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This talk is based on the articles

Weils, C.H. (2009a). Modelling time series of counts with
overdispersion. Appears in Statistical Methods and Applica-
tions.

WeilR, C.H. (2009b). The INARCH(1) Model for Overdi-

spersed Time Series of Counts. Submitted.

All references mentioned in this talk correspond to the re-

ferences in these articles.
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Processes of counts commonly observed in real-world app-

lications. Examples from diverse fields in practice:

e insurance (e. g., time series of claim counts),

e economics (e. g., counts of price changes),

e statistical process control (e. g., counts of defects),

e traffic (e. g., counts of accidents),

e network monitoring (e. g., intrusion detection system),

e epidemiology (e. g., counts of diseases), and others.
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Example 1: Monthly claims counts (1987 to 1994):

burn related injuries in heavy manufacturing industry.
Source: Freeland (1998).
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Example 2: Monthly strike data (1994 to 2002):

number of work stoppages leading to 1000 workers or more
being idle in effect in the period.

Source: U.S. Bureau of Labor Statistics.
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Analysis of both time series:

Partial autocorrelation function of
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Analysis of both time series: (continued)

For both examples, AR(1)-like dependence structure

= Popular Poisson INAR(1) model appropriate?
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Analysis of both time series: (continued)

Marginal properties:

e Example 1: mean 8.60 (sex~0.49) and variance 11.36;
e Example 2: mean 4.94 (sex~o0.41) and variance 7.92.

= Overdispersion for both examples!

= The popular Poisson INAR(1) model cannot be used!
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Overdispersion commonly observed in practice.

Typical reasons:

e presence of positive correlation between monitored events
(Friedman, 1993; Poortema, 1999; Paroli et al., 2000);

e variation in probability of monitored events (Heimann,
1996; Poortema, 1999; Christensen et al., 2003);

e further potential causes of overdispersion discussed by
Jackson (1972).
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In a nutshell:
Modeling of real-world time series of counts
usually requires to consider both

serial dependence and overdispersion!

Recent approach:
INGARCH models, the integer-valued generalized auto-

regressive conditional heteroskedasticity models.

Christian H. Weils — Darmstadt University of Technology



The
INGARCH Models

Definition & Properties



INGARCH Models: Definition & Properties UNIVERSITAT

DARMSTADT

INGARCH(p, q) model introduced by Heinen (2003):
(Xt)7 with range N follows INGARCH(p, d) model
with p>1 and q > 0 if

(i) X, conditioned on X;_1,..., is Poisson-distributed ac-

cording to Po(M;), where
(ii) conditional mean My := E[X¢ | X;_1,...] fulfills
My = Bo + SPq o X¢y + 2?21 Bj - My_j,

where 35 > 0 and ay,...,ap,31,...,08q = 0.
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Condition (i) =
conditional distribution of Xt‘ equidispersed, i. e..

X, 1,...

ElXy | Xiq,.- =M =VI[Xe | Xy—1,...].

But unconditional distribution shows overdispersion:
pue = E[Xy] = E[My],
VIXi] = E[M] + VIM] = pe + V[My].
= INGARCH(p, ) model useful for

modeling time series of overdispersed counts!
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Ferland et al. (2006):
For ae + fe :=%7_j 0 + 571 85 < 1,
the INGARCH(p, ) model exists and is strictly stationary,

with finite first and second order moments.

Mean [V E[Xt] = 60/(1 — Ol — ﬁo)
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Weill (2009a):

Yule-Walker-type equations for vx (k) = Cov[X¢, X;_1]:

VIXe] = » + Sy ai-yx (D) + 52 65 v (),

vx(k) = ¥Pq ai-yx(lk—i) + SN gy (k- )
+ 23, Bi-ym(G—k) fork>1,

where vps(k) = Cov[M¢, My_1] with

(k) = SR (e —d) 4+ 2P, ey (i — k)

+ 21 Bj-vm(lk—jl) for k>0.
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Further simplification for g =0, i. e.,
for INARCH(p) family with ae < 1:

vx (k) = 2P a;-vx(k—i]) + 6o p for k > 0.

Nearly identical to YW equations of standard AR(p) models.

Consequence:
Model order p can be identified
via usual partial autocorrelation function ppart(k):

ppart(k) = 0 for k > p.
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In the following,

we concentrate on most simple INARCH model,
the INARCH(1) model.

AS seen above,

INARCH(1) model has AR(1)-like dependence structure
(like in above examples), i. e.,

INARCH(1) model is alternative to
popular Poisson INAR(1) model,

but iIs able to model overdispersion.
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Definition:

Let (X¢)7 be a process with range Ng = {0, 1, ...},
let 5 >0and 0 < a < 1.

(Xt)7 is said to follow an INARCH(1) model

If Xy, conditioned on X;_1, X¢_o,...,

is Poisson distributed according to Po(B8+ o - X;_1).
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Basic properties:
e Stationary Markov chain with transition probabilities

pyj = P(Xy=1] X1 =)

= exp(—B—a-j)- (5+ic!>z-j)i > 0:

e autocorrelation function px(n) := Corr[X:, Xi_pn] = ™.

Christian H. Weils — Darmstadt University of Technology



INARCH(1) Model: Definition & Properties JECHNSCHE

UNIVERSITAT
DARMSTADT

Weill (2009a): (Marginal Cumulants)

The cumulants follow recursively from
mlz%, kn = —(1—a™™)~ 12 137” k;j forn > 2,

where s, ; are Stirling numbers of first kind:

Sn7o = 0 and Sn,n — 1 for n 2 ].7
Sp+1,j = Snj—1—N" Sy fory,=1,...,nand n > 1.
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Weill (2009a): (Marginal Cumulants) (continued)
In particular,

k1 = oo = E[X{], ky = mrbm = V[X{],

. e., overdispersion,

1+ 202
1 — a3

1—|—6a2—|—5a3—l—6a5.
(1-a3)(1—a%) @

I. e., skewness and excess of X; are given by

1+2a? [14+a 1+ 60245034605 .
Ttata2 V8 N9 301 ata2)(11a2) FeSPectively.

k3 k2, kg =—
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Conditional maximum likelihood approach:

L(B,a) = P(Xp=2zp,...,Xo=20 | X1 =21)

e~(T-DB. e=aXimpmi—1. 11T (3 + am_1)™
(M=o x!) |

ML estimates via numerical maximization.

Observed Fisher information given by

ZT Lt ZT LtTt—1
. t=2 (B+aw;_1)? “1=2 (B+az;_1)?
J(B, ) = TtTt_1 T wtm?—l

T
=2 (Bt+az;_1)2 =2 (Bt+az;_1)2

— Approximate asymptotic SE of ML estimators.
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INARCH(1) model performs very well for initial examples:

e Example 1:
ML-estimates 3 = 4.3796 and & = 0.4911,
model mean 8.61 and variance 11.34,

empirical mean 8.60 and variance 11.36.

e Example 2:
ML-estimates 3 = 1.8114 and & = 0.6364,
model mean 4.98 and variance 8.37,

empirical mean 4.94 and variance 7.92.
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Conditional least squares approach:

2
CSS(B,a) = Yi—p (z¢— E[X; | Xp—1 = 24-1])
— Zthz (w — B — amp_1)°.
Minimization leads to

acLs = Yo XeXio1 — i S Xa Sl X
= p
Sima X1 — —T£1 (i, X q)

2 _ 1 T ~ T
Bcls = 771(Si=s Xi — acLs Sieo Xi—1)-
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Weill (2009b): (Asymptotic Distribution CLS)
Using a result of Klimko & Nelson (1978), it follows that
A - D
VT —1(BcLs — B,acLs —a)' = N(0,%3,),

where g, =

%(6(1 —|—Oé) | 1420 ) _6(]— +Oé) . (1+2a)a3

1-|-oz-|-o§2 1(-|-oz-|-o§2)
_ _ (A42a)a . a(l4+2a
B +a) = iter (e (1 B(l-l-oz-l-az))

— Approximate asymptotic SE of CLS estimators,

derivation of simultaneous confidence regions.

Christian H. Weils — Darmstadt University of Technology



INARCH(1) Model: Estimation of Parameters [\ Veraiar
e ——— DARMSTADT

Weils (2009b): (Simultaneous Confidence Regions)
Two types of confidence region based on CLS estimators:

{(B,0) | (BcLs—B acLs—a) 5 4 (BeLs—B,dcLs—a) T < 7251},

where z denotes y-quantile of x3-distribution, and

{(8,a) |
3 a2 22 BCLS<1+26‘éL5+BCLS(1+&CLS)(1+54CLS‘|‘54%|_5))
(6CLS ﬁ) < T_1q 1_&3(,]_5

~ 2 _ 2 ~2 4 QcLstag) s—20¢ g
Q o) < (1 — ~ ~ =
(GcLs — a)? < 741 - ( CLS 5CLS(1+QCLS+Q%LS)>}7

)

where z denotes (3 4+ ~)/4-quantile of N (0, 1)-distribution.
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Performance for finite values of T' via simulation study using

Mathematica 5, with 50,000 replications per (8, «), ~v, T.

Main results:

For a < 0.2, CLSq region reliable already if T' > 100.
For 0.4 < a < 0.6, CLSq region requires 1T' > 500,
while o« = 0.8 even requires 1T' > 1000.

CLS5 region conservative, but can be used if v > 0.95
independent of (3,«) and T.
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Confidence regions applied to Example 2:
(T = 108, levels 90 %, 95 %, 97.5%, 99 %)

4 4

3.5 3.5

3 3

2.5 2.5

1.5 1.5
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- Sl (X = X)) (Xm1 — Xp)

Bum = X7 (1 —amm).
Applying arguments of Theorem 3 in Freeland & McCabe
(2005), it follows that MM estimator has same asymptotic

properties as CLS estimator.
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Problem:

As shown above, marginal cumulants can be computed

recursively up to any order.

But explicit expression for marginal probabilities
p; .= P(Xy = 1) of INARCH(1) process not known!

Feasible approximation of p; possible?
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First approach: Markov chain approximation
(Xt)7 is ergodic Markov chain, it follows that

p; = limp—oo pi|j(n) for all 7,5 € Np,
where n-step transition probabilities
p;|j(n) = P(Xy =1 | Xi—p = j)
follow recursively via

pi\j(n) — Zf]?O:O qu|r'pr|j(n_1)-
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These relations allow to determine marginal probabilities
numerically:

Choosing M, N € N sufficiently large, we approximate

pi ~ pz'|j(N)> where pi|j(n) ~ Zr,M:o pi|r°pr|j(n_ 1)
for arbitrary ¢,5 € Ng, e. 9., choose j := [ux].

Summary: Precise but computationally expensive,
requires appropriate choice of M, N.

Simpler approximation possible?
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Second approach:

Poisson-Charlier expansion of Barbour (1987).
Probability generating function (pgf) of X: px(2) := E[z].
Factorial cumulant generating function (fcgf):

kx(2) = In(px(1+2) = ME[A+2)%] = 3 "0

r=1 r!

with factorial cumulants K(r)- Relation between pgf and fcgf:

px(2) = exp(kx(z—1)) = exp(xp%; -P-(z—1)").

rl

Basic idea: px(z) ~ exp (XL, By — 1)7).

rl
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Poisson-Charlier expansion of Barbour (1987) further re-
finement of this approach.

Let m; := e "1 .k} /i! denote Poisson probabilities.
Let V denote difference operator: Vm;, = m; — m;_1.

mth order PC approximation: p;, ~ (V) - 7;,
where fp, is (m — 1) order Taylor polynomial
around z = 0 and evaluated in z =1 of

). (—ZV)T>.

f(z,V) = exp (i > i

r—>2
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T he first four Poisson-Charlier approximations:

f1(V) = 1, (— Poisson approximation)
f2(V) = 143k V?,

f3(V) = 14 5r0)V2 - gr(3)V3 + gripy V4,
fa(V) = 143k V?2 — gr(3) V3 (Kéz) S Cva

1 5 1.3 6
—12R(2)F3)V" T a8k () V-
So only knowledge about first few factorial cumulants of X

required!
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Weill (2009b): (Marginal Factorial Cumulants)
Factorial cumulants of INARCH(1) process determined from

usual cumulants via
li(l) = K1, Iﬁ)(n) = o"-kp fOrn > 2.

= Poisson-Charlier approximation of any order m easily im-
plemented for INARCH(1) model!

Performance?
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True marginal distribution and relative errors of Poisson-
Charlier approximations for (8,«a) = (3.75,0.25):

0.3 30 %

P 027 120 %
0.1 110 %

= 0%
01+ 1 -10 %
0.2 } 1-20 %
03} 1-30 %

gl s 1 0%
o 2 4 6 8 10 12 14 16 18 k

= Approximations only good in central region:
For kK — oo, relative error tends to —100 %.

Usual Poisson approximation always bad.

Christian H. Weils — Darmstadt University of Technology



INARCH(1) Model: Marginal Distribution e

DARMSTADT

Performance becomes worse for increasing «.
The fourth order approximation still works well for « = 0.5
(graph for 3 = 2.5):

03 30 %
pr. 02f 120 %
. m | 10%
0} = L ——— . — 0%
01} {-10 %
02} {-20 %
03} {-30 %
-0.4 ' ' ' 1 1 ' ' ' . . . . : : : : ' ' -40 %
0 2 4 6 8 10 12 14 16 18 k

For o« > 0.6, no satisfactory approximation for the marginal

probabilities.
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e INGARCH models: simple ARMA-like models for
time series of overdispersed counts,

Yule-Walker equations for autocorrelation function.

e INARCH(1) model: Explicit expressions for marginal (fac-
torial) cumulants, autocorrelation function, transition pro-

babilities. Asymptotic distribution for CLS estimators,
simultaneous confidence regions.

e Marginal probabilities not explicitly known.
MC approximation possible but expensive.
PC approximation better than Poisson approximation,
really satisfactorily only for moderate autocorrelation.
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