, there exist many ways for estimating long-run variances and covariances
(Andrews, 1991, Ledoit and Wolf, 2008). This is not the primary concern of the present

work and for the sake of simplicity we can choose a simple box-kernel type estimator, viz.
l
ot =062 +2> A(k),
k=1

where 4 is the sample autocovariance function of (R;) (Hayashi, 2000, p. 142) and [ < n.
However, many empirical studies confirm that v(k) ~ §(k) =~ 0 for k # 0 and so we can
expect that 67 ~ 62. The standard error of 7 is given by €(f)) = or,/y/n and this can be
estimated by é(1) = o1./v/n .

2

Since {(R; — n)? — 02} satisfies Gordin’s condition, the sample variance 42 is also asymp-

totically normally distributed, viz.
\/ﬁ-(62—a2)i>N(O,UL), n — 00.

The long-run variance vy, of the squared centered asset returns can be estimated by

k=1
where & denotes the sample autocovariance function of {(R;—n)?}. Typically, asset returns
are conditionally heteroscedastic and thus vp, can become relatively large. This is also

confirmed by the following empirical study. We consider monthly excess returns of the
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Canada | France | Germany | Italy | Japan UK USA

6%/6'2 1.1334 | 1.3834 1.2356 | 1.9596 | 2.1995 | 0.9883 | 1.0505
or,/k(0) | 2.1004 | 1.8611 2.3553 | 1.8195 | 2.0844 | 2.5268 | 2.0429

Table 6.1.: Estimated long-run variances divided by sample variances.

MSCIT stock indices for the G7 countries Canada, France, Germany, Italy, Japan, UK and
USA from January 1970 to September 2006. The sample size corresponds to n = 456
and the risk-free interest rate is calculated by the secondary market 3-month US treasury
bill rate. Further, the considered indices are adjusted by dividends, splits, etc. and are

calculated on the basis of USD stock prices.

For estimating the long-run variances we have to choose an appropriate lag length [ € N.
Figure 6.1 shows the empirical autocorrelations for the squared centered excess returns of
the MSCI indices and the equally weighted portfolio (EWP) up to I = 12. The Ljung-
Box test leads to a rejection of the null hypothesis Hyp: p(1) = ... = p(12) = 0 in every
case except for the EWP, France, and Italy. That means there is a strong evidence of
conditional heteroscedasticity for monthly asset returns and we may choose [ = 12 as an
appropriate lag length. Now, Table 6.1 contains the estimated long-run variances divided
by the corresponding sample variances. In most cases the long-run variances of the asset
returns roughly correspond to the stationary variances, whereas the long-run variances
of the squared asset returns are quite twice as large as the stationary ones. Hence, it is
not appropriate to ignore the effect of heteroscedasticity when analyzing the volatility of

monthly asset returns.

By applying the well-known ‘delta method’” we obtain
\/ﬁ'(&—U)LN<O,%>, n —s 00.

The standard error of ¢ is given by €(6) := /L, /(2v/n o) and its estimator can be de-
noted by /0, /(2y/nd). The Sharpe ratio can be estimated by i := 7/ which is also

asymptotically normally distributed since

. 2
01, OL

\/ﬁ< T >i>./\/'<0, L ), n — 0o,
62 o? oL UL

where or, represents the long-run covariance between R; and (R; — n)?. After applying
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EWP | Canada | France | Germany | Italy | Japan | UK | USA

7 | .0051 .0048 .0062 .0053 .0036 | .0058 | .0061 | .0042
(.0026) | (.0027) (.0035) (.0031) (.0047) | (.0044) | (.0030) | (.0021)

o | .0437 | .0545 .0640 .0603 0718 | .0633 | .0638 | .0436

(.0025) | (.0038) (.0040) (.0042) (.0039) | (.0035) | (.0091) | (.0029)
oo 177 .0886 .0967 .0880 .0507 | .0909 | .0955 | .0959
(.0620) | (.0509) (.0550) (.0523) (.0646) | (.0696) | (.0479) | (.0503)

Table 6.2.: Means, standard deviations, and Sharpe ratios for the monthly excess returns

of the G7 MSCI indices and the EWP.

once again the delta method we obtain

2 2
. d o1,  HOoL | pTUL
\/E'(;l—u)—>./\/’<0,ﬁ—?+4a4>, n —— oo,

and the standard error of i can be estimated in the same manner as €(7) or €(é). Schmid
and Schmidt (2007) obtain the same asymptotic variance under the assumption of a so-
called ‘a-mixing process’. As already mentioned this assumption is somewhat more re-
strictive than Gordin’s condition. Schmid and Schmidt (2007) also provide closed-form

expressions for the asymptotic variance of the Sharpe ratio in case of a stochastic volatility

and a GARCH model.

Table 6.2 contains the estimated means, standard deviations, and Sharpe ratios for the
monthly excess returns of the G7 MSCI indices and the EWP. The corresponding stan-
dard error estimates é(7)), €(6), and é(f1) are given in the parentheses. Obviously, the
standard errors for the Sharpe ratios are big despite of the large number of observations.
This is a common problem in performance measurement. Now we want to derive an ap-
propriate hypothesis test for the best alternative, i.e. the best performing asset. Without
any previous look at the data we may expect that the EWP possesses the largest Sharpe
ratio due to the effect of international diversification (see, e.g., Jorion, 1985). That means
the variance of the EWP return should be relatively small. Indeed, this can be verified in
Table 6.2. Hence, the EWP may serve as the benchmark portfolio and we want to know if
its estimated Sharpe ratio j1; = 0.1177 is significantly larger (or at least not smaller) than

any other Sharpe ratio.

Also the 2-dimensional random vector (fi1,/;) (j = 2,...,d) is asymptotically normally

distributed, i.e.

1 92 9y
NGE S N 0, ! Y , n —s 00.
i 14 O 03
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After some calculation we obtain

WLl  HO1WL2j 0 WL WL
010; 20%0]2- 40%0?

191j =

for j =2,...,d. Here wr; represents the long-run covariance between Ry; and Rj;, wr2;

is the long-run covariance between Ri; and (Rj; — nj)Q, wr3; is the long-run covariance

between (Ry; — m)? and Rj;, whereas w4, is the long-run covariance between (Ry; — np)?
n gt j g n

and (Rj; — n;)?. Now it follows that
o d
V- {(in = i) = (p = pg)} == N(0,97 + 93 = 201;),  n— 0.

Table 6.3 contains the values of the test statistic, i.e. Tj_1 = /n- (i1 — f1;) for j = 2,...,8,
the standard errors calculated on the basis of the long-run variances and covariances,
and the corresponding ‘p-values’. There exists no country with a Sharpe ratio being

significantly smaller than the Sharpe ratio of the EWP.

The Jobson-Korkie-Memmel test (Jobson and Korkie, 1981, Memmel, 2003) is frequently
used in the finance literature for comparing the Sharpe ratios of two asset portfolios. For
applying this test we have to assume that the asset returns are serially independent and
multivariate normally distributed. In that case there is no need to distinguish between
long-run, stationary, and conditional variances and covariances of asset returns since these
quantities simply coincide. That means 0%1 =o?, O'%j = 0’]2-, and wri; =015 (J =2,...,d).
Further, by applying some standard results of multivariate analysis (see, e.g., Muirhead,
1982, p. 43) we obtain gp; = oL; = 0, v = 20‘11, vy = 20;1, wroj = wrgj = 0, and

wLj = 20—%]. (j =2,...,d) so that

2 2 2
(i [l d K +N_2ullu,p
v ((fn = i) = (= py)) _>N<0=2(1—p1j)+ 1M . j 13>

as n — 0o, where p1; = o01j/(010;) for j = 2,...,d. The latter expression for the

asymptotic variance can be found also in Memmel (2003).

Table 6.4 once again contains the values of the test statistic 7;_; and the correspond-
ing standard errors, but now calculated on the basis of sample variances and covariances
according to the Jobson-Korkie-Memmel test. The star indicates that the corresponding
Sharpe ratio difference is significantly nonnegative on a 5% level. We conclude that the
MSCI index ‘Italy’ appears to be significantly worse than the EWP of all MSCI indices.
However, this result is based on the wrong assumption of normality and serial indepen-

dence of monthly asset returns. All in all it seems to be very difficult to validate portfolio
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Canada | France | Germany | Italy | Japan | UK | USA

T | .6214 4478 .6355 1.4320 | 0.5729 | .4739 | .4661
(.9305) (.5473) (.7453) (.9452) | (1.0180) | (.7208) | (.8499)

D 2521 .2066 .1969 0649 | .2868 | .2554 | .2917

Table 6.3.: Performance test based on long-run variances and covariances.

Canada | France | Germany | Italy | Japan | UK | USA

T | .6214 .4478 .6355 1.4320* | 0.5729 | .4739 | .4661
(.7413) (.6058) (.6972) (7915) | (.8599) | (.7066) | (.7614)

D .2009 .2299 1810 0352 2526 | .2512 | .2702

Table 6.4.: Jobson-Korkie-Memmel performance test.

strategies only by historical data. Instead, the strategies should be extensively validated
by the application of Monte Carlo methods (see, e.g., Memmel, 2004, Section 5.2) rather
than historical simulation. We can use the presented hypothesis test to judge whether
a suggested portfolio strategy dominates some other strategies significantly, as already

mentioned in Section 6.1.2.

6.3. Conclusion

In many practical situations we are searching for the best alternative among several candi-
dates. If our decision is based on historical or simulated data there is some sort of selection
bias and it is not evident if our choice is significantly optimal over all given alternatives.
This problem frequently occurs in statistical inference or decisions under uncertainty such
as portfolio optimization. Of course, such kind of decisions have to be reliable and thus
we need a strong statistical fundament to justify our choice. In the present work a large-
sample test for the best alternative has been derived in a rather general setting and it has
been demonstrated by an application to financial data. It was shown that the traditional
Jobson-Korkie-Memmel test can be generalized to ergodic stationary stochastic processes
satisfying Gordin’s condition. The presented hypothesis test accounts for conditional het-
eroscedasticity and non-normality of asset returns. We find that ignoring these kinds of
stylized facts of empirical finance can lead to false rejections of the null hypothesis and

misleading decisions.
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Figure 6.1.: Correlograms for the squared centered excess returns of the G7 MSCI indices

and the EWP. The critical thresholds for the null hypothesis Hy: p(k) = 0 (k # 0) on the

5% level are indicated by the horizontal lines.
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Chapter 7.

Asymptotic Distributions of Robust

Shape Matrices and Scales

7.1. Motivation

Since the seminal paper by Maronna (1976), covariance matrix estimation has become a
popular branch of robust statistics. Several techniques have been developed for calculating
the asymptotic distributions of robust covariance matrix estimators such as the radial dis-
tribution approach of Tyler (1982) and the approach based on influence functions (Hampel
et al., 1986). Moreover, in recent years deep insights have been gained from the viewpoint
of local asymptotic normality (LAN) theory (Hallin et al., 2006, Hallin and Paindaveine,
2006a,b).

Let X be a d-dimensional random vector possessing an elliptically symmetric distribution,
i.e. it can be represented by X = pu+ ARU, where U is a k-dimensional random vector,
uniformly distributed on the unit hypersphere, R is a nonnegative random variable that
is stochastically independent of U, u € R and A € R?* (Cambanis et al., 1981, Fang
et al., 1990, p. 42). It is assumed that R and U are unobservable quantities. The positive-
semidefinite matrix 3 := AA’ is called the dispersion matriz and R is the generating variate
of X. If E(R?) < oo, the covariance matrix of X is given by Var(X) = E(R?)/k-X, whereas
if E(R?) = oo, the linear dependence structure of X can be further described using the

dispersion matrix ¥ although Var(X) is not defined.

In general I will assume that 3 is positive-definite, i.e. r(A) = d < k. In the robust
statistics literature (Tyler, 1982, Bilodeau and Brenner, 1999, Ch. 13) and in the context
of LAN theory (Hallin and Paindaveine, 2006a, Paindaveine, 2008) it is often supposed that
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the distribution of R is absolutely continuous. Then the density of X can be written as
p(z) = Vdet 21 g{(x —p)'S~ (x—p)}, where the so-called density generator g: R* — R
depends on z only through the quadratic form (z—p)"Y~!(z—p). It can be shown (Frahm,
2004, p. 9) that the density function of R is given by f(r) oc 74 1g(r?).

Tatsuoka and Tyler (2000) wrote that ‘The assumption of an elliptically symmetric dis-
tribution is often made simply because of its mathematical tractability’. Nevertheless,
the class of elliptically symmetric distributions is a natural extension of the multivariate
normal distribution. Moreover, the elliptical distribution assumption is fundamental in
multivariate analysis and the results presented in this work generally require that the data
are elliptically symmetrically distributed. However, there is one exception where the data
are only assumed to have a generalized elliptical distribution (Frahm, 2004, Ch. 3). This

will be treated in more detail below.

Note that X = p+ ARU = p+ VSU with § :== R/7, V :=7A, and 7 > 0. This means
that if X possesses the dispersion matrix ¥, there always exists an equivalent represen-
tation of X with dispersion matrix 723, so this can be only identified if the distribution
of R is somehow restricted. However, many multivariate statistical methods like princi-
pal components analysis, canonical correlation analysis, linear discriminant analysis, and
multivariate regression require the covariance or dispersion matrix only up to some scal-
ing constant. This has been frequently observed in the literature (Croux and Haesbroeck,
1999, Hallin and Paindaveine, 2006a, Oja, 2003, Paindaveine, 2008, Taskinen et al., 2006).
If the topic of interest is not the scale but only the shape of the distribution of X, it is
not meaningful to focus on the asymptotic covariance matrix (ACM) of an estimator for
Y, Var(X) or another matrix I' oc ¥ (i.e. I' = 728, where 7 is a constant and thus not

determined by X).

Therefore I will concentrate on robust estimators for the shape matriz of X (Oja, 2003,
Paindaveine, 2008). The associated estimators for the scale are investigated concomitantly.
I will derive explicit expressions for their joint asymptotic distributions. The paper is orga-
nized as follows. Section 7.2 introduces the notation and provides some helpful prerequisites
concerning homogeneous functions. The question of how to choose an appropriate scale
is investigated in Section 7.3. This section also contains the main results concerning the
joint asymptotic distributions of estimators for the shape matrix and scale. In Section 7.4
it is shown how to calculate the asymptotic distributions of such estimators on the basis of

some well-known robust covariance matrix estimators, namely M-, R-, and S-estimators.
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7.2. Prerequisites

7.2.1. Notation

The following notation will be used in the sequel. The d? x d? identity matrix is symbolized
by I;2. Let e;; be the d x d matrix with 1 in the ¢jth position and zeros elsewhere. The
d?> x d? matrix Jp is defined as Jp = Zle €;; ® e;;, where ‘®’ denotes the Kronecker
product (Schott, 1997, p. 253). The n x m matrix A’ denotes the transpose of an m X n
matrix A. In contrast, if f is an R-valued function on an open subset of R, then f/(x)
stands for the derivative of f at € R. Further, the commutation matriz K is the d? x d?
€;j ®ej; (Schott, 1997, p. 277).

matrix given by Kz := Zf i1

For any symmetric d x d matrix A , the d>-dimensional vector vec A is obtained by stacking
the columns of A on top of each other, whereas vech A denotes the d (d+ 1)/2-dimensional
vector obtained by stacking only the elements of the lower triangular part of A. Further,
the duplication matriz is the d?> x d(d + 1)/2 matrix Dy such that Dgvech A = vec A
(Schott, 1997, p. 283). Then it holds that D} vec A = vech A, where the d (d + 1)/2 x d?
matrix D;l" is the Moore-Penrose inverse of Dy (Schott, 1997, p. 284). Let Iy be defined
as the {d(d + 1)/2 — 1} x d(d + 1)/2 matrix Iy := [0 Ij(g41)/2-1] and Ny := IpD, so
that vechgA := Nyvec A is the vech of A deprived of its first component A;; (Hallin and
Paindaveine, 2006a).

I will frequently calculate the differential of an R™-valued function f, i.e. df = Jr0x,
where Jy := 0f(x)/0x" € R™™ denotes the Jacobi matrix of f at € R". Suppose
that = represents the vec of a symmetric matrix. Then each off-diagonal element in the
lower triangular part of that matrix represents an implicit function of the corresponding
off-diagonal element in the upper triangular part and vice versa. However, I will not take
the symmetry into consideration when calculating the partial derivatives of f. Otherwise,
to adjust for the redundancies caused by the symmetry it would be necessary to apply the
operator (Iz2 + J42)/2 on the partial differentials Ox when calculating the total differential
df. Hence, to avoid additional notation and tedious calculations of implicit derivatives,
the Jacobi matrix Jy is understood to be the matrix of partial derivatives of f which are
obtained by ignoring the symmetry condition. In the present context this poses no problem

since Jy is always used only in combination with Jw.
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7.2.2. Homogeneous Functions

Consider a differentiable R™-valued function h of x € R™. The function h is said to be
homogeneous of degree v € R if h(ax) = o’h(x) for all x € R™ and a > 0. Due to
the Euler relation it holds that Jpx = vh(x). A function f is said to be scale-invariant
if it is homogeneous of degree 0, i.e. f(ax) = f(x) for all &« > 0. This means that
Jrx = 0 and if h is homogeneous of degree 1, it holds that Jyz = h(x). In the following
a homogeneous function is always understood to be homogeneous of degree 1. Note that

the partial derivatives of any homogeneous function are scale-invariant.

Let P? be the set of all symmetric positive-definite d x d matrices and ¢: P — RF a scale-
invariant function, i.e. p(al') = ¢(I') for all @ > 0 and I' € P%. In particular, consider
a scale-invariant function Q(T') = T'/o?(T"), where o2 : P¢ — RT is an homogeneous
function, i.e. 0?(al') = ao?(I') > 0. It is supposed that the so-called scale function o? is
differentiable at any point I' € P? and also that 0%(I;) = 1. Then ¢?(T') is called the scale
of I'. The matrix Q(T") will be called the shape matriz (with respect to the scale function

0?) belonging to I'. T will write 02 = 02(I') and Q = Q(T') whenever these quantities

cannot be confused with the corresponding functions.

Note that 02(Q) = 1 and ¢ 0 Q = ¢, since P{Q)} = p{I'/o?(T")} = p(T'). For instance,
the correlation matrix produced by I' is scale-invariant and thus it can be derived from
any shape matrix 2. Hence, whenever €, is an estimator for 2, an estimator for ¢(I") is
simply given by ¢(€2,). This is a formal justification of directing one’s attention to shape
matrices (Frahm and Jaekel, 2007a, Hallin and Paindaveine, 2006a, Oja, 2003, Paindaveine,
2008, Taskinen et al., 2006). General robustness and efficiency properties of scale-invariant

functions have been investigated by Tyler (1983).

7.3. Asymptotic Distributions

7.3.1. The Choice of the Scale Function

In most cases asymptotic normality of robust estimators u, and I',, for the mean vector
and covariance matrix can be guaranteed by the usual regularity conditions given in the
robust statistics literature. Typically u, and '), are also asymptotically independent. In
the present work it is shown that the asymptotic independence of an estimator €2,, for the

shape matrix and an associated estimator o2 for the scale can only be guaranteed for one
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and only one scale function o?. A similar result in the context of LAN theory has been

obtained by Paindaveine (2008) (see below).

Let I';; be some estimator for I' o« ¥ where n represents the sample size. The corresponding
shape matrix estimator is given by Q, := I',/0?(I',). At first glance the choice of the
scale function o might be considered as arbitrary and the following variants can often be

observed in the literature (Paindaveine, 2008):

(S1) Frahm (2004, p. 64), Hallin et al. (2006), Hallin and Paindaveine (2006b), Hettmans-
perger and Randles (2002) as well as Randles (2000) simply choose ¢%(T') = I'1; so
that Q7 = 1.

(S2) Diimbgen (1998), Frahm and Jaekel (2007b) as well as Tyler (1987a) take the scale
function o2(I') = (tr[')/d so that trQ = d.

(S3) Diimbgen and Tyler (2005), Hallin and Paindaveine (2008, 2009), Paindaveine (2008),
Salibian-Barrera et al. (2006), Taskinen et al. (2006) as well as Tatsuoka and Tyler
(2000) postulate o(T") = (det I')"/? so that det Q = 1.

Paindaveine (2008) considers the latter normalization as canonical since this is the only
one where the Fisher information matrix with respect to the mean vector, shape matrix
and scale is block diagonal if the distribution of X or, more precisely, the corresponding

experiment is LAN (van der Vaart, 1998, Ch. 7).

The scale functions defined by S2 and S3 correspond to the arithmetic and geometric
means of the eigenvalues of I', respectively. Hence, another possible scale function is given

by the harmonic mean of the eigenvalues of I, i.e.
(S4) o*(T) =d/(trT ') so that tr Q! =d.

It is worth pointing out that shape matrices are not affine equivariant, since

W VIV o*(T ,
CVIVD = S 02(1/(N)//) vamy

for any nonsingular d x d matrix V and generally ¢%(I") does not correspond to o?(VI'V').
This is not surprising because even after an affine-linear transformation of the data, the
shape matrix has to satisfy the scaling condition 0?(2) = 1 and so the equality Q(VI'V’) =

VQ(T)V'" cannot be guaranteed in general. However, a natural requirement is that the
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equivariance property holds at least for all transformations V with ¢2(VV’) = 1. This
means that if not the scale but only the shape of the distribution of X is affected by V,

the shape matrix should remain equivariant.

More generally, it can be required (Tyler, 2002) that
vom)v’
QVIV) = ——F,
( ) a2(VV)
ie. a2(VI'V') = o?2(VV')o%(T). Interestingly, from the scale functions considered in S1-
S4 only the canonical one (S3) satisfies this kind of affine equivariance property. This is
another argument in favor of the determinant-based normalization proposed by Paindaveine

(2008).

The previous arguments as well as a thorough discussion in Hallin and Paindaveine (2006a)
show that the choice of the scale function must be driven by statistical considerations and

should be handled carefully.

Lemma 7.1 Let Q(T') =T'/o?(T') be a d x d shape matriz and 02 a scale function. Then

~ OvecQ(I)

1
Dlvecly o7 L T vee R Jozks

Jo:

where
9% (T) 05%(Q)

Jor = d(vecT) - d(vec Q)

Proof. By the product rule it follows that

1 Ovecl vec
0% O(vecl') ot

Jo = .jUF%{IdQ—vecQjﬁ}.

Since the partial derivatives of a homogeneous function are scale-invariant, it holds that

T2 = 002(Q)/0(vec Q). [ ]

In the following I will write W := [ — vecQ J,2 for notational convenience.

7.3.2. Main Results

Let Q be a symmetric random d X d matrix. A symmetric random d x d matrix M is said
to possess a radial distribution if OMO" ~ M for any orthogonal d x d matrix O (Tyler,
1982). In the following let N be a symmetric random d X d matrix with finite second
moments. It is supposed that N is of the radial type with respect to a symmetric positive-

definite d x d matrix I". This means that TNT" has a radial distribution whenever the d x d
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matrix 7" is such that 7'7 = I'"!. Further, let (I';) be a sequence of symmetric positive-
definite random d x d matrices and (02) an associated sequence with o2 := o2(T,,), where

o? is a scale function. Moreover, consider the sequence (£2,,) of symmetric positive-definite

random d X d matrices with €, := Fn/ag .

Theorem 7.2 Let 02 be a scale function and Q = Q') = T'/o?(T) the shape matriz
belonging to T'. Further, let (a,) be a sequence of real numbers increasing to infinity such

that a,(vecT'y, — vecI') —4 vec Q as n — oo with E(vec Q) = 0 and
Var(vec Q) = 71 (Ip2 + Kg2)(T @ T) + 72 (vecT) (vec T, (7.1)

where y1 > 0 and 3 > —271/d. Then it follows that

an - %57 n—oo,
vec ()

where 0% = o%(T), € is a (d? + 1)-dimensional random vector with E(¢) =0, and

2

On

vec (2,

o2 a2, Q,
N IR (CO R (LAY
V(o2,Q,) V()

More specifically,
Vion) = o* {21722 @ )T}z + 72}
with J,2 = 002()/0(vec Q) and o* = {o*(T)}?,
V(o2, Q) = 27102 T (Q® )T,

with ¥ = I ;2 —vecQ T2, and

V(Qn) = ’71\P(Id2 + KdQ)(Q &® Q)\I’/ .

Proof. The vector {o?(I"), vec Q(I")} is differentiable at vecI" and thus

o
an —
( lvec Qn]

where J,2 g is defined as 0{c*(T"), vec Q(T")}/d(vecT)’. From E(vec Q) = 0 it follows that
E(£) = 0 and the variance of the first element of ¢ is given by V(02) = J,2 Var(vec Q).J/,.

n

o2

d
>—>£:ZJUZ’QVGCQ, n— oo,

vec ()

2 is a homogeneous function it holds that J,2vecT' = o2, Note also that J,2 (12 +

Kp) =27, and thus

Since o

V(02) = 21T, (T @ 1) T2 + 120" = 0* {2717,2(Q® Q) T2 + 72} -
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Similarly, the covariances between the first element of ¢ and its residual elements are given
by V(02,Q,) = J,2Var(vec Q)¥'/o?. Since Q is a scale-invariant function of I', due to

Euler’s relation it holds that (vecI')'¥’ = 0 and thus
V(02,0) =TI + K)(T @)V /0% = 2v,0° T2 (Q @ Q)T (7.2)

The expression for the variances and covariances of the residual elements of ¢, i.e. V()

follows by a straightforward application of the arguments given above. [ |

The next proposition ensures that the preceding theorem is applicable to any case where
I',, represents an affine equivariant covariance matrix estimator and the data stem from an

elliptically symmetric distribution.

Proposition 7.3 Let 02 be a scale function and Q = Q(I') = I'/o?(T") the shape matriz
belonging to T'. Further, let (a,) be a sequence of real numbers increasing to infinity such
that a,(vecT), — vecT') —4 vec N as n — oo. Here E(vecN') =0 and N is of the radial

type with respect to the matrix I'. Then the conditions of Theorem 7.2 are satisfied.

Proof. It is only necessary to show that the second-moment condition (7.1) is satisfied.

Since N is of the radial type, this follows immediately from Corollary 1 of Tyler (1982). m

In the following I',, can be interpreted as a covariance matrix estimator. Due to the central
limit theorem, in most practical situations it can be found that a,, = v/n and the random
vector vec N is multivariate normally distributed. A well-known exception is the minimum
volume ellipsoid (MVE-)estimator (Rousseeuw, 1985). This is only /n-consistent and its
asymptotic distribution is non-normal (Davies, 1992). Nonetheless, whenever I';, is affine
equivariant and the data stem from an elliptically symmetric distribution, the limiting
random matrix A is of the radial type (Tyler, 1982). Hence, Proposition 7.3 is applicable

to a wide range of covariance matrix estimators.

An important consequence of Theorem 7.2 is that the asymptotic distribution of §2,, is only
driven by the number 7 . This means that v has no impact on the asymptotic distribution
of €, . Hence, the asymptotic relative efficiency of some shape matrix estimator €2,
compared to another shape matrix estimator €9, (i.e. the two estimators are based on the
same scale function o2 but different covariance matrix estimators) can be simply calculated

as the ratio y12/7v11, where 711 is the v of Qq,, and 712 is the vy of Qg (Tyler, 1983).
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Corollary 7.4 Suppose that the conditions of Theorem 7.2 are satisfied and o corresponds
to the scale function given by S3. Then it holds that

Ve =o' (B ). VR o,

and

V() =1 (L + Kp)(Q 0 Q) — 2% - (vee Q) (vec QY . (7.3)

In particular, if vec Q is multivariate normally distributed, the quantities o2 and €, are

asymptotically independent.

Proof. Note that

B o? Odet’ 2
~ ddetT’ 9(vecT')

T2 S(veeT™H = (vec Q7Y /d.

7
o d

Due to Theorem 7.2 the asymptotic variance V(o2) is given by
V(o2) = 0" {211 T,2(Q® Q)T + 72}

and note that (Q®Q)J/, = vecQ/d. Moreover, J,2vecQ = 1, which means that V(o3) =
0*(271/d + 72). Further,

V(o2, Q) = 271020 (Q @ 0) T2 = 2y10% Uvec Q/d.

ns

Due to Euler’s relation it holds that Wvec{) = 0 and thus V(¢2,Q,) = 0. This means
that o2 and Q, are asymptotically uncorrelated or even independent if vec Q is multivari-
ate normally distributed. Finally, the expression for V() follows by a straightforward
calculation after noting that J,2(Q®@ Q)J., = 1/d. ]

Theorem 7.5 Suppose that the conditions of Theorem 7.2 are satisfied with v4 > 0. Then
the scale function given by S8 is the only one where o2 and Q,, are asymptotically uncor-

related.

Proof. Paindaveine (2008) shows that the determinant-based scale function given by S3
is the only one where the Fisher information is a block diagonal matrix if the family of
elliptically symmetric distributions considered is LAN. Suppose that the data are multi-
variate normally distributed. Then Theorem 7.2 applies to the sample covariance matrix
and it is clear that the family of multivariate normal distributions is LAN. The Fisher in-

formation is the inverse of the ACM of o2 and (2,, (which can be obtained after re-shaping
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Q,, to avoid singularity (Hallin and Paindaveine, 2006a,b)). Hence, there is no other scale
function such that (7.2) vanishes. Since the latter is only an algebraic statement, the same

must hold for any other distribution under the conditions of Theorem 7.5. [ |

Theorem 7.5 extends the main result of Paindaveine (2008) which has been obtained in the
context of LAN theory. Similarly, it can be shown that the canonical scale function is the
only one which admits the simple representation of the ACM of a shape matrix estimator
given by Eq. 7.3. In fact, this ACM exhibits the same desirable form as the ACM of any
affine equivariant covariance matrix estimator according to Theorem 7.5 and Eq. 7.1. The
operators W and 7,2 corresponding to the remaining scale functions defined by S1, S2,

and S4 are now given for convenience without an explicit derivation.

ad S1. J,2 = €}, where e is the d? x 1 vector with 1 in the first position and zeros

elsewhere, so that U = I 2 — vecQe] .

ad S2. J,» = (vecly)'/d and thus ¥ = I,z — (vecQ)(vec ;) /d (see also Theorem 5 in
Sirkid et al., 2007).

ad S4. It can be shown that J,2 = d/(trT71)% - (vecT'72) = (vec Q= 2)’/d, where 72 :=
I r~tand Q2:=Q7 107 ie U =1, — (vecQ)(vecQ %) /d.

If a shape matrix estimator 2,, defined via a scale function 0% is renormalized by applying

some other scale function o2 to €21, its ACM simply corresponds to
V(Qan) = NT2(lez + Kp2)(Q © Q2) T3, (7.4)

where Wy = I ;2 —vec )y jag and (s is the shape matrix belonging to I' with respect to the
scale function a% . This means that the first normalization has no impact on the asymptotic

distribution of €, .

7.4. Robust Covariance Matrix Estimation

In the following I will present some well-known robust covariance matrix estimators (i.e.
M-, R-, and S-estimators) which satisfy the aforementioned conditions and calculate the
joint asymptotic distributions of the corresponding estimators for the shape matrix and

scale. It is neither possible nor reasonable to study here all existing robust covariance
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matrix estimators (for some contemporary overviews see, e.g., Zuo, 2006, Maronna et al.,

2006, Ch. 6), but the essential concept might become clear from the subsequent discussion.

Let I';, be an affine equivariant estimator which is consistent for I'. Due to the general result
of Tyler (1982), in most practical situations I';, is asymptotically normally distributed with
ACMV(T,) =n(Ip+Kg)(T@T)+72(vecT)(vecT'), where v > 0 and 2 > —27v; /d usu-
ally depend on the generating variate R . In the following I will only present the numbers
v and 2 . The y/n-convergence to the normal law is implicitly assumed. Hence, Theorem
7.5 implies that the canonical scale function is the only one where the estimators for the
shape matrix and scale are asymptotically independent. As a counterexample consider
the MVE-estimator. This is not y/n-consistent and asymptotically normally distributed
(Davies, 1992). However, since the MVE-estimator is affine equivariant and the rate of
convergence does not matter, the corresponding MVE-estimators for the shape matrix and
scale remain asymptotically uncorrelated (under the elliptical distribution assumption).

Throughout this section it is supposed that the unknown location vector p € R% can be
substituted by some /n-consistent estimate (here, too, it has already been demonstrated
by Rousseeuw (1985) that the MVE-estimator for the location is only {/n -consistent and
its asymptotic distribution is non-normal). In most cases — under mild regularity conditions
concerning the distribution of X (see, e.g., Hallin and Paindaveine, 2006b, Tyler, 1987a,
Bilodeau and Brenner, 1999, Ch. 13) — it can be shown that the resulting covariance matrix
estimator is asymptotically normally distributed, possessing an ACM of the form which is
required in Theorem 7.2. Hence, in the following X, ..., X,, will represent centered i.i.d.

random vectors for simplicity and without loss of generality.

7.4.1. M-Estimation

An M-estimator for T' (Maronna, 1976) is defined as a solution of
n

r, = w(X TN X)X XY

t=1

S

where w: RT — Ra' satisfies a set of general conditions (Maronna, 1976, Bilodeau and
Brenner, 1999, Section 13.4.1). The estimator T, is strongly consistent for the matrix
I' = E{w(X'T~'X)X X'} which is related to the dispersion matrix of X by I' = 723,
where 7 > 0 is such that E{¢)(R?/72)} = d with 9(¢) := tw(t). The numbers 7; and v,
can be calculated using v; = (d + 2)%¢1/(d + 212)? and

(V1 — 1) = 2 (o — 1) 1 {d + (d + 4) b2} /(d + 21b3)?
3 ’
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where 1 1= E{¢?(R?/7%)}/{d (d + 2)} and 15 := E{¢/(R?/7?) R?}/(dr?) (Tyler, 1982,
Bilodeau and Brenner, 1999, p. 223).

If X possesses a continuous elliptical distribution and 3, is the corresponding ML-estimator
for the dispersion matrix %, it holds that v = {d(d + 2)/4}/E{h?*(R?)} and o =
=271 (1 = 7)/{2 + d(1 — m1)}, where h(t) := tdlogg(t)/ot. If X ~ Ny(0,%) and
>, represents the sample covariance matrix, it holds that v; = 1 and % = 0. Other-
wise the sample covariance matrix is an M-estimator where ¢ (t) = t. This means that
B(R2/72) = B{Y(R2/72)} = d, ¥y = d/(d +2) - B(RY)/EA(R2), and 2 = 1, s0 1 = 11
and 7o = 1 — 1 if R has a finite fourth moment.

Now special attention is devoted to Tyler’s M-estimator (Tyler, 1983, 1987a)
n

d Xt St
T,=-y =t 7 7.5
Z X/T, 1Xt n Z SiT;, 15 (7.5)

t

where S; = X;/||Xt||, || - | denotes the Euclidean norm, and it is only supposed that
P(R > 0) = 1. Note that T, is not affected by the realizations of the generating variate
R, since S = X/|| X| = RAU/||RAU|| = AU/||AU|| (a.s.).

This means that Tyler’'s M-estimator is distribution-free in the context of elliptically sym-
metric distributions. This has been already observed by Tyler (1987b). Frahm and Jaekel
(2007a,b) pointed out that the distribution-free property even holds within the class of
generalized elliptical distributions. A random vector is said to have a generalized elliptical
distribution if its generating variate R can be negative and might depend on U (Frahm,
2004, p. 46). This feature allows for the modeling of various kinds of asymmetries (?Frahm,
2004, Section 3.4). For instance it can be shown that any skew-elliptical distribution (Liu
and Dey, 2004) belongs to the class of generalized elliptical distributions (Frahm, 2004,
p. 47).

Tyler’s M-estimator (7.5) is unique up to a scaling constant. Hence, in fact T}, is a genuine
shape matriz estimator since it can only be calculated with some suitable scale function o2
such that 02(7,,) = 1. Originally, Tyler (1987a,b) applied the trace-based scale function
given by S2, whereas in Tatsuoka and Tyler (2000) the authors prefer to use the canon-
ical normalization S3. For the purpose of calculating the asymptotic distribution, Tyler
(1987a,b) focuses on T',, := d/(tr ©~'T},) - T}, , which means that he defines the scale of T},
via ¥ by 0%(T},) = tr 77T, /d. This leads to 0?(T,,) = 0%(X) = 1 for any positive-definite

d X d matrix 2.
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Note that in contrast to some normalization according to S1-S4, the shape matrix esti-
mator T, is indeed affine equivariant and consequently its ACM (Tyler, 1987b) exhibits
the simple structure suggested by Eq. 7.1, namely

VT =2 e 4 Ky o) -

2(d+2)

P (vec YD) (vec X)'. (7.6)

Since Y represents a shape matrix with respect to Tyler’s scale function, this ACM in fact
corresponds to the ACM given by Eq. 7.3 with 1 = (d+2)/d. Furthermore, the Jacobian
of Tyler’s scale function is given by J,» = (vecX~!)/d and this actually corresponds
to the Jacobian of the canonical scale function (see the proof of Corollary 7.4). This
means that by using Tyler’s scale function in association with some other affine equivariant
covariance matrix estimator, the corresponding estimators for the shape matrix and scale
become asymptotically uncorrelated. This seems to contradict Theorem 7.5. However,
note that Tyler’s ¢? in general does not meet the natural requirement o?(I;) = 1 and
unfortunately 7, cannot be applied in practical situations, since o2 is determined by the

unknown parameter 3.

An alternative way of obtaining the desired ACM of Tyler’s M-estimator is as follows.
Note that T;, is simply an M-estimator with ¢(¢) = d. This means that ¢; = d/(d + 2)
and ¥ = 0, so 73 = (d + 2)/d and v, is not defined (since o cannot be estimated
by T),). Hence, due to Theorem 7.2, the ACM of T,, generally corresponds to V(T},) =
(d+2)/d-V(Ip + Kg)(Q®Q)¥'. Moreover, due to Corollary 7.4 the ACM of Tyler’s
M-estimator, based on the canonical scale function, corresponds to (7.6) where ¥ has to

be substituted by .

7.4.2. R-Estimation

The R-estimator for the shape matrix has been introduced by Hallin et al. (2006). Consider
Tyler’s M-estimator 7T, which is normalized according to S1, i.e. the upper left element
corresponds to 1. The R-estimator is based on a discretized version of T, . Suppose
that = is a component of T,,. Then it can be discretized by 27 := sgnax//n [v/n|z|]
(Hallin et al., 2006), where [y]| denotes the smallest integer not smaller than y € R.
The corresponding discretized version of Tyler’s M-estimator is denoted by T¥. Hallin
and Paindaveine (2006b) also define U; := (T3 )~Y2X,/|(T;7)~1/2X,||. Here A~Y/2 de-

notes a positive-definite d x d matrix such that A=Y/2A4=1/2" = A=1 where A~! is the
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inverse of a symmetric positive-definite d x d matrix A. Further, R; represents the rank

of ||(T7)~1/2X,|| with respect to the sample X1, ..., X, .

Let fs: RT — Ra' be the density function of some imaginary generating variate S, whereas
fr refers to the true generating variate R . Consider the cumulative distribution functions
Fs(z) = [y fs(r)dr and Fr respectively. Here both R and S are absolutely continuous
and satisfy some weak regularity conditions which guarantee local asymptotic normality
(Hallin and Paindaveine, 2006b). As already mentioned before, the density function of S

r4=lgs(r?), where gs is the density generator of S. However, in the

is given by fs(r) oc
following consider the function f&(r) := r=(@=Y fs(r) = gs(r?) and for 0 < p < 1 define
Ks(p) = Q,ZJS{Fs_l(p)}Fs_l(p), where FS_1 is the quantile function of S and ¥s(x) =
—f§(x)/f&(x). Now, the so-called cross-information coefficient (Hallin et al., 2006) is
given by

1
Trs = /0 Kr(p) Ks(p) dp. (77)

Also define

n

- Ry Ks
A, = My (TQLéé ® Tf) 1/2 {KS — vec(UtUg) — —— - vec Id}
; <n—|— 1) d

with K5 :=1/n Y1 Ks(t/(n +1)). The {d(d +1)/2 — 1} x d* matrix My symbolizes
the Moore-Penrose inverse of N/, (where Ny is such that Ngvec A = vechgA). Further, let
U, = Ip —vecTy e} and Q, :== Ng¥,, (12 + Kgp) (T ®T#)\I'/nNc/z- Now the R-estimator
Q, is defined in terms of the vech operator, namely

d(d+2)
2n

VeCh(]Qn = VeChoTjE + : f{g’l‘s‘,n QnAn )

where I s, represents some consistent estimator for the cross-information coefficient (7.7)

(Hallin et al., 2006). The upper left element of €, is set to 1.

Thereafter, following the arguments of Hallin and Paindaveine (2006a) and Paindaveine
(2008), one can apply a renormalization by using the canonical scale function and the
ACM of the resulting R-estimator readily follows by applying Eq. 7.4 with v; = d(d +
2) Zs,s/Ign- In particular, if S ~ R, it holds that vy = d(d + 2)/Ir g with T g =
fol K% (p)dp = E(¢%(R) R?). From ¢g(r)r = —2r2¢'(r*)/g(r?) it follows that o% (r) r? =
4h%(r?), where h has already been defined in Section 7.4.1. Recall that the function h is
used for calculating the ACM of an ML-estimator. This means that if S ~ R, the R-
estimator has the same limiting distribution as the corresponding ML-estimator and thus

it becomes asymptotically efficient.
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7.4.3. S-Estimation

The S-estimator for the dispersion matrix (Davies, 1987) can be defined as

I, = arg min det T
Tepd

subject to
n

p(w/Xl{T—lXt> = ap(o0),

=1
where 0 < a < 1 and p: RT — Rar has to be bounded, increasing, and sufficiently smooth

S

(Croux and Haesbroeck, 1999, Tyler, 2002, Bilodeau and Brenner, 1999, Section 13.4.2).

The chosen constraint guarantees that I',, is consistent for I' = 72%, where 7 > 0 is such
that E{p(R/7)} = ap(0).

Let 1) be the first and 1)’ the second derivative of p. It is assumed that
E{¢/(R/7)} >0 and  E{/'(R/7)R?*/7+ (d+1)¢(R/T)R} > 0.

Then the numbers v; and v, are given by

_ d(d+2) E{¢*(R/7) R?}
- EH{Y/(R/T) R/ + (d+ 1) d(R/T) R}

Al

and

_ Ar*Var{p(R/7)} 21
V2 =

E2{y(R/r)R}  d

(Davies, 1987, Lopuhad, 1989, Bilodeau and Brenner, 1999, p. 225).

7.5. Conclusion

In most practical situations the matter of interest is only the covariance matrix up to some
unknown scaling constant. In that case covariance matrix estimation can be reduced to
shape matrix estimation and so it is adequate to focus on the asymptotic distribution of a
given shape matrix estimator. In the present work robust estimators for the shape matrix
and its associated scale have been investigated. I derived explicit expressions for their
joint asymptotic distributions and generalized a result which has been recently obtained in
the context of local asymptotic normality theory. The given instruments are applicable to
a wide range of problems in multivariate analysis such as principal components analysis,

canonical correlation analysis, linear discriminant analysis, and multivariate regression.
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Chapter 8.

Distribution-Free Shape Matrix

Estimation for Incomplete Data

8.1. Introduction

During the last decades robust covariance matrix estimation has become a popular branch
of robust statistics. Many different estimation approaches have been established until
today. For a broad overview on robust statistics see Hampel et al. (1986), Huber (2003),
and Maronna et al. (2006). In the literature there exist many robust techniques to insulate
from the ‘bad influence’ of outliers. For the subsequent discussion it is important to
distinguish between the robust, the nonparametric, and the distribution-free estimation

approach which are often mixed-up.

1. The robust approach produces an estimator which is less sensitive to contaminated

data such as outliers or clusters.

2. The nonparametric approach is based on the empirical distribution of a random

quantity without specifying some parametrical model.

3. The distribution-free approach leads to an estimator whose finite-sample distribution

is invariant against some part of the data-generating process.

Robust approaches (a) can be inherently parametric. For example, M-estimators are al-
ways constructed on the basis of some parametric (pseudo-)model (Hampel et al., 1986,
p. 230). However, M-theory specifically allows for discrepancies between the pseudo-model

and the true model. If the pseudo-model appropriately accounts for outliers or clusters
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then typically the resulting estimator will become robust. Further, the nonparametric ap-
proach (b) can be justified by the Glivenko-Cantelli theorem or, more generally, by the
fundamental properties of empirical processes (van der Vaart, 1998, Ch. 19). However, if
the data are not normally distributed this approach can lead to highly non-robust esti-
mators. For instance, the sample covariance matrix can be derived as a nonparametric

estimator and it is well-known that this is not robust against outliers.

For understanding the distribution-free approach (c) consider a linear regression model

Y =01+ X+ ...+ B Xim +u, t=1,...,n,

where ) )
I X2 Xuz -0 Xim
. 1 Xog oo oo Xom
_1 Xn2 Xn3 T Xnm_
represents an n x m matrix (n > m) of stochastic regressors and v = (uy,...,u,) is a

spherically distributed random vector being stochastically independent of X. The OLS-

estimator
.9 v
0° = ,
n—m

for the residual variance o2

is independent of X since @ is the complement of the orthogonal
projection X(XTX) ' X Ty, ie 4= (I, — X(XTX) ' XT)u. That means '@ and so 62
is only determined by w and so it represents a distribution-free estimator with respect to

X. Thus distribution freeness primarily has nothing to do with robustness and especially

such estimators might result from parametric models.

Of course, nonparametric methods can be called ‘distribution-free’ since they do not re-
quire any or only some weak assumptions about the sampling distribution. Here the notion
‘distribution-free’ shall indicate that the requirements concerning the underlying distribu-
tion are minimal and therefore Rao (1965, p. 422) suggested to use the terms ‘nonpara-
metric’ and ‘distribution-free’ synonymously. However, following the arguments of Kendall
and Sundrum (1953), we think that it is more convenient if the attribute ‘distribution-free’
refers to the finite-sample distribution of the resulting estimator which of course has direct
consequences for the associated confidence intervals and hypothesis tests. If a distribution-
free estimator is invariant against the ‘contaminating part’ of the data-generating process,

i.e. the underlying mechanism which is responsible for outliers or clusters, it is a completely
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robust estimator. The main purpose of the present work is to derive a completely robust
estimator for the shape matrix of a generalized elliptically distributed random vector if the

data are incomplete.

The notion of robust ‘covariance matrix’ estimation is somewhat ambiguous since many
robust statistical procedures actually do not estimate the covariance matrix but some
other matrix being proportional to the covariance matrix. Indeed, a large number of
multivariate statistical methods like principal component analysis, canonical correlation
analysis, linear discriminant analysis, and multivariate regression require the covariance
matrix only up to a scaling constant (Oja, 2003, Paindaveine, 2008, 7). Let P? be the set
of all symmetric positive-definite d x d matrices and ¢: P? — R a scale-invariant function,
ie. p(aX) = (X) for all & > 0 and ¥ € P%. Now consider a scale-invariant function
Q) = X/0?(2) where 02 is a positive homogeneous function, i.e. 02(aX) = ac?(X) > 0.

The matrix Q(X) will be called a shape matriz associated with X . Note ¢ o Q = ¢ since

pl®)} = w{%} = ¢(%).
For instance the correlation matrix associated with some positive-definite matrix X is scale-
invariant and thus it can be derived from any shape matrix 2. Since the most problems of
multivariate statistics are scale-invariant, in the following discussion we will concentrate on
shape matrix rather than covariance matrix estimation. The reader should keep in mind
that whenever () is a distribution-free estimator for the shape matrix 2, a distribution-free

estimator for p(X) (e.g. the parameters of a linear regression) is given by cp(ﬁ)

We will present a shape matrix estimator which is distribution-free within the class of
generalized elliptical distributions (Frahm, 2004). In the complete-data case the presented
estimator corresponds to Tyler’s M-estimator (Tyler, 1983, 1987a). However, in the context
of missing data there is still not much work on robust covariance matrix estimation. One
of the few available approaches is to maximize the observed-data likelihood function of
heavy-tailed or contaminated data (Little, 1988). This is a parametrical approach and
the aim of the present work is to formulate an alternative distribution-free estimation
approach for missing data. It turns out that the resulting estimator is a completely robust
ML-estimator which can be viewed as a non-trivial generalization of Tyler’s M-estimator.
Thus it is possible to obtain its asymptotic properties by standard results of likelihood
theory. We present a fast algorithm for calculating the estimate which works well even for

high-dimensional data. Further, we provide a simulation study covering the complete-data
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as well as the incomplete-data case using clean and contaminated data under the different

missingness mechanisms MCAR, MAR, and NMAR.

8.2. Elliptical Distributions

8.2.1. Elliptically Symmetric Distributions

Consider a d-dimensional elliptically symmetric distributed random vector X. That is X

can be represented by

X =p+ARU, (8.1)

where U is a k-dimensional random vector, uniformly distributed on the unit hypersphere,
R is a nonnegative random variable being stochastically independent of U, € R? and
A € R¥F (Cambanis et al., 1981, Fang et al., 1990, p. 42). The random variable R is
called the generating variate of X and in the special case =0 and A = ol with o > 0,

the random vector X is spherically distributed on R¢.

Note that the number k principally can be larger than d. For instance, consider some

latent factor model for a d-dimensional random vector X, i.e.
X=p+LF+¢,

where L € R¥™/ with f < d is a matrix of factor loadings, F is an f-dimensional random
vector of common factors, and € is a d-dimensional random vector of idiosyncratic risks

such that (F,e¢) is spherically distributed on R/*.

In case k > d there always exists a reduced form representation of X. The distribution
of X is determined by A only through the dispersion matriz ¥ := AAT (Cambanis et al.,
1981). Let the d x r matrix I with 7 < d be a root of ¥, i.e. I'T'T = . Then

X=p+1T8U,

where U is now an r-dimensional random vector on the unit hypersphere. Further, S :=
R+/B with 3 ~ Beta(r/2, (k —r)/2) is stochastically independent of R and U (Cambanis
et al., 1981). In contrast, if k£ < d the dispersion matrix cannot be positive-definite which
might also happen in case k > d. However, in the following we will generally assume that

3} is positive-definite, which means that r A = d and refer to a full-rank representation of
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X (Cambanis et al., 1981) whenever this is elliptically symmetric distributed. Hence, it is

assumed without loss of generality that A is a nonsingular square matrix.

The random vector X possesses a density function if and only if R is absolutely continuous

and then the density of X is given by
p(a) = Vdet X1 g{(z — ) TS (& — p)} . (8:2)

The so-called density generator ¢ is a nonnegative function on the set of all positive
real numbers which depends on z only through the quadratic form (z — p)"S 7 (2 — p).
Conversely, if some random vector X has an elliptically contoured density of the form
(8.2) it is elliptically symmetric distributed. Consider for instance the density generator
g(z) = (2m)~%? exp(—2z/2) of the multivariate normal distribution. Moreover, the density

generator g can be calculated from the density of R by the relation

o0 = D (), a0,

where f represents the density function of R (Frahm, 2004, p. 9).

Depending on the chosen density function of R, elliptically symmetric distributions allow
for the modeling of exponentially decaying density functions (e.g. the multivariate normal
distribution), heavy tails either with finite variance (e.g. the multivariate ¢-distribution
with v > 2 degrees of freedom) or infinite variance (e.g. multivariate symmetric a-stable
or, say, sub-Gaussian distributions), and semi-heavy tails (e.g. multivariate symmetric
generalized hyperbolic distributions). Note that if the generating variate R is heavy-tailed
possessing some tail index o (Mikosch, 2003), the corresponding random vector is also

regularly varying with the same tail index (Hult and Lindskog, 2002, Frahm, 2006).

8.2.2. Skew-Elliptical Distributions

Elliptically symmetric distributions suffer from the lack of skewness or, more generally,
different kinds of asymmetries which can be often observed from empirical data. Thus
a popular generalization of elliptically symmetric distributions is provided by the class of
skew-elliptical distributions (Liu and Dey, 2004). Consider a (d+1)-dimensional elliptically
distributed random vector X* = (Z,Y") with location vector p* = (0,u) and dispersion
matrix

1 T
= b ,

3 ¥
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where Y is a d-dimensional random vector associated with the location vector p and dis-
persion matrix ¥. Now the random vector X := (Y | Z > 0) is said to be skew-elliptically
distributed (Branco and Dey, 2001). Here (3 is a skewness parameter whereas anymore g
and X are the location vector and the dispersion matrix of X. Thus any skew-elliptical
distribution can be obtained by hidden truncation (Arnold and Beaver, 2004), since only
that part of the distribution of X* is recognized where the hidden variable Z is positive.
If X* is multivariate normally distributed, X is said to be skew-normally distributed (Az-
zalini and Dalla Valle, 1996). For a broad exposition on skew-elliptical distributions see

Genton (2004).

8.2.3. Generalized Elliptical Distributions

Finally, a d-dimensional random vector X is said to be generalized elliptically distributed
if it can be represented by Eq. 8.1 where U is a k-dimensional random vector, uniformly
distributed on the unit hypersphere, R is a random variable, 1 € R? and A € R
(Frahm, 2004, p. 46). In contrast to the former representation of elliptically symmetric
distributions, now the generating variate R may depend on the unit random vector U
and it can be negative, too. By using that property it is easy to show that the class
of skew-elliptical distributions belongs to the class of generalized elliptical distributions.
More precisely, any skew-elliptical random vector with parameters pu and Y is generalized

elliptically distributed possessing the same location vector and dispersion matrix (Frahm,

2004, p. 47).

It is worth to point out that for generalized elliptical distributions in general there exists no
full-rank representation unless the distribution is elliptically symmetric. This is due to the
fact that R might depend on U. Further results on generalized elliptical distributions can
be found in Frahm (2004, Ch. 3) and a discussion in the context of high-dimensional data
is given by Frahm and Jaekel (2007b). Figure 8.1 documents that generalized elliptical

distributions provide a fairly nice fit to financial data.

Now we will present a generalized elliptical distribution which will play a major role in the

following discussion.

Theorem 8.1 Let A be a d x k matriz with rA = d and U a k-dimensional random

vector, uniformly distributed on the unit hypersphere. The density of the unit random
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vector V.= AU/||AU|| corresponds to

_ I'(d/2) —1 -1, ¢
¢(U) == W . \/det DM \/U Yt s
where || - || denotes the Euclidean norm, ¥ = AAT, and v is such that ||v|| = 1.
Proof. Frahm (2004, pp. 59-60). [

Note that the random vector V' is generalized elliptically distributed with generating vari-
ate ||AU||~!. Its distribution is sometimes referred to as the angular central Gaussian
distribution on the sphere (Tyler, 1987b, Kent and Tyler, 1988, Mardia and Jupp, 2000,
p. 182) or the offset normal distribution (Mardia and Jupp, 2000, p. 178) but we will call

it simply spectral density function. This is justified by the following corollary.

Corollary 8.2 The extremal positions of 1 in Theorem 8.1 are given by the space of
normalized eigenvectors of 3, i.e. for any point v on the unit hypersphere such that v =

v, the value 1(v) is a local extremum of 1 and vice versa.
Proof. Frahm and Jaekel (2007b). ]

As a direct consequence of Corollary 8.2, the local extrema of i) can be calculated by

_ I'(d/2)

P(v) = 53 det(A\X1),

where A is an eigenvalue of 3 and v is the corresponding normalized eigenvector.

8.3. Distribution-Free Shape Matrix Estimation

Consider a d-dimensional random vector X around a center p € R?. Now define a matrix

) such that

B (X —p)(X —p)"
0O=d- E{ ATy — } (8.3)

with det Q = 1. If Q exists and is unique we will call that matrix the shape matrix of X.

The following theorem asserts that €2 indeed is well-defined if X is generalized elliptically
distributed.
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S&P 500 (observed)
S&P 500 (simulated)

% % w4 2 o0 2 4 & s % % 4 =2 o 2 4 & s
NASDAQ (observed) NASDAQ (simulated)

Figure 8.1.: Observed GARCH(1,1)-residuals of NASDAQ and S&P 500 daily log-returns

from 1993-01-01 to 2000-06-30 (left hand) and simulated generalized elliptically distributed

residuals (n = 1892) (right hand). The density contours of the chosen model (Frahm and

Jaekel, 2007b) are given by the green curves.

Theorem 8.3 Let X be a d-dimensional generalized elliptically distributed random vector
with location vector p € R, positive-definite dispersion matriz ¥ € R and generating

variate R with P(R = 0) = 0. Then the shape matriz Q ezists and corresponds to

oz
(det ¥)1/d”

Proof. By the definition of generalized elliptical distributions it follows that

(X —p)(X —p)" s AUUTAT
(X —w)TQY(X —p)  UTATQ AU

(8.4)

Since AU is elliptically symmetric distributed it can be assumed that A € R*? without
loss of generality (cf. Section 8.2.1). By setting Q to AAT = ¥, the right hand side of
Eq. 8.4 becomes AUUTAT. Note that E(UUT) = I;/d (Fang et al., 1990, p. 34), so that

d'E{( (X — ) (X — )T }:AAT:Q.

X = )T HX — p)
Re-scaling Q by the constant (det ¥)~/? leads to the desired result. [

Note that the shape matrix €) is a scale-invariant function of X . Further, the shape matrix
exists and is unique for any random vector X which is continuously distributed on R

(Tyler, 1987a). Since

X -—pX - SsT g X-n
(X =) T HX —p)  STQ7LS”

X =l
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it becomes clear that for the existence and uniqueness of €2, the projection S has only to
be continuously distributed on the unit hypersphere {x € R®: ||z|| = 1}. Here it must be
presumed that the distribution of X has no atom at u € R? i.e. P(X = pu) = 0. Within

the class of generalized elliptical distributions S is continuously distributed by definition.

In the following we will concentrate on shape matrix estimation. It is supposed that the
location vector p is known or that it can be properly estimated. That issue will be discussed
later on in more detail. For the time being we will restrict on centered random vectors

X1,..., X, and their corresponding realizations x1,...,x, without loss of generality.

8.3.1. The Complete-Data Case
Tyler's M-Estimator

If X is generalized elliptically distributed, outliers are produced by extreme realizations of
the generating variate R . Note that by definition such values can be clustered in arbitrary
directions in R¢ since R may depend on U. The discussion in Section 8.2 shows that
the class of generalized elliptical distributions is huge. While this gives us the flexibility to
adapt to specific characteristics of the data, it can be a problem in many practical situations
where neither the distribution family of R nor the dependence structure between R and
U are known. In the following we will focus on estimating the shape matrix Q without
specifying the joint distribution function of R and U. This allows us to separate the
linear dependence structure from non-linear dependencies such as tail-dependence possibly
caused by R. As already mentioned the location vector u is supposed to be known and
1 is set to zero without loss of generality. Any other parameters like the linear operator
A, the parameters concerning the distribution of the generating variate R and even the

functional form of the joint distribution of R and U are supposed to be unknown.

In the following let ¥ be positive-definite and IP(R = 0) = 0. Due to the definition of X

it holds that
X RAU - AU B
1XI| [[RAU]| AU

where £ :=sgn(R) and V' = AU/||AU]||. The key observation is that the random vector V'

o
]

S

1V, (8.5)

does not depend on the absolute value of R . In particular, it is completely robust against
extreme outcomes of the generating variate. However, the sign of R still remains in Eq. 8.5

and indeed this might moreover depend on U. The unit random vector S represents the
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direction of X on the unit hypersphere. It contains all necessary information for estimating
the shape matrix. Note that in the univariate case S = sgn(X). However, since the shape
matrix quantifies only the linear dependence structure of X but not its scale, multivariate
data are necessary for estimating 2. That means it is always required that d > 1 in the

following discussion.

Tyler’s M-estimator (Tyler, 1983, 1987a) is defined via the fixed point equation

n

d X X'
T=-)% —— 1t 8.6
n Z; XtTT_lXt ( )

and can be regarded as a ‘sample version’ of the shape matrix defined by (8.3). Since
T is defined only up to a scaling constant, this fixed-point equation has to be solved by
the additional constraint det’I"’ = 1 and in that case T' becomes an appropriate estimator
for the shape matrix 2. Of course, any other constraint like, e.g., ¥1; = 1 or tr3 = d
would also work but the determinant-based normalization has several statistical advantages
which are discussed by ? and Paindaveine (2008). Note that for estimating € it is not
necessary to know the sign of R since +£2 = +. From Eq. 8.5 it can be seen that Tyler’s
M-estimator is invariant under any change of the generating variate R, i.e. it is distribution-
free within the class of generalized elliptically distributed random vectors. Moreover, it is
strongly consistent and asymptotically normally distributed provided that X possesses a

continuous distribution on RY (Tyler, 1987a).

Important results concerning the existence of Tyler’s M-estimator for any kind of distri-
butions were established by Tyler (1987a) as well as Kent and Tyler (1988, 1991). For
instance, if the data are contaminated at some point in R%, the rate of contamination must
not exceed 1/d (Kent and Tyler, 1988). Further, Kent and Tyler (1988) proved that for
any given sample x1,...,x, # 0 the fixed-point solution T exists and the sequence (7;)

defined by the fixed-point iteration scheme

a:ta: .
2+1_ Z Tta:t ZZOvL"') (87)

converges to 02T provided the data stem from a continuous distribution on R% and n > d.
The initial value T can be any positive-definite d x d matrix and o2 > 0 is a scaling constant
depending on the initial value 1. For estimating the shape matrix 2 the normalization
(det TN)_I/ ATy can be applied just after performing a sufficiently large number N of

iterations (Kent and Tyler, 1991). If the data are contaminated at some point in R the
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convergence of this algorithm is guaranteed if the rate of contamination is smaller than

1/d (Kent and Tyler, 1988).

Tyler’'s M-estimator is a robust estimator and its robustness properties (i.e. breakdown
point, maximum bias and variance) were already investigated by Adrover (1998), Diimbgen
and Tyler (2005), Maronna and Yohai (1990), as well as Tyler (1983, 1987a). In particular,
it has been shown that the Dirac contamination breakdown point of 7' corresponds to 1/d
(Maronna and Yohai, 1990) whereas for any kind of contamination it is between 1/(d + 1)
and 1/d (Adrover, 1998) if the data are elliptically symmetric distributed. Due to the

arguments given above the same holds for generalized elliptical distributions, too.

The Spectral Density Approach

Tyler originally derived his estimator as an M-estimator by using a Huber-type weight
function (Tyler, 1983, 1987a) but T is also an ML-estimator if the spectral density given
by Eq. 8.1 is taken into consideration. This important fact has been already noticed
by Tyler (1987b) and, in a somewhat different context related to generalized elliptical
distributions, by Frahm (2004).

Theorem 8.4 Let Xy,..., X, be a sample of independent copies of a d-dimensional gener-
alized elliptically distributed and centered random vector X with positive-definite dispersion
matriz ¥ € R4 and generating variate R such that P(R = 0) = 0. Consider the unit
random vector S = X /|| X|| and the corresponding sample Si,...,S, with n > d. Then
Tyler’s M-estimator T exists almost surely and it is an ML-estimator with respect to the

likelihood function

t=1

where Vi,...,V, are defined according to Eq. 8.5 and v is the spectral density function
given by Theorem 8.1. Furthermore, T satisfies the log-likelihood equation

=0.

Olog L(T;V4,..., Vi) _ialongt;T)

0% 0%
t=1

Proof. The arguments for the existence and thus positive definiteness of Tyler’s M-

estimator can be found in Kent and Tyler (1988). Consider the log-likelihood function

n d n
log L(S; Vi, ..., Va) = Y log (Vi3 %) = ¢ + g logdet 7 — 2 3" log(STZSy),
t=1 t=1
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where ¢ is a constant and note that ¢(V;) = 1(Sy), since 1 is an even function. The partial

derivative of log £(X; Vi, ..., V) with respect to the inverse X! is given by

dlogL n 25; ST — diag(S:S) )
— (25 — diagy) — & — M — diag M/2
gy-1 — g (20— diagd) -5 ;( STy-15, diag M/2,

where
n

S;ST
=nX—d- !
Z STE 1 St
Since the set of all positive-definite matrices with unit determinant is open, 7" is a stationary
point of the log-likelihood function so that

" SST
nT —d- ZSTT 5 =0

which is equivalent to Eq. 8.6. [ |

Recall that 1 is an even function, i.e. ¥)(—s) = ¥(s) for every s with [[s|| = 1. That
means Tyler’'s M-estimator indeed maximizes the likelihood function for a sample V1,...,V,
of independent copies of the unit random vector V' given by Eq. 8.5 even though the

corresponding realizations of V' are given only up to the corresponding signs.

Now, many statistical properties of Tyler's M-estimator can be derived on the basis of
likelihood theory. For instance it can be shown that T is asymptotically efficient among
all distribution-free estimators for the shape matrix of a generalized elliptical distribution
(Frahm, 2004, Ch. 5). Due to Theorem 8.1 and Theorem 8.4, T is said to be a spectral
estimator. It is asymptotically normally distributed and its asymptotic covariance matrix

is given by 7 under the specific constraint det 7' = 1.

The problem of estimating the location vector p has been already investigated by Tyler
(1987a) under quite general conditions. Suppose that X has a continuous distribution
on R% and p is estimated by a consistent estimator /i, which is used for centralizing the
data. If fi, converges to p at an appropriate rate and X is not too much concentrated
around g then T is still consistent and asymptotically normally distributed (Tyler, 1987a).
Otherwise even small perturbations of & would lead to wrong projections of X to the unit
hypersphere, i.e. (X — f1)/[|X — fi||. If the regularity conditions hold, Tyler’s M-estimator
possesses the same asymptotic covariance matrix as if ;1 was known. However, we admit
that it is not easy to find a consistent estimator for p if the distribution of X is asymmetric.
In particular some of Tyler’s conditions for the asymptotic normality are violated when X

has an asymmetric distribution. Hence, if g is unknown the spectral density approach can
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be clearly defended if the data are elliptically symmetric distributed whereas there is no

formal justification in case of generalized elliptical distributions.

8.3.2. The Incomplete-Data Case

Now Tyler’'s M-estimator will be generalized to the case of incomplete data by using the
well-developed likelihood theory for missing data. This is not a trivial generalization
since Tyler originally argued on the basis of M-estimation theory (Tyler, 1983). The key
observation is that Tyler’'s M-estimator in fact is an ML-estimator (Frahm, 2004, Tyler,
1987b) and then methods of missing-data analysis have to be applied carefully. The difficult
part is to derive the score function under incomplete data and to formulate an appropriate
algorithm for finding its root. First of all we will recapitulate the fundamental background
of missing-data analysis which is necessary for understanding the subsequent derivations.
A comprehensive introduction to that topic is given by Little and Rubin (2002) as well as
Schafer (1997).

Ignorable Missingness Patterns

Let & be some realized data and m an ensemble of zeros and ones indicating which part
of x is observed and which is missing. According to the missingness pattern m let z, be
the observed and =z, the unobserved data. The observed part O of the complete data X
is a random index whereas o denotes some realization of O according to the missingness
pattern m which is a realization of M. Sometimes it is helpful to interpret m as a function
m: x — x,. Further, M and X are random quantities possessing the joint distribution
p(m,z:60). Here § € © C RF is some unknown parameter. The marginal distribution of m

and x, corresponds to

p(maxo;e) = /p(m7x07xm;6)dxm'

Suppose that the parameter 6 has to be estimated. All available information are given
by m and z, though p(m,z;#) is the underlying sampling distribution of the experiment.

However, under the standard assumptions of likelihood theory, the likelihood function
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L(0;m,x,) = p(m,x,;0) turns out to be Fisher consistent for 6, since

E{alogﬁge;m,wo)} _ ///810gp(6n;’x°;6)-p(m,xo,xm;Q)dﬂﬂmdwodm
= [ [ FREEGE m,0) i

B Ip(m,x,;0)
= // 50 dx,dm

0 01
= %//p(m,xo,ﬁ)dwodm—%—o.

Note that

L(0;m,z,) = p(m;0)p(zo|m;0) = p(x,;0) p(m|2,;0),

where p(x,;60) denotes the marginal distribution of the observed data X, and o is the

realized index of observations.

Now suppose that the missingness pattern is not determined by the model parameter
under the observed data. That means p(m |z, ;6) is invariant under a change of 6. In that
case the missingness pattern is not relevant and it can be ignored for maximum likelihood

estimation, since

£(6 ym, xo) X p(xo ; 9) = Eo(e ; xo) :

Hence, for estimating 6 it is sufficient to concentrate on the marginal distribution of X, .
This is the ignorability assumption of missing-data analysis and L,(0;x,) is called the

observed-data likelihood function (Schafer, 1997, Section 2.3.1).
For justifying the ignorability assumption, the conditional distribution
p(m’xo§6) = /p(m’xmxnﬁe)p(xm ’xo§9)dxm

has to be examined. In many circumstances it can be assumed that the distribution of M
depends on the complete data X but not on the specific parameter 6. For example, non-
responses in questionnaires might be determined by the individual outcomes z, and x,,, but
it is unlikely that the missingness pattern depends on the model parameter 6 per se. The
so-called distinctness assumption of missing-data analysis conveys that p(m | x,, ., ; 6) is

not determined by . If the distinctness assumption can be accepted it follows that
p(m|z,;6) = /p(m\azo,azm)p(a:m |24 6) day, .
Now there are two non-excluding cases where the ignorability assumption is satisfied, viz.

1. either p(zy, | x,;0) is not determined by 6
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2. or p(m |z, Tp) is not determined by z, .

ad a. The distribution of the complete data X is determined by 6. However, if p(x,, ., ;
0) = p(xo;0) p(xy,), then p(a,, |z, ;0) is not driven by 6 and the ignorability assumption
is satisfied. That means if the unobserved data are independent of the observed data and
do not contain any information about the unknown parameter, the missing data can be

ignored.

ad b. If p(m | x,, x,,) is not determined by the unobserved data z,,, it holds that

p(m[xo;e):/p(m\xo)p(xm]xo;e)da:m:p(m\xo).

This condition is clearly satisfied if M is stochastically independent of Xj;. In that case
T 18 said to be missing at random (MAR) (Little and Rubin, 2002, p. 12). However, it is
worth to point out that the ignorability assumption holds true if the invariance property
is satisfied only for the realized missingness pattern m (Schafer and Graham, 2002). That
means for estimating the parameter 6 by the marginal distribution of the observed data it is
not relevant whether some of the observed data x, would be MAR or not MAR (NMAR) in
case that they were missing. Nevertheless, for likelihood inference in the context of missing
data, the MAR assumption must be satisfied (Kenward and Molenberghs, 1998). If M is
not only independent of the unobserved data Xj,; but also of the observed data X, the

missing data are missing completely at random (MCAR) (Little and Rubin, 2002, p. 12).

In the next section the spectral density approach will be adapted to incomplete data,
but before that we have to discuss an important drawback of missing-data analysis. Let
y = g(z,) be some measurable function of the observed data and ¢(y ;) the corresponding
density. A naive application of missing-data analysis would suggest to estimate 6 by using
the observed-data likelihood function related to q(y;0), i.e. £,(8;y) = q(y;6), instead of
Lo(0;2,) if xp, is MAR. For example, this approach is suitable if £, leads to a robust
or even distribution-free estimator for 6 (see Section 8.3.2). In that case it has to be

guaranteed that
Ly(0:m,y) =q(y;0)p(m|y;0) o< q(y;0) = L,(0;y)

with p(m[y;0) = p(m|[g(zo);0).
Note that in most practical situations it is unlikely that the missingness is ‘triggered’ by the

transformed data y rather than the original data x, in particular since y is usually calculated
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after observing the data. Suppose that the function g is not injective. The distribution of
X, under the condition g(X,) = vy in general is a function of # and thus if the distribution
of m given z, and x,, is only determined by the observed data, p(m|g(x,);#) might be
essentially determined by the parameter 6. Hence, the distinctness assumption usually
cannot be accepted when working with transformed data if the transformation is not one-
to-one. For instance consider a projection of a d-dimensional random vector onto some
subspace or manifold in R?. In that case the missingness pattern is no more ignorable.
Only if the missing data are MCAR the distinctness assumption remains plausible since it

is simply assumed that p(m|g(z,);0) = p(m;0) = p(m).
The Spectral Density Approach

Lemma 8.5 Let X be a d-dimensional generalized elliptically distributed and centered ran-

dom vector with dispersion matriz ¥ € R4 Consider the partitions

X i X
X = 1 and 3 |71 12 7

X, Yo1 Yoo

where X1 is an r-dimensional sub-vector of X. It holds that X1 is a generalized elliptically

distributed and centered random vector with dispersion matriz 311 € R™*" .

Proof. Write X1 =7ZX with Z :=[I, 0] (r x d). That means X; = ZARU and note that
IANTTT =I%TT =%y m

More generally, let X = (X,, X,,,) be a generalized elliptically distributed random vector
which is divided into an observed and an unobserved part according to some fixed miss-
ingness pattern m . Correspondingly, the vector x = (x,,x,,) denotes a realization of the
complete data, where x, is an r-dimensional sub-vector of . Further, let s = z,/||z,| be
the observed data projected to the unit hypersphere in R" and S = X, /|| X,| the corre-
sponding random vector. From the preceding lemma it is known that the distribution of

V =, £S5 is given by

P(v) = 1;(7:71//22) . \/det vt \/STEO_IS_T,

where Y, denotes that part of % which is related to the observation x,. Once again the
generating variate of X, does not play any role for estimating X since it is canceled out by

the projection onto the unit hypersphere (see Eq. 8.5).
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Now consider a sample of possibly dependent and not identically generalized elliptically
distributed random vectors Xj ..., X,,, where only the realizations z,1, ..., Z,, of the sub-
vectors Xo1, ..., Xon can be observed. More precisely, it is assumed that X; (t =1,...,n)
can be represented as described in Section 8.2.3, where u = 0 without loss of generality,
¥ = AAT is positive-definite, and the distribution of X; has no atom at zero. Hence, the

observed data can be written as
Xot = ZtXt = ItARtUt = AthUt N t= 1, RPN (N

where Z; is a matrix which converts X; into X,; and A, := Z; A . Now it is only assumed that
the angular parts Uy, ..., U, are mutually independent, whereas the joint distribution of
the radial parts Rq, ..., R, is irrelevant. That means the generating variates might depend
on each other and do not need to be identically distributed. This feature especially allows
for several kinds of multivariate autoregressive conditional heteroscedasticity imposed by
the variation of R in time (Bade et al., 2008). Moreover, in the following it is supposed

that the missing data @1, ..., Tm, are MCAR.

Let ¥; be the sub-matrix of ¥ associated with the observation z, and sy := o /||Zot]]
(t =1,...,n) the corresponding projection on the unit hypersphere. Moreover, let d; be
the number of components of that observation. Then the observed-data likelihood function

is given by

n

n —dy
55(2;7)1,...,%):Hw(vt;zt)ocH\/detE,fl \/sth;lst . (8.8)
t=1

t=1

Note that vy = +s; is not a one-to-one function of x, and due to the arguments given
at the end of Section 8.3.2 it has to be supposed that the missing data x,,1,...,Zm, are
MCAR. Then a proper ML-estimate of ¥ can be obtained by maximizing Ls(X;v1,...,v,),
provided the number of observations is large enough. The observed-data log-likelihood

function
1 ¢ o l¢ Ty—1
log Ls(X501,...,0,) =c+ 3 ;Zl logdet ¥, — 3 ;Zl dy log(st ¥ st) (8.9)

can be used alternatively, where c is some constant.

Since Ly is a scale-invariant function, i.e. Ls(aX) = L4(X) for every a > 0, the scale of 3
has to be fixed by the additional constraint det > = 1. This leads to the spectral estimator
for the shape matrix €2, i.e. Q= (det 5 )_1/6@, where ¥ denotes the ML-estimator for ¥.

Figure 8.2 shows a spectral estimate for a sample of multivariate ¢-distributed data with

2 degrees of freedom possessing a monotone missingness pattern (Little and Rubin, 2002,
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Figure 8.2.: Missingness pattern (upper left) of a simulated sample of 5000 independent
copies of a 100-dimensional ¢-distributed random vector with 2 degrees of freedom, location
vector u = 0, and dispersion matrix ¥ proportional to the shape matrix given on the upper
right (violet cells indicate small numbers and red cells large numbers). There are 215184
missing values (43% of the sample). The corresponding spectral estimate is given on the
lower right, whereas the ML-estimate based on the normal distribution assumption can be
found on the lower left. The computational time for the spectral estimate on a standard

PC (3 GHz CPU) amounts to 1 minute and 58 seconds.

p. 5). This can be compared with the corresponding ML-estimate based on the normal
distribution assumption. Obviously, the Gaussian estimator is not robust against extreme
realizations of the multivariate t-distribution. In Figure 8.3 the same experiment is done
with multivariate normally distributed data. The spectral estimate looks pretty much the
same as the Gaussian one in agreement with the simulation study discussed in Section 8.5,

showing that the loss of efficiency is small even for normally distributed data.

The unknown location vector p can be replaced by some appropriate estimate [, for
centralizing the data. We suggest to use the factored likelihood method described by Little
and Rubin (2002, Ch. 7) as well as Schafer (1997, Section 6.5). This leads to the maximum
of an observed-data likelihood function where the data are assumed to follow a multivariate

normal distribution. It is guaranteed that i, is asymptotically unbiased and normally
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Figure 8.3.: Missingness pattern (upper left) of a simulated sample of 5000 independent
copies of a 100-dimensional normally distributed random vector with location vector p =0
and dispersion matrix 3 proportional to the shape matrix given on the upper right (see
also Figure 8.2). The corresponding spectral estimate is given on the lower right, whereas
the ML-estimate based on the normal distribution assumption can be found on the lower
left. The computational time for the spectral estimate on a standard PC (3 GHz CPU)

amounts to 2 minutes and 19 seconds.

distributed for n — oo under the typical regularity conditions of ML-theory. Thus it
is not recommended to use an ‘older method’ (Schafer and Graham, 2002) of missing-
data analysis since these procedures generally produce asymptotically biased estimates if
the missing data are not MCAR. Of course, for applying our ML-approach it has to be
presumed that the centered data are asymptotically independent of each other. This is true
if [1,, converges to u at an appropriate rate. As mentioned earlier, for the complete-data
case this has been already investigated by Tyler (1987a). Presumably the same arguments
hold also in the incomplete-data case but at present we cannot provide a formal proof for
this conjecture. However, in our numerical simulations we did not encounter any problems
concerning the spectral estimator caused by the estimation of y provided the missing data

are MCAR and the data stem from an elliptically symmetric distribution.

We would like to clarify the main purpose of our method. Of course, modern estimation
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procedures of missing-data analysis (Little and Rubin, 2002, Schafer and Graham, 2002)
could be efficiently applied for estimating the shape matrix if the true data-generating
process was known. Traditional ML-theory works only if the proposed model is correct. In
contrast, by M-theory the asymptotic distribution of covariance or shape matrix estimators
can be calculated if the suggested model does not correspond to the true one (?Maronna,
1976, Tyler, 1982). However, there are some remaining difficulties regarding traditional
robust covariance matrix estimation. For evaluating the asymptotic distribution of an M-
estimator, generally some nuisance parameters have to be estimated (Tyler, 1982). Other
robust estimation procedures are based on geometrical approaches (Visuri, 2001, Ch. 3)
and cannot be generalized to the missing-data problem. To the best of our knowledge,

M-estimators for incomplete data have been only discussed by Little (1988).

Little (1988) suggests to maximize the observed-data likelihood functions of heavy-tailed
or contaminated data. Usually this leads to robust estimates of the shape matrix and
obviously the method is similar to the spectral density approach. However, Little’s esti-
mators are based on a multivariate ¢-distribution or a contaminated normal-distribution
assumption and so his approach is parametrical rather than distribution-free. With a para-
metrical approach one has only limited information about the asymptotic distribution of
the estimators if the model is misspecified. This can be avoided for the most part by using
the spectral estimator due to its invariance property discussed above. The only conditions

which have to be guaranteed are that

(1) the sample consists of data which are generalized elliptically distributed (even serial

dependence is allowed in the weak sense described above),
(2) the missing part of the sample is MCAR, and

(3) w either is known or can be properly estimated by missing-data analysis.

Asymptotic Distribution of the Spectral Estimator

In the complete-data case it can be shown (?) that
\/E(Q_Q) i)-/\[dxd{(LV(Q)}? n — 00,

where
V() = %2 AU + Kp)( Q@ Q) — 2/d- (vee Q)(vee )T}
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and K2 denotes the d? x d? commutation matriz (Schott, 1997, p. 277). Further, the

d?-dimensional vector vec € is obtained by stacking the columns of € on top of each other.

In the incomplete-data case log L is a proper log-likelihood function under the conditions
given in Section 8.3.2 and so the spectral estimator turns out to be asymptotically unbiased,
normally distributed, and consistent. For calculating its asymptotic covariance matrix, the
Fisher information has to be calculated either by the score function or the Hessian of log L.

The following proposition can be used for calculating the score function.

Proposition 8.6 Let v be a d-dimensional vector with unit length and ¥ € R¥*? positive-

definite. The partial derivative of logip(v;X) with respect to 3 is given by

dlogy(v; ) YlppTet _1 1 . Nlpp Tyt 1
TOSVAY ) (g2 2w . R 3o 0
% oIy 1y 2 diag| d TN 1y
Proof. Frahm (2004, p. 70). ]

The Fisher information of an observed data point S; = Xot /|| Xot|| (t = 1,...,n) is given
by the (d'gl) X (d'gl) matrix

) = e (LB ) (PESEEN

where the vech-operator converts the lower triangular part of a symmetric matrix to a
column vector. Note that Sy refers only to the observed part of the d-dimensional random
vector X; realized for ¢ € {1,...,n} and thus logy(V;;%;) is invariant against that part
of ¥ which is not related to the available observation. That means there exists a d; x d;
matrix

Olog (Vi %) _ <dt- 5SSt ! 2—1> B

oY, B

DIPRACAD S
di d, - t t ~t . E_1>,
S;'—Et_lSt t 1ag< T aTwela t

STxls,
but here the d x d matrix dlogy(V;;X;)/0% has to be considered. The latter contains

zeros according to each element of > which does not belong to the sub-matrix ¥, .

Now

v/n (vech S — vech %) 4, N(d+1){0,f(2)_1} , n —s 0o,

where

1 n
F(2) = lim — > F(D)
t=1

denotes the asymptotic average Fisher information. However, in the following we will

use the vec-operator which converts the whole matrix to a column vector. This can be
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obtained after a preceding vech-operation by vec ¥ = Dgvech ¥, where Dy represents
the d® x d(d + 1)/2 duplication matriz (Schott, 1997, p. 283). Hence, the asymptotic

distribution can be written as
Vi (£ -%) -5 Npwa{0, DaF(S)7'DY ), n— o0,

However, up to here we considered some artificial derivations since we missed to account
for the normalization ¥ — €. Interestingly, such a normalization has a substantial impact
on the asymptotic distribution of ) (?Paindaveine, 2008). Following the arguments of 7

it can be concluded that
Vi (Q = Q) -5 Niua{0, 9D, F(Q) ' DIUTY, n— o0,

with W := I» — (vec Q)(vec Q1T /d.

Note that in contrast to other M-estimators the asymptotic distribution of the spectral
estimator is only determined by the dimensions dy, ..., d, of the observed data x,1, ..., Zon
and the true shape matrix 2. More precisely, it is possible to assess the asymptotic
distribution of the spectral estimator without any parametrical assumption concerning the
generating distribution, i.e. the distribution of R and so there are no nuisance parameters
which have to be estimated for statistical inference. This is also confirmed by the results
presented in Section 8.5. That means the asymptotic covariance matrix of the spectral
estimator solely follows from the spectral estimate itself which is an important advantage
compared to other M-estimators.

From Section 8.3.2 it becomes clear that under the MCAR assumption both the score func-
tions and the Hessians belonging to Ls(X;m,v1,...,v,) and Lg(3;v1,...,v,) correspond
to each other. For the application of large-sample theory in the context of missing data
we follow the arguments given by Kenward and Molenberghs (1998) as well as Schafer and
Graham (2002). That is we suggest to estimate the Fisher information in a nonparamet-
ric way by the observed data rather than calculating the expectations given by Eq. 8.10

analytically or numerically. Hence, an appropriate estimate for F;(€2) is

=) 310g1/1(?1t;§t) 310g1/1(?1t;§t) '
ft(Q) = vech <—8Q vech — a0 )

where v; can be replaced by the observed data point s; = x4 /||ze| and fAZt is the part of
Q) which is related to that observation. The asymptotic average Fisher information can be

consistently estimated by

F(Q) = % ilﬁt (@)
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and so a large-sample approximation is given by
~ . o~ ~ A\ —1 ~
Vi (= Q) < Nawa{0, Dy F(Q) DU},

where U := I — (vec Q) (vec Q_l)T/d.

8.4. Numerical Implementation

In the following it is assumed that there exists a positive-definite matrix O which maximizes
the observed-data likelihood function given by (8.8). A necessary condition for the existence
under a monotone missingness pattern can be found later on in Theorem 8.8. Note that
the dispersion matrix ¥ is symmetric. This is the reason why the main diagonal has to
be subtracted in Proposition 8.6. Since the set of all symmetric positive-definite matrices
with unit determinant is open, Qis a stationary point of the observed-data log-likelihood
function (8.9) and the main diagonal part from Proposition 8.6 can be omitted. It follows
that the log-likelihood equation can be written as

dy - M] - Zn: [ﬁ;l} ~0. (8.11)

To-1
548 sy P

n

D

t=1

As already mentioned in Section 8.3.2; since dlog L;/0%. is a d X d matrix, each dy x d;
matrix N R
Q lsys] Q1

AT and Q!
s, €1 sy

dy -

in Eq. 8.11 has to be inflated by zeros according to the positions of Q which do not belong

to ﬁt such that the aforementioned d; x d; matrices become the d x d matrices

~

O-1. .To-1
Qt StS¢ Qt

TO-1
s, €0 sy

dy -

and [ﬁt_ 1] .
Now define a function F': P? — R4 where P¢ denotes the set of all symmetric and
positive-definite d x d matrices, by

F(S) = S5,

where
n

for all ¥ € P?. The spectral estimator Q corresponds to a fixed-point solution of

G(X):=S+aF(X) =%, (8.13)
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where 0 < a < 1/n. The next proposition guarantees that not only ¥ but also G(X) is

positive-definite if the random vector X is continuously distributed.

Proposition 8.7 Let x1,...,x, be a realized sample of independent copies of a d-dimen-
sional centered random vector X possessing a continuous distribution on R®. Further, let
Toly-- -, Ton bE the corresponding sample of observations following an arbitrary missingness

pattern. Denote the number of complete observations by m < n and consider the map
GX) =X+ aF (%),

where X is a symmetric and positive-definite d x d matriz and0 < « < 1/n. Ifn>m >d,

the d x d matriz G(X) is symmetric and positive-definite, too.

Proof. Since the data are continuously distributed and m > d, the d x d matrix
n —1_ Ty—1
DIV
(3 |ar- P )
P EIDINEY
is positive-definite almost surely. Hence, it suffices to prove that

2—1-2<§n: [Eﬂ)E:l i(z-z[z;l] %) (8.14)

n
t=1 t=1

3

is positive-semidefinite. Note that without loss of generality

Y1 Y2 Y11 Y12 0 0
1
o1 Yoo 21 o1 212 0 Yoo — Mo1Xijy 212

Since 3. is positive-definite the remaining Schur complement is positive-definite, too, i.e.

the matrix given by Eq. 8.14 is positive-semidefinite. [ |

Note that in the complete-data case it follows that

by setting o = 1/n and so the fixed-point problem given by (8.13) is equivalent to (8.6), i.e.
finding Tyler’s M-estimator. According to Tyler’s fixed-point algorithm already discussed

in Section 8.3.1, some initial value ¥ has to be chosen. In the next step calculate
2(1) = 2(0) + aF(E(O))
and substitute g by (1), etc. Hence, our fixed-point algorithm is given by the sequence

E(z’—i—l) = E(Z) + OéF(E(Z)) , 1=0,1,.... (8.15)
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After performing a sufficiently large number N of iterations, the spectral estimate can be

approximated by
2(N)
(det E(N))l/d )

The initial value can be chosen as X(g) = I; and for minimizing the number of iterations it

~
~
~

is recommended to take the upper bound aw = 1/n . In the following we will concentrate on

the numerical evaluation of f(¥;)) and for notational convenience we write f; = f(¥)).

Beforehand it is worth to point out that any observation x; = 0 € R? or z; € R should
be discarded. The former argument is clear from the preceding discussion and the latter

argument follows immediately by noting that

|:dt . Et_lst‘sl—frzt_1:| — [2—1]
sTu s, !

in case s; = +1. That means univariate data do not contain any valuable information
for solving the log-likelihood equation and in the following n shall quantify the number of

useful observations.

If there are many observations sharing the same missing components, these observations
should be put together. This holds especially if the missingness pattern is monotone. Then
the matrix ¥, 1'in Eq. 8.12 has to be calculated only once for all observations possessing
the same missingness. However, from a numerical perspective it is rather inefficient to
compute the inverse ¥, Lif d, is large, particularly if there are many observations with
only a few missing values. If there are, e.g., 1000 realizations of a 100-dimensional random
vector with 10% of its components missing at random, the inverse of a 90 x 90 sub-matrix of
Y has to be computed for each realization. Suppose that each inverse could not be re-used,
since if the missingness pattern is irregular it is unlikely that two realizations share the
same missingness. However, once the full inverse of ¥ has been computed, it can be used
for evaluating the inverses of the sub-matrices ¥; (¢t = 1,...,n) more efficiently. Consider

the partition
A BT

B C

)

where the d; x d; matrix A occupies the same range in ¥~! as 3; in ¥. Then the inverse

of 3; can be calculated by the Schur complement
¥, '=A-B'C7'B.

That means instead of calculating the inverse of the d; x d; matrix ¥, only the inverse

of the (d — d;) x (d — d;) matrix C has to be calculated. In the case discussed above,
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this corresponds to the solutions of 10 x 10 rather than 90 x 90 linear systems for 1000
observations. Of course, this is only recommended for each observation where d — d;, i.e.
the number of missing values is small, since otherwise it could be more efficient to calculate

the inverse of ¥; by another method (see below).

If the missingness pattern is monotone, we suggest to use the sweep operator (Beaton,
1964, Goodnight, 1979) for calculating the inverses of the sub-matrices. A sweep operation
on a symmetric and positive-definite d x d matrix ¥ is a simple manipulation of ¥ (Little
and Rubin, 2002, p. 221) which produces another symmetric and positive-definite matrix.
There also exists an inverse function which can be used for reversing a previous sweep
operation. By applying the sweep and the reverse sweep operator iteratively, the inverse of
a sub-matrix Y; can be efficiently calculated from the inverse of another similar sub-matrix

of 3 which is already given by a preceding step.

The fixed-point iteration scheme given by (8.15) always produces symmetric matrices,
analytically, but our own experience shows that the numerical computation of inverses (or,
in a more efficient implementation, solutions of linear systems) leads to roundoff errors
that make the iterations slightly asymmetric. The asymmetric component is tiny in the
beginning, but can blow up especially in higher dimensions after 50 or 100 iterations. This

can be easily avoided by symmetrizing f; — (f; + f;7)/2 in every iteration.

Of course, the fixed-point algorithm given by (8.15) can only work if the missingness is not
too strong. In the following we give a necessary condition for the existence of the spectral

estimate provided the missingness pattern is monotone.

Theorem 8.8 Let x1,...,xz, be a realized sample of independent copies of a d-dimensional
centered random vector X possessing an arbitrary distribution on R, Further, let zo1, . . .,
Ton be the corresponding sample of observations following a monotone missingness pattern.
Denote the number of complete observations by m < n. Then the spectral estimate exists

only ifn>m>d.

Proof. Suppose that the spectral estimate Q exists. Then Eq. 8.11 can be written as

> [artuslar] -3 [ar] - o.

where y; 1= (dt/xzt§[1$ot)l/2 ot . Note that this corresponds to the log-likelihood equa-
tion for centered and weighted observations ¥1,...,y, under the normal distribution as-

sumption. That means the spectral estimator can only exist for x,1, . .., o, if the Gaussian
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estimate exists for y1,...,¥y, . The latter can be obtained by factorizing the observed-data
likelihood function (Schafer, 1997, Ch. 6.5.1) and following the method described by Schafer
(1997, Ch. 6.5.2) where p has to be set to zero. Due to elementary properties of the sweep
operator it becomes clear that the first sweep operation leads to a singular Schur com-
plement in case m < d. Hence, after finishing all necessary sweep operations the final
reverse sweep operation cannot produce a nonsingular covariance matrix estimate. That

is O cannot exist which contradicts the assertion at the beginning of the proof. [ |

In a separate work the authors will discuss necessary and sufficient conditions for the exis-
tence of the spectral estimator given more general missingness patterns. The mathematical
details are rather complicated and would go beyond the scope of the present work. How-
ever, for convenience we would like to mention that for the existence of a spectral estimate
it is sufficient to have a continuous distribution on R? possessing an arbitrary missingness

pattern with m > d complete observations.

8.5. Simulation Study

In the following simulation study the spectral estimator is compared with the shape matrix
estimator based on the normal distribution assumption. More precisely, if X1,...,X,, is a

sample of a d-dimensional centered random vector X then
1 n
Y=Y XX/

represents the sample covariance matrix and SA)G = (det i)_l/ 4%} denotes the corresponding
Gaussian shape matrix estimator for the complete-data case. In the incomplete-data case
we will use the same symbol for the observed-data ML-estimator based on the normal
distribution assumption presented by Little and Rubin (2002, Ch. 7.4) as well as Schafer
(1997, Ch. 6.5). As already mentioned, we prefer to calculate the observed-data ML-

estimator by the factored likelihood method since this leads to a fast and reliable algorithm.

From now on the spectral estimator will be denoted by ﬁsp, whereas () represents an
arbitrary shape matrix estimator. We distinguish between situations where the location
vector g is known and where it is unknown. In the complete-data case g is estimated
by the sample mean vector and in the incomplete-data case the corresponding estimate is
provided by the factored likelihood method. These estimates are used both for calculating

the Gaussian as well as the spectral estimate.
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The bias of a shape matrix estimator is defined as the d x d matrix

The estimator € is called unbiased if each element of B(SA)) corresponds to zero. However,

the following tables contain only the number
. 1 & N
b(Q) := a2 Z |B(Q)2]|
ij=1
for the shape matrix estimators which have been taken into consideration.

Further, the mean squared error (MSE) of the corresponding estimator is given by the

scalar

. tr{(Q-Q)Q -7} |

MSE (ﬁ) = 2

This can be interpreted as the average mean squared error of all components of Q.
The shape matrix estimators SA)G and T or ﬁsp are compared by the relative efficiencies

MSE(Qg)

rer/q = W(T) and regp/q 1=

The simulation study is used to test against the null hypothesis Hy: B(Q) = 0 (that means

the considered shape matrix estimator is unbiased) by Hotelling’s T as well as

Ho: rer)g <1 or Hy: regya <1

sp/

(that is T" or Qsp are not more efficient than ﬁg) by applying the delta method.

8.5.1. Complete-Data Case

For investigating the large-sample properties of the shape matrix estimators we simulate
1000 samples containing 10000 independent copies of a 3-dimensional ¢-distributed random
vector with location vector p = 0, dispersion matrix > = I3, and v = 2,3, 5, 10, co degrees
of freedom. Note that for v = oo the data follow a joint normal distribution. Moreover,
we consider 3 additional scenarios where the normal distributions are contaminated at
(10,10,10) € R3. We add an amount of |[na/(1 — )] contaminating data to the sample.
The number « will be referred to as the rate of contamination and in the simulation study
we consider o = 0.01,0.05,0.1. That means there are 8 scenarios to, t3,t5, 110, too, C1%; C5%

and ¢y, for each situation where p is either known or unknown.
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Table 8.1.: Simulation study for the complete-data case where t,, indicates a 3-dimensional
t-distribution with v degrees of freedom and ¢, stands for a 3-dimensional normal distri-
bution. Further, ¢, indicates a contaminated 3-dimensional normal distribution where « is
the rate of contamination. The standard errors are given in parentheses and bold numbers

are significant on a 95%-level.

1 unknown to t3 ts t1o too C1% C5% €10%
b(Qc) .0642 | .0037 | .0006 | .0003 | .0002 || .1409 | .2061 | .2287
b(T) .0004 | .0003 | .0003 | .0001 | .0002 || .0033 | .0082 | .0142
MSE(Qc) 5867 | .0091 | .0003 | .0001 | .0001 [ .0351 | .1085 1646
(.1690) (.0029) (.0000) (.0000) (.0000) (.0016) (.0100) (.0206)
MSE(T) .0002 | .0002 | .0002 | .0002 | .0002 [ .0001 | .0008 .0055
(.0000) (.0000) (.0000) (.0000) (.0000) (.0000) (.0002) (.0019)
rer/c 3075.6 | 48.315 | 1.6756 | .8439 | .6301 | 488.04 | 136.67 | 29.8451
(844.33) (15.422) (.0700) (.0174) (.0115) (13.597) (19.655) (7.6420)
4 known to t3 ts t1o too 1% C5% C10%
b(Qc) .0607 | .0030 | .0006 | .0003 | .0004 | .1413 | .2079 | .2317
b(T) .0003 | .0006 | .0003 | .0004 | .0003 || .0027 | .0045 | .0054
MSE(Qc) .7080 .0075 .0003 | .0001 | .0001 | .0354 | .1123 1746
(.3054) (.0015) (.0000) (.0000) (.0000) (.0016) (.0106) (.0229)
MSE(T) .0002 | .0002 | .0002 | .0002 | .0002 | .0001 | .0001 .0003
(.0000) (.0000) (.0000) (.0000) (.0000) (.0000) (.0000) (.0001)
rer/G 3784.9 | 40.889 | 1.7053 | .7975 | .5952 | 580.11 | 928.82 | 669.80
(1635.6) (8.1236) (.0937) (.0166) (.0113) (16.709) (46.853) (65.748)

The results are given in Table 8.1. If the data are uncontaminated only the Gaussian
estimator turns out to be significantly biased for small values of v, whereas Tyler’'s M-
estimator seems to be unbiased (except for the case where u is known and the ¢-distribution
has 3 degrees of freedom). In contrast, for contaminated data a significant bias is present
in every scenario. However, due to its robustness property, Tyler’s M-estimator is much
more efficient than the Gaussian estimator if the data are contaminated but its relative

efficiency generally decreases if the rate of contamination increases.

Tyler’s M-estimator is more efficient than the Gaussian one as long as v < 10 or the
data are contaminated. Note that estimating the unknown location vector has no essential
impact on the large-sample properties of T and ﬁg if the data are uncontaminated. In
contrast, for contaminated data the relative efficiency of Tyler’s M-estimator can increase
substantially if p is known. Further, the MSE of T" does not depend on the parameter v of

the ¢-distribution since T is distribution-free if the data are uncontaminated. In that case
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Table 8.2.: Simulation study for the incomplete-data case where the missing data are

MCAR. The symbols and numbers can be interpreted as in Table 8.1.

© unknown to ts ts t10 too Ccly C59 C10%
b(ﬁg) .0704 .0088 .0006 .0003 | .0006 .6228 | 1.9553 | 3.3099
b(ﬁsp) .0006 .0008 .0004 .0005 | .0009 .0435 .4356 1.8112
MSE(@G) .5538 .0167 .0008 .0004 | .0003 .4387 3.9139 11.067
(.1760) (.0046) (.0000) (.0000) | (.0000) (.0003) (.0030) (.0082)
MSE(@SP) .0006 .0005 .0005 .0005 | .0005 .0035 .2189 3.3623
(.0000) (.0000) (.0000) (.0000) | (.0000) (.0000) (.0004) (.0046)
regp /G 1006.8 | 30.743 | 1.5640 | .7552 | .5518 || 125.95 | 17.883 | 3.2916
(309.27) | (8.4188) (.0644) (.0191) | (.0110) (1.4111) (.0313) (.0036)
1 known to t3 ts t1o too C1% C5% €10%
b(ﬁg) 0717 .0056 .0010 .0007 | .0007 .6291 | 2.0295 | 3.5667
b(ﬁsp) .0006 .0008 .0007 .0011 | .0012 .0348 .1956 4735
MSE (@G) .7958 .0099 .0008 .0004 | .0003 .4472 4.2120 12.8365
(.2877) (.0015) (.0000) (.0000) | (.0000) (.0004) (.0032) (.0091)
MSE(QSP) .0005 .0005 .0005 .0005 | .0005 .0025 .0522 .2602
(.0000) (.0000) (.0000) (.0000) | (.0000) (.0000) (.0002) (.0005)
regp /G 1523.2 | 19.278 | 1.5158 | .7379 | .5476 || 181.20 | 80.685 | 49.3280
(548.31) | (2.8462) (.0574) (.0180) | (.0115) (2.5016) (.2573) (.0897)

its asymptotic relative efficiency can be calculated analytically (?) by

. B d v—2
nl—{roloreT/G_d—l—2 v—4’

v>4. (8.16)
This is fairly reflected by the relative efficiencies in t5,t19, and t» which are presented
in Table 8.1. Eq. 8.16 states that the relative efficiency of T" depends on the number of
dimensions and whenever d > v—4, Tyler’s M-estimator is more efficient than the Gaussian

estimator. Thus if the number of dimensions is large enough, 1" should be preferred even

if the data apparently follow a multivariate normal distribution.

8.5.2. Incomplete-Data Case

Again we simulate 1000 samples containing 10000 independent copies of a 3-dimensional
t-distributed random vector using the same parameters as in Section 8.5.1 and we also add
some contaminating data as described in the previous section. For the simulation study
we consider the three different missingness mechanisms MCAR, MAR, and NMAR. Let x
(3 x n) be a realized sample. Some of the data in the first row of x are missing. This is

denoted by m; = 1 if x4 is missing and m; = 0 if it is observed (t = 1,...,n). The missing

184



Chapter 8. Distribution-Free Shape Matrix Estimation for Incomplete Data

data are MCAR if the missingness pattern M = (my,...,m,) is stochastically independent
of the sample. In contrast, if the distribution of M depends only on the observed part of
x , the missing data are MAR and if the missingness is determined by the unobserved part

of the sample, the missing data are NMAR.

For the MCAR case we simulate a 1 xn vector Y which is stochastically independent of the
sample. Each component of Y is Student ¢-distributed with v degrees of freedom (denoted
by Y; ~ t,) and Y3,...,Y, are mutually independent. The element xi; is considered as
missing whenever y; < t;1(0.75). Further, for the MAR case xy; is missing if xo; <
t,1(0.75) and for the NMAR case this element is unobserved whenever xy; < t,,1(0.75). So
approximately 75% of the uncontaminated data in the first row of x are missing for each
missingness mechanism. Table 8.2 contains the results of the MCAR case and, accordingly,

Table 8.3 and Table 8.4 report the outcomes of the MAR and NMAR case.

In the MCAR case the spectral estimator is not significantly biased (except for the case
where p is known and the t-distribution has 10 degrees of freedom) provided the data are
uncontaminated. Once again the Gaussian estimator is significantly biased if v is small.
For contaminated data the mean squared errors as well as the biases given in Table 8.1
and 8.2 are very different which indicates that the missing data effect has a substantial
impact on the shape matrix estimators. Note that for uncontaminated data the MSE of
the spectral estimator turns out to be constant for any v > 0 (cf. Section 8.3.2). Although
the relative efficiencies of the spectral estimator are smaller in Table 8.2, in the MCAR
case the overall picture is not substantially different from the complete-data case which is

llustrated in Table 8.1.

If the missing data are MAR (see Table 8.3) the spectral estimator becomes biased in every
scenario. This is not surprising since in Section 8.3.2 it has been already mentioned that
the MCAR assumption is required when working with projected data. Also the Gaussian
estimator turns out to be biased whenever v < co (except for v = 2 where the hypothesis
test probably has not enough power). Indeed, from missing-data analysis it is known that
the latter should be asymptotically unbiased if the missing data are MAR but here it is
presumed that the data follow a joint normal distribution. Otherwise the observed-data
ML-estimator may become biased and in fact this is indicated throughout our simulations
as long as the normal distribution assumption is not satisfied. However, if the missing
data are purely MAR, Table 8.3 shows that the spectral estimator generally is dominated

by the Gaussian one if the data are uncontaminated but it dominates the Gaussian one
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Table 8.3.: Simulation study for the incomplete-data case where the missing data are MAR.

The symbols and numbers can be interpreted as in Table 8.1.

4 unknown to t3 ts t1o too C1% C5% €10%
b(ﬁg) .0809 .0585 | .0311 | .0142 | .0010 7780 | 2.2971 | 3.8509
b(ﬁsp) .0605 | .0862 | .0945 | .0985 | .1025 .3214 .5996 | 2.1882
MSE(@G) 1.2978 .0311 | .0049 | .0013 | .0006 .7060 5.4421 15.069
(.9681) (.0062) | (.0002) | (.0000) | (.0000) (.0007) (.0044) (.0114)
MSE(@SP) .0788 .0379 | .0292 | .0308 | .0328 .2191 .4388 4.9420
(.0098) (.0060) | (.0001) | (.0001) | (.0001) (.0006) (.0009) (.0090)
resp/q 16.471 .8193 | .1673 | .0437 | .0175 || 3.2218 | 12.401 | 3.0492
(12.4244) | (.0884) | (.0061) | (.0009) | (.0005) (.0063) (.0205) (.0047)
© known to ts ts t10 too Ccly C59 C10%
b(ﬁg) 1301 .0564 | .0310 | .0145 | .0004 5977 | 1.9569 | 3.4417
b(ﬁsp) .0847 | .0903 | .0949 | .0983 | .1019 .1335 .2884 .5976
MSE(@G) 6.7343 .0189 | .0039 | .0010 | .0002 .4086 3.9213 | 11.959
(5.8811) | (.0008) | (.0001) | (.0000) | (.0000) (.0004) (.0028) (.0085)
MSE(QSP) .0227 .0257 | .0283 | .0301 | .0323 .0314 1017 .4206
(.0001) (.0001) | (.0001) | (.0001) | (.0001) (.0001) (.0003) (.0009)
resp /G 296.72 7374 | .1391 | .0338 | .0076 || 13.016 | 38.555 | 28.434
(259.12) | (.0333) | (.0026) | (.0007) | (.0002) (.0383) (.0950) (.0518)

if they are contaminated. Hence, the Gaussian estimator generally is to be preferred if
the data are uncontaminated and the missing part is MAR but not MCAR. In the NMAR
case (see Table 8.4) the Gaussian estimator is biased even if the data are jointly normally
distributed. Like in the MAR case, the Gaussian estimator should be preferred whenever
the data are uncontaminated (except for very heavy tails) but the spectral estimator is

more efficient if they are contaminated.

8.6. Conclusion

We presented a distribution-free approach for estimating the shape matrix of incomplete
multivariate data leading to the spectral estimator. This is particularly appropriate if the
data stem from the class of generalized elliptical distributions including both the class of el-
liptically symmetric and skew-elliptical distributions. We showed that in the complete-data
case the spectral estimator corresponds to Tyler’s M-estimator whereas in the incomplete-
data case it can be represented as an observed-data ML-estimator. In both cases the

estimator is invariant under arbitrary changes of the generating variate of the generalized
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Table 8.4.: Simulation study for the incomplete-data case where the missing data are

NMAR. The symbols and numbers can be interpreted as in Table 8.1.

4 unknown to t3 ts t1o too 1% C5% C10%
b(Qc) 0635 | .0476 | .1139 | .1614 | .2029 || .7969 | 2.4495 | 4.1247
b(Qsp) .0056 | .0922 | .1456 | .1781 | .2063 | .2184 | .6145 | 2.3627
MSE(Qc) 6388 | .1617 | .0404 | .0789 | .1236 || .6890 | 6.1380 | 17.268
(.3768) (.1395) (.0003) (.0002) (.0002) (.0006) (.0047) (.0131)
MSE (Qsp) 0015 | .0269 | .0645 | .0956 | .1279 || .0901 4203 | 5.7230
(.0001) (.0002) (.0002) (.0003) (.0003) (.0002) (.0008) (.0078)
re /G 412.69 | 6.0198 | .6260 | .8255 | .9663 | 7.6431 | 14.602 | 3.0173
(221.09) (5.1941) (.0035) (.0021) (.0016) (.0169) (.0222) (.0033)
1 known t2 t3 ts t10 too Cc1% C5% C10%
b(Qc) 0827 | .1051 | .1027 | .1008 | .0985 || .5399 | 1.7264 | 3.0425
b(Qep ) 1617 | 1718 | .1799 | .1860 | .1924 || .2147 | .2910 | .3997
MSE(Qc) 1.0266 | .0504 | .0409 | .0390 | .0371 | .3635 | 3.0745 | 9.3694
(.4442) (.0013) (.0002) (.0001) (.0001) (.0002) (.0019) (.0056)
MSE (Qsp) 1080 | 1231 | .1367 | .1475 | .1576 || .1429 | .1251 2149
(.0003) (.0003) (.0003) (.0004) (.0004) (.0003) (.0002) (.0004)
re /G 9.5069 | .4094 | 2992 | 2641 | 2351 || 2.5436 | 24.567 | 43.609
(4.1142) (.0109) (.0014) (.0008) (.0005) (.0060) (.0433) (.0686)

elliptical distribution. That means the underlying mechanism which is responsible for out-
liers or clusters can be eliminated and our estimator becomes completely robust. We also
derived its asymptotic distribution under the MCAR assumption. An important argument
in favor of the spectral estimator is that if the data stem from a generalized elliptical
distribution, no nuisance parameters need to be estimated for assessing its asymptotic dis-
tribution and its asymptotic covariance matrix solely follows from the spectral estimate
itself. Moreover, we developed a fast algorithm for calculating the spectral estimate and
gave some practical advice for its numerical implementation. A simulation study for the
complete-data and the incomplete-data case reveals that for contaminated data the spec-
tral estimator should be always preferred. The same holds if the data are uncontaminated
but heavy-tailed and the missing part of the sample is MCAR. In contrast, if the uncon-
taminated data possess a moderate tail index and the number of dimensions is small, the

Gaussian approach seems to serve its purpose.
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Summary

In Chapter 1 I discussed the potential drawbacks of TDC estimation. It turned out that the
(semi-)parametric TDC estimators perform well if the underlying distribution or copula is
the right one. By contrast, their performance is very poor if the assumed model is wrong.
Hence, model risk is an inherent problem of TDC estimation. Further, the nonparametric

estimators exhibit a large bias in case of tail-independence.

In Chapter 2 I presented an alternative measure for the extremal dependence of financial
data, namely a conditional version of Spearman’s rho. This is based on a purely non-
parametric approach and so it is possible to avoid any kind of model misspecification. An
empirical study using daily returns of stocks contained in the DAX 30 revealed that there is
sufficient evidence to support the hypothesis of different degrees of monotone dependence

in bull and bear markets.

A numerical approach to incorporate the stylized facts of high-frequency financial data and
arbitrary prior information into portfolio optimization has been developed in Chapter 3.
It is characterized by rather weak assumptions about the underlying stochastic process. I
gave a practical example to demonstrate its applicability to real-world problems. The re-
sulting portfolios became well-diversified compared to the outcomes of traditional portfolio

optimization strategies.

Exact hypothesis tests for global and local minimum variance portfolios as well as their
small-sample distributions have been derived in Chapter 4. It has been shown that estima-
tion risk can be simply reduced by imposing linear constraints on the portfolio weights. All
the presented results hold in small samples, which is an important fact since large-sample
approximations fail if the sample size is large but the number of observations relative to

the number of assets is small.

In Chapter 5 I presented two shrinkage estimators for the GMVP that dominate the tra-

ditional estimator. Their small-sample and their large-sample properties alike have been
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investigated. The estimators considerably reduce the out-of-sample variance of the port-
folio return compared to the traditional estimator, especially if the asset universe is large.
In addition, I provided a hypothesis test to decide whether one should invest in a portfolio

based on estimators for the GMVP or in the naive portfolio.

I presented a hypothesis test for the best investment strategy in Chapter 6 and demon-
strated the test by an application to financial data. For this purpose I generalized the
Jobson-Korkie-Memmel test considering ergodic stationary stochastic processes satisfying
Gordin’s condition. It turned out that ignoring the stylized facts of empirical finance can

lead to wrong decisions.

In Chapter 7 I derived the joint asymptotic distributions of robust estimators for shape
matrices and their associated scales. I also generalized an important result from local
asymptotic normality theory. The given instruments are applicable to a wide range of
problems in multivariate analysis such as principal components analysis, canonical corre-

lation analysis, linear discriminant analysis, and multivariate regression.

Finally, in Chapter 8 I presented a distribution-free approach for estimating the shape
matrix if the data are incomplete. I showed that in the complete-data case the resulting
estimator corresponds to Tyler’s M-estimator, whereas in the incomplete-data case it is
an ML-estimator. In both cases the estimator is invariant under arbitrary changes of the
generating variate of a generalized elliptical distribution. I also derived its asymptotic

distribution and developed a fast algorithm for calculating the desired estimate.
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