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In applications, often testing hypothesis w.r.t.

marginal distribution of given count time series Xq,..., X7.

Might be done by
e looking at specific feature of hypothetical count distribution,

e. g., Poisson index of dispersion (Schweer & Weils, 2014);

e deriving test statistic considering any deviation from null mo-
del, e. g., based on pgf (Meintanis & Karlis, 2014).

Textbook approach:
GoF statistics based on hypothetical & estimated pmf,
e. g., power-divergence family (Read & Cressie, 1988).
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Many common GoOF tests within power-divergence family.

Since asymptotic behavior same as of Pearson’s GoF stati-

stic G2 (Read & Cressie, 1988), focus on latter in sequel.

If Xq1,..., X7 1.1.d., and if Pearson statistic G2 constructed by
using k categories, then asymptotic Xz—distribution:
e if hypothetical distribution fully specified,
then G2 with asymptotic x7_,-distribution;
e if hypothetical distribution has r > 1 unspecified parameters
to be estimated from data,
then G2 with asymptotic x7_,__ -distribution.
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Aim:
e Develop general approach to explicitly compute

asymptotic distribution of Pearson’s GoF statistic

for serially dependent count time series,

e covers both scenarios, where model parameters

specified or estimated from available data.
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Let (X;)7 stationary count process.
GoOF test based on X1,..., X7 to test hypothesis Hj:

marginal distribution satisfies P(X; = i) = p,; for some pmf (p;);.

Following common rules of thumb (Horn, 1977),
first define appropriate set of categories,
e.g., of the form (Kim & Weils, 2015)

{0,...,a}, {a+1},..., {b}, {b+1,...} with some O <a<b.

Then Hg-probabilities © = (7a, ..., mp, mpa1) '
for X; falling into these categories

computed from p = (pg,...,p;) as (...)
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Estimation by relative frequencies: p; = 7 S/ 1y x,—
and & := AP+ ey_q10 With p = (Po,---,Pp) ' -
Test statistic of Pearson’'s GoF test:
G2 = T (7 —=)' diag(w)" 1 (7 — w)
—~1/2 —1/2

= TG'G  with G :=diag(rq '*,...,m1°) A(P - p).

Typically, marginal pmf determined by some parameter 8 € R",
i.e., p=p@) and m =7(0) = Ap(0) + ep_q42.
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Pearson’'s GoF test statistic

G? = G?(p,0).
TWwO scenarios:

e O specified (so fully specified pmf),
so test statistic G4(p, 0), or

e O estimated from Xg,..., X7 (GoF with estimated par.),
so test statistic G2(p,0).

For estimation, we use simple moment estimators, i. e.,
th(:ula'“mu’r) and ézh(/”\l’].,'"?ﬁr))

where py, := E[XF] with p:=

and fiy =  $j—q XF with iy = X.
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Aim: Derive asymptotic distributions of T G(p,0) and
VT G(D,0), respectively, as well as of G2(p,0) and G2(p,0).

Step 1: define (b+ 14 r)-dimensional process

[ 1ix,=0} [ po )
|
Z, = | "= | with =E[Z] = | P |,
t X, Hz [Z+] 11
Assumptions: | X{ ) \ )

e (Xy)7 is a-mixing with geometrically decreasing weights,
and (2r 4+ §)-moments with some § > 0 exist.

e [Property “SYM": P(X; =1, X;_j, = j) symmetric in i,j.]
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Under above conditions, with Theorem 1.7 in Ibragimov (1962):

D
%TZtT:l(Zt—NZ) — N(0,3),

where

oij = ElZo;-Zojl—nzirz,;
+ 2521 (BlZ0,i Zngl + ElZni- Zogl = 2nz,02,;)
SYM

=" ElZo;-Zojl —pzibz; + 25521 (ElZh;- Zojl —nzinz;)
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Under above conditions, with Theorem 1.7 in Ibragimov (1962):

D
7 Si=1(Zi—pz) = N(O, ).

If 8 specified:

VT (p—p) = N0,5P)  with ®) = (05); j=0._p-
If @ estimated, 0 = h(jiy,...,[r):

VT ((5,0) — (p,0)) 2 N(0,=%) with ¥* := DD,

with D denoting the Jacobian of (zq,...,zp R(2p41s- -5 2ptr))

evaluated at (pg,...,ur)".
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Crucial question for practice: Possible to compute

covariances o;; of asymptotic \/LT I (Zi—pz) 2 N(O,%)7?

Yes, if h-step-ahead

conditional probabilities p;;(") := P(X; =i | X,_j, = j) available;

property SYM further simplifies formulae.

For i,5 € {0,...,b}, we have

(6;j —pi)p; ifh=0,

(" — py) p; if h >0,

ElZy ;- Zojgl —bzivz,; = {
il
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Fori,j € {1,...,r}, we have ugz ;= p;, pzpt; = iy, and
. . Hit s if h =0,
Zhbti - Z0,b4] Xt - X {E[X;.Xg_h] if h > 0.

Joint moments E[X} - Xij—h] often available in practice.

If r =1 (one-parameter Hp-distribution),

sufficient to compute the autocovariance function.

If no closed-form moment expressions are not available,
then numerical computation from pi|j(h), e.g., by truncating

summation after M 4+ 1 summands with M sufficiently large.
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For:=0,...,band g =1,...,r

ijpz' if h =0,
E(Z - 20, '
[Zh,p+5 - Zo,i] {E[Xg | Xy_p, = i]p; if h>0.

If SYM hold, then

SYI\/I

EZy ;- Zop45] ElZp, pyj - Zo,l-

If SYM does not hold, then E[th Zo b—l—g] = >22 9 xjp,f(;) Px

calculated (numerically) from p; ("),

Couple of relevant examples: (...)
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e i.1.d. counts:
e CLAR(1) model (Grunwald et al., 2000):

We have E[Zh,b—l—l . ZO,i] = (Ozh -1+ (1 — O{h) ,u> D -
If also SYM holds, then o; 41 = (i — p)p; 112

We also have p(h) = a”, so
Opt1b+1 = 0° + 2% 0%a" = o278

e Poisson INAR(1) model (McKenzie, 1985):
One-parameter (r = 1) marginal p; = e #pu'/il, i = X

CLAR(1) model with property SYM.
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e Poisson INAR(1) model (McKenzie, 1985):

One-parameter (r = 1) marginal p;, = e Hpu'/il, o = X;
CLAR(1) model with property SYM.

For i,7 € {0O,...,b},

oij = (65 —pi)p; +

~ (6i;—pi)p; +

2p; Y5 (i) — pi)

where simple closed-form formula for P| (h)

J

Computationally more efficient to utilize that
(Xt, Xy—p) ~ BPoi(ap; (1 —a") p, (1 —a") p).
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e Binomial AR(1) model (McKenzie, 1985):
CLAR(1) model with property SYM (like before),
one-parameter (r = 1) marginal p; = () 7" (1 — )",
moment estimator 7 := X /n, SO
Jacobian D = diag(1,...,1, 1/n).

e Geometric INAR(1) model (McKenzie, 1985):
CLAR(1) model, but property SYM does not hold!

Numerical approximation for p, (M) and O b1

g
One-parameter (r = 1) marginal p, = 7 (1 — 7)?,

moment estimator # = 1/(1 + X), so
2

Jacobian D = diag(1,...,1, —7«
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e Poisson INAR(2) model (Alzaid & AI-Osh, 1990):
Poisson marginal, property SYM;
all computations like for Poisson INAR(1), but
(Xt, Xi—p) ~ Bpoi(p(h) (1 —p(h))p, (1 — p(h)) u),
E[Xi | Xo_p] = p(h) Xo_pp + (1= p(h)) p,
p(l) =aq and p(h) = a1 p(h—1) + a>p(h —2) for h > 2.
e Poisson INMA(q) model (Weil, 2008):
non-Markovian but g-dependent.
(X1, X¢—p) ~ BPoi(p(h) i (1= p(h)) p, (1= p(h)) 1),
requires u and p(1),...,p(q).
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e NDARMA(p, d) model (Jacobs & Lewis, 1983):
Defining ¢ := 142 »72 4 p(h),
0ij = ¢ (0,5 — Pi) Pj,
i ptj = (¥ — pi) p;,
Ohtibtj = € (i — Hi 1)
Corresponds to i.i.d.-case with additional factor c.
e Hidden-Markov model (Zucchini & MacDonald, 2009):
Marginal and lagged bivariate probabilities as
P(X;=1i) = 1"P@G)m,
P(X;=1,X; =3 = 1"PG)A"P(H) .
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Let's return to asymptotics VT ((p,0) — (p,0)).
Step 2: derive asymptotics of VT G(p,0) and vT G(p,0).

Let z = (21, 25) with z1 € RT1 and z, € R", define

g(z1,22) = diag(ma(22) Y2, ... myy1(22) " V2) A(z1 — p(22))

such that G(p,0) = g(p,0) and G(p,0) = g(p, ).

Delta method requires Jacobian of g.
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e In specified-parameter case, reduced Jacobian suffices,

_ (.8
Jg(z1) = (az—ugk(z1>9))k=a,.“,b+1, i=0,....b

leading to
A D
VT G(,0) 2 N(0,Dn =)Dy, )

with Dy, = diag(w(@)_l/Q)A.
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e In estimated-parameter case, full Jacobian required.

Denoting Jacobian of p(z5) by J,(z5), we obtain
ﬁG(ﬁa 9) £> N<O7 DestE*D;—st)

With Dest = (ka —Dn Jp(e))-

Remark: Jacobian J, easily computed for

e Poisson marginal via  #-pi(p) = pi—1(u) —pi(),

e binomial marg. via a%pn,i(w) = n(pn—l,z’—l(ﬂ)—pn—l,z‘(ﬂ)),
e geometric marginal via %pi(w) = %pi(w) — ip;_1 (7).
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Step 3: We apply Theorem 3.1 in Tan (1977),
leading to asymptotic quadratic-form distribution
for Pearson’'s GoF test statistic.

e Specified-parameter case:
u
G2(p,0) 2 Y A Z7,
i=1

where Aq,..., Ay NON-zero eigenvalues of Dan(p)DIn.

e Estimated-parameter case:
2/~ A D Y * r72
]:

-

where A7,..., A, non-zero eigenvalues of DggtX"D ¢t
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Implementation of asymptotics in R,

Pearson’s GoF Test: Computations & Simulations
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using CompQuadForm package (Duchesne & de Micheaux, 2010)

to evaluate quadratic-form distributions.

Simulations always use 10 000 replications.

Quantiles of Pearson statistic (estimated parameters)

for binomial AR(1) process, asymptotic vs. simulated values,
(italic) taken from Kim & Weil (2015):

where l|latter

n T p T a b q0.25 d0.50 90.75 d0.95 d0.99

5 04 0.00 70 O 4|1.923 1.914|3.357 3.268|5.385 5.246| 9.49 9.28]13.28 13.66

5 04 0.50 70 0 4]2.449 2.351|4.292 3.962 | 6.921 6.293|12.33 11.73|17.44 18.19
22 0.4 0.00 70 5 11 /3.483 3.554|5.377 5418 |7.870 7.903|12.62 12.59|16.84 16.65
22 0.4 050 70 5 11|3.845 3.911/5.951 6.000|8.744 8.621|14.14 13.78|19.03 18.80
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Properties of Pearson statistic (estimated parameters)
for Poisson INAR(1) process with u = 3,
asymptotic vs. simulated values:
o T a b mean std. dev. 40.25 40.50 490.75 40.95 40.99
0.25 200 0O 6 6.15 6.13|3.55 3.50|3.54 3.59 5.48 5.45 8.03 7.94 112,90 12.78 1 17.23 17.34
500 07 7.16 7.14 1 3.83 3.81 14.35 4.33 6.49 6.46 9.24 0.22114.39 14.411|18.91 18.73
1000 O 8 8.17 8.18 4.09 4.08|5.17 5.23 7.49 7.53110.43 10.36|15.83 15.73 | 20.52 20.75
0.50 200 0O 6 6.89 6.8614.04 3.96|3.93 4.00 6.11 6.10 9.00 8.93|14.59 14.20|19.68 19.37
500 07 7.98 7.94 1434 4.3314.81 4.81 7.20 7.18 1 10.30 10.26|16.19 15.91 | 21.48 21.17
1000 O 8 9.05 8.95(4.61 4.64|5.69 5.59 8.27 8.17|11.56 11.36|17.71 17.64 | 23.16 23.45
0.75 200 0O 6/10.49 10.16 |/ 6.68 6.35|5.72 5.74 9.04 8.84 | 13.65 13.12|123.29 21.88|32.82 31.66
500 O 7/111.99 11.69|7.12 7.0216.90 6.84|110.52 10.25]115.44 14.81 | 25.55 24.64 | 35.42 35.68
1000 O 8|13.40 13.32/7.46 7.62|8.06 8.01111.93 11.8017.11 16.74 | 27.55 27.44 | 37.64 39.53
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Properties of Pearson statistic (estimated parameters)
for geometric INAR(1) process with u = 3,
asymptotic vs. simulated values:
o} T a b mean std. dev. q0.25 40.50 q0.75 40.95 40.99
0.25 2200 0 38 8.25 8.3214.11 4.14 5.24 5.30 7.57 7.63110.52 10.58|15.97 16.05|20.73 20.67
500 O 11 | 11.21 11.1914.79 4.78 7.72 7.71110.53 10.53]13.95 13.95|20.07 19.90| 25.26 25.33
1000 O 13(13.19 13.28|5.19 5.31 90.43 0.42 | 12.51 12.67116.22 16.41 | 22.73 22.92|28.19 28.59
0.50 2200 0 38 9.29 90.2614.88 4.79 577 577 8.41 8.30111.83 11.81118.48 18.09|24.71 24.46
500 0O 11|12.25 12.35|5.48 5.54 8.29 8.38111.39 11.45|15.25 15.32|22.44 22.84 | 28.94 29.48
1000 O 13 114.23 14.34 | 5.85 5.85110.02 10.17113.39 13.51117.51 17.57 | 25.02 25.21 131.69 31.70
0.75 200 0 8114.86 14.67 | 8.97 8.70 8.59 8.52112.87 12.87118.87 18.72|31.96 31.51 | 45.58 43.51
500 O 11]/18.03 18.09|/9.49 9.60(11.39 11.42|16.10 16.04 | 22.47 22.53|135.99 36.35149.89 50.67
1000 O 13 (20.09 20.2219.78 9.91|13.24 13.27|118.20 18.20|24.77 24.99|38.50 39.14 | 52.50 53.28
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Properties of Pearson statistic (estlmated parameters)
for Poisson INAR(2) process with u = 3,
asymptotic vs. simulated values:
o1 o T a b mean std. dev. q0.25 40.50 q0.75 q0.95 40.99
0.25 0.25 200 0O 6 6.44 6.35 3.74 3.71 | 3.70 3.64 5.73 5.68 8.41 8.28 | 13.56 13.32/18.18 18.17
500 o7 7.48 7.43 4.03 4.04 1453 4.47 6.76 6.71 9.65 9.58 | 15.09 15.06|19.89 19.79
1000 0 8 8.50 8.49 4.28 434|537 5.33 7.79 7.68110.86 10.84 | 16.55 16.42 | 21.52 22.12
0.50 0.25 200 0O 6 8.36 8.11 5.25 5.00 ] 4.60 4.58 7.24 7.10]110.86 10.46 | 18.37 17.61 | 25.80 24.98
500 O 7 9.61 9.37 5.61 5.6515.59 5.49 8.48 8.15|12.36 11.84 | 20.24 19.60|27.96 29.49
1000 0 8|10.79 10.68 5.89 5.93 | 6.57 6.53 9.66 059 113.75 13.41|21.91 21.77 | 29.79 30.66
0.75 0.10 200 0O 6|13.60 12.84 9.37 8.91|7.04 6.97|11.35 10.84 | 17.63 16.29|31.64 28.74 | 46.20 45.19
500 O 7]115.44 14.86 9.96 10.01 | 8.45 8.24|13.15 12.62|19.85 18.69|34.56 32.74 |49.67 50.32
1000 0 8|17.12 16.65]110.39 10.7019.80 9.47 | 14.82 14.29|21.85 21.00|37.01 36.05|52.43 53.78
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Critical values w.r.t. Poisson or geometric marginal distribution
having mean p = 3, sample size T' = 200;

INAR(2) process satisfies a1 = a,ap = 0.2:

Specified (solid) or estimated (dashed):

—— Poi-INAR(1), (a,b)=(0,6)
— Geom-INAR(1), (a,b)=(0,8)
Poi—-INAR(2), (a,b)=(0,6)

150
I

Critical value at 5% level
50 100
I

> -— e» =
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Simulated size of Pearson test (level 5 %) for Poisson INAR(1),
Poisson INAR(2) (also if misspecified as Poisson INAR(1)), and

geometric INAR(1) process, all having mean u = 3:

o = misspec. as

a1 o T a b| Poi-INAR(1) | Poi-INAR(2) PoIi-INAR(1) |la b Geom-INAR(1)

0.25 0.25 200 O 6 0.050 0.046 0.058 | 0 8 0.049
500 0O 7 0.046 0.049 0.062 |0 11 0.052
1000 O 8 0.051 0.047 0.059 | 0 13 0.051

0.50 0.25 200 O 6 0.049 0.055 0.104 | O 8 0.055
500 O 7 0.045 0.044 0.100 /0 11 0.051
1000 O 8 0.048 0.048 0.110 |0 13 0.051

0.75 0.10 200 O 6 0.049 0.076 0.132/0 8 0.078
500 O 7 0.047 0.057 0.125|0 11 0.058
1000 O 8 0.047 0.052 0.127 |0 13 0.052

Christian H. Weil — Helmut Schmidt University, Hamburg
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Simulated size and power of Pearson test (level 5%)

for Poisson INAR(1) process (dispersion index I = 1)
and NB-INAR(1) process (I > 1), respectively,

all having mean pu = 3:

Rejection rates; I =

« T a b 1 1.05 1.10 1.20 1.50
0.25 200 0O 6]0.050 0.065 0.094 0.228 0.796
500 0 7]0.046 0.085 0.174 0.537 0.997
1000 0 8]0.051 0.120 0.325 0.857 1.000
0.50 200 O 6]0.049 0.060 0.082 0.179 0.695
500 O 7/0.045 0.082 0.160 0.460 0.987
1000 O 8]0.048 0.118 0.288 0.769 1.000
0.75 200 0 6]0.049 0.052 0.064 0.121 0.458
500 O 7/0.047 0.065 0.104 0.286 0.878
1000 O 8|0.047 0.090 0.189 0.529 0.995

Christian H. Weil — Helmut Schmidt University, Hamburg

MATH
STAT



7L Conclusions MATH

e Distribution of Pearson’'s GoF test statistic,
if applied to count time series, asymptotically

approximated by quadratic-form distribution.

e Distribution can be explicitly computed for

variety of practically relevant count process models.

e Covers both null model being fully specified, and

where parameters have to be estimated.

e Simulations: asymptotic approximation works rather well,

test successfully applied to uncover model violations.
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