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Count processes (X;): range contained in Ny,

i.e., set of non-negative integers (see Weils, 2018).

= exactly linear count time series model possible

if restricting to non-negative autocorrelation function (ACF).

For practice, models also allowing for negative ACF required.

Possible to find approximately linear models?

Distinguish two cases:
e unbounded counts (X;), i.e., full Ny as range;
e bounded counts (X;), i.e., upper bound n € N,

so range {0,...,n} also bounded from above!
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INGARCH-type models for unbounded counts (X;):

Let M; = E[X¢|F;—1], then recursive scheme
My = f(ao + Y im1 0 X+ 01 b; Mt—j)-

Count X; emitted by distribution with mean My,
for example, X¢|Fi_1 ~ Poi(My).

Ordinary (linear) INGARCH model (Ferland et al., 2006):
response function f =id, but then constraints

ag > 0 and ay,...,ap,b1,...,bg > 0 to ensure M; > 0O

(plus constraint a1 + ...+ by < 1 for stationary solution).
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INGARCH-type models for unbounded counts (X;):

Let M; = E[X¢|F;—1], then recursive scheme
My = f(ao + Y im1 0 X+ 01 b; Mt—j)-
Maybe ReLU INGARCH model~?

If choosing rectified linear unit function,
ReLU(z) = max{0,z},

then M; = 0 might happen, so degenerate count distribution.
Furthermore, ReLU(xz) not differentiable in O.
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Solution by Weils et al. (2022):
softplus INGARCH model with response function f = sp..

Softplus function — spa(x)
spe(z) =cIn(1+exp(z/c)) o - — 222258)
with ¢ > O;

(Mei & Eisner, 2017)

truly positive
and differentiable,

sp.(xz) — ReLU(x) T -
for ¢ — 0.
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INGARCH-type models for bounded counts (X;), <n € N:

M; = f(nao P o Xy Zgzlﬁj Mt_j> with f: R — (0;n),

or equivalently, using normalized conditional mean
P, = %Mt together with  f*(x) = %f(n L x):

P = f*(Oéo + i i Xy i/n+ X1 B; Pt—j>a f* R —(0;1).

Counts X|F;_1 emitted by, for example, Bin(n, P;).
Risti¢ et al. (2016): f* = id = strict parameter constraints;
Chen et al. (2020): f* = logit—! = distinctly non-linear;

whereas softplus function not bounded from above.
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Idea: use soft clipping (Klimek & Perelstein, 2020),
1+ exp(%)l )

1+ exp(* )

where sce.(x) — cReLU(x) := min{l, max{0,x}}

for ¢ — O (clipped RelLU, see Cai et al., 2017).

sCc:R— (0;1), sCe(x) = cln (

— sCoos(X)

— Soft-clipping INGARCH model
' uses response function

f*(z) = sce(x)
. for P =

00 02 04 06 08 10 1.2
| | | |
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Let (X¢) have range {0,...,n}.
The soft-clipping BINGARCH (scBINGARCH) model

assumes counts X¢|P; emitted by Bin(n, P;), where

Xt|'Ft—1N Biﬂ(’n,Pt>,
P = sce(ag+ S0y o Xpi/n+ 511 8 P j).

Here, |a;l,|8;| <1 fori=1,...,pand j=1,...,q,
and we assume ag € (0;1 4+ p+ q).
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Lemma 1l With aforementioned parameter constraints,

and with ¢ > 0, there exist €1,eo > 0 such that

Py € [e1;1 — eo] for all ¢.

Lemma 2 LetnéeNand p; >p>>n/d >0 for some § > 0.

Then, total variation (TV) distance satisfies

[

1—(1—|p1—p2l)"

- (2

].—eXD(—(S’pl—le).

TV(Bin(n,pl), Biﬂ(n,P2)>

A

VA

(Recall:  TV(Py, Pp) = 3 ¥2%|Pi(x) — Pa(x)].)
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Lemmata 1 and 2 used to show that conditions (A1)—(A3)
in Doukhan & Neumann (2019) hold.

Theorem 1 If scBINGARCH(p,q) satisfies 23-:1 18;] < 1

and  y7_1 max{0,a;} +57_; max{0, 8;} <1, then:

(i) Markov process (Z4¢), Zt = (Xt o, Xy—pt1, Py oo, Pr_g41),
possesses unique stationary distribution;

(ii) stationary version of (X;) absolutely regular

with 8-mixing coefficients bounded by C pV™;

(iii) stationary version of (X, P) is ergodic.
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Except for the i.i.d.-case a1 = 0O,

X¢|Fi—1 ~ Bin(n,P;) with P, = SCC(aO Oé]_Xt_]_/TL)

defines primitive and thus ergodic Markov chain,
SO unique stationary solution and

o-mixing with geometrically decreasing weights.

Exactly linear competitors: (equivalent for n =1)
e binomial AR(1) (BinAR(1)) model of McKenzie (1985),
e ordinary BINARCH(1) model (Risti¢ et al., 2016),
_ ki — 1l—my .
both ACF (k) = p* with p € (max{{=%,+="} ; 1),
where ™ = E[X¢/n].
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Plots of attainable pairs of ACF(1) against + E[X/]

for different upper bounds n, where black region corresponds
to scBINARCH(1) model with ¢ = 0.01, and grey region to
BinAR(1) or BINARCH(1) model, respectively:

I I I I I I I I I I I I I I I I I I 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 n E[Xt]
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Which “extent of linearity” achieved by scBINARCH(1) model?
Numerical computation of normalized mean, BID, PACF 1-3.

“Linear values’ by plugging-in into BINARCH(1)'s formulae

(irrespective of any parameter constraints).

Values for ¢ = 0 computed by response function cReLU(x).
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Mean /n BID PACF(1) PACF(2) PACF(3)
P n c SC lin SC lin SC lin SC lin SC lin
™=0.3

-0.5 3 0.1 0.308 0.300|1.150 1.200 |-0.440 -0.5000.004 0.000|0.000 0.000
0.05 /0.303 0.300|1.176 1.200  -0.472 -0.500|0.004 0.000 |0.000 0.000
0.025/0.302 0.300]1.183 1.200 |-0.480 -0.500|0.004 0.000 |0.000 0.000
0.01 1 0.301 0.300]1.184 1.200 |-0.482 -0.500|0.004 0.000|0.000 0.000
0 0.301 0.300|1.184 1.200 | -0.482 -0.5000.004 0.000 |0.000 0.000

-0.5 10 0.1 0.304 0.300|1.242 1.290 | -0.465 -0.500|0.001 0.000 | 0.000 0.000
0.05 1 0.300 0.300|1.282 1.290 |-0.494 -0.500|0.001 0.000 |0.000 0.000
0.025 /1 0.300 0.300]1.289 1.290 |-0.499 -0.500|0.000 0.000 |0.000 0.000
0.01 |/ 0.300 0.300|1.290 1.290 | -0.500 -0.500|0.000 0.000 |0.000 0.000
0 0.300 0.300|1.290 1.290|-0.500 -0.500/|0.000 0.000 | 0.000 0.000

-0.5 30 0.1 0.304 0.300|1.274 1.319 | -0.472 -0.500 | 0.000 0.000 | 0.000 0.000
0.05 |0.300 0.300|1.315 1.319 | -0.498 -0.500|0.000 0.000 | 0.000 0.000
0.025/0.300 0.300|1.319 1.319|-0.500 -0.500|0.000 0.000 |0.000 0.000
0.01 |0.300 0.300|1.319 1.319 -0.500 -0.500|0.000 0.000 /| 0.000 0.000
0 0.300 0.300|1.319 1.319|-0.500 -0.500|0.000 0.000 | 0.000 0.000
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scBINARCH(1)'s conditional log-likelihood function:
0(0) =InL(O;x1) = ZfZQInp$t|xt_1, where
e . fn,—j
pj; = (?) SCC(Oé() + a1 %)J (1 — SCC(aO + a1 %)) :
Theorem 2 If ¢ > 0, existence of consistent CML estimator

that is asymptotically normally distributed,
VT (0 -6) & N(o, 171(8)),

where I71(.) denotes expected Fisher information,

follows from Theorems 2.1 and 2.2 of Billingsley (1961).
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Example simulations results (10,000 replications, ¢ = 0.01):

Simulated
s.e. of
aQ

Mean appr.
s.e. of

Mean of
N ao

aQ

—~

QQ a1 n T Q1 Q1 Q1

0.45 -0.5 10

50
100
250
500

0.450
0.450
0.449
0.450

-0.498
-0.499
-0.498
-0.500

0.043
0.030
0.019
0.013

0.116
0.080
0.049
0.035

0.044
0.030
0.019
0.013

0.115
0.079
0.049
0.034

0.15 0.5 10

50
100
250
500

0.164
0.157
0.152
0.151

0.450
0.475
0.491
0.495

0.042
0.028
0.017
0.012

0.127
0.089
0.054
0.038

0.041
0.028
0.017
0.012

0.128
0.088
0.054
0.038
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Extension to AR(p)-type scBINARCH model:
Existence of scBINARCH(p) model,
X|Fi-1 ~ Bin(n,B) with P, = sce(ao + Si=1 & X;—i/n),

derived from p-dimensional representation
X=Xty X4 pt1) |,

which again constitutes finite Markov chain.
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Some Kkind of “long memory’ via feedback term:

Xt|~Ft—1 ~ Bin(n,Pt) with P = SCC((XO—|—O¢1 Xt—l/n_l_ﬁl Pt—l)-

(a) a; = 0.25, 3, = 0.70; (b) a7 = —0.25, 1 = —0.70.
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CML estimation using Davis & Liu (2016),
as conditional binomial distribution

belongs to one-parameter exponential family:

Theorem 3 If conditions of Theorem 1, then
scBINGARCH(1,1)'s CML estimator 8 — 0 almost surely,

and it is asymptotically normally distributed,

VT (8 -6) % N(o, 171(89)).
Simulations:
T > 250 required for good estimation performance,

especially if |a1 + 81| close to 1.
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T = 299 eruptions of Old Faithful Geyser, “1" if > 3 min.

H_

Eruptions
Partial ACF

Time series plot and sample PACF of geyser eruption data:
0.4 —
0.2
00 l.l
s -024
-0.4
= o e e e el
0 50 100 150 200 250 300 1 2 4 6 8 10 h

Jentsch & Reichmann (2019) developed generalized binary
ARMA (gbARMA) family to account for negative ACFs.

Jentsch & Reichmann (2019) select gbAR(2) model.
scBINARCH(2) nearly identical properties, but

scBINGARCH(1,1) better ability to slowly decaying ACF.
Christian H. Weilf — Helmut Schmidt University, Hamburg
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Liu et al. (2021): Daily air quality levels
for thirty Chinese cities (Dec. 2013—July 2019, T' = 2068),

ordinal scale from sg = “excellent” to s = “severely polluted”.

“Rank-count approach™ Y;; =sx, at time t in City g,

where X;; bounded-counts r.v. with n = 5.

Liu et al. (2020): linear “ZOB Poisson” INGARCH(1,1),
I.e., truncated Poisson with additional zero and one inflation;

does not allow for negative parameter values!

Thus, scBINGARCH(1,1) sometimes better able

to mimic sample ACF: (...)

Christian H. Weilf — Helmut Schmidt University, Hamburg



A Application: Air Quality Data MATH
s O T AT

Example: Air quality data for Beijing:

n — X X} e oo ®wwe o e ewme o ° oo 0.6
| | 1
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0 500 1000 1500 2000 1 2 4 6 8 10h

ACF for Beijing series decays rather quickly,
captured by negative 51 (impossible for ZOB-INGARCH(1,1)):

(ag, &1, B1) ~ (0.180,0.595, —0.161).

scBINGARCH(1,1) not fully able to mimic marginal.

Future extension: allow for zero and one inflation.
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e SCBINGARCH family extends linear BINGARCH model,

but gets by with less severe parameter restrictions.

e Behaves like linear BINGARCH for positive parameters,

but allows for negative parameter and ACF values.

e EXxistence and mixing properties for scBINGARCH,

consistency and asymptotic normality of CML estimator.

e Future research: spatio-temporal modeling of counts,
beta-binomial scBINGARCH (extra-binomial variation),

zero-(one-)inflated scBINGARCH.
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