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@ Phase I Analysis for Process Monitoring Cara A

Phase I analysis: retrospective analysis of in-control data.

Objective: determine reliable estimates of process parameters,

establish control limits for future process monitoring.

Steps of a Phase I analysis (Montgomery, 2009):

1. Select appropriate model for set of data,

and control statistic for process monitoring.

2. Estimate model parameters from data

that are believed to represent in-control process.

3. Use estimated parameters for determining control limits.
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@ Phase I Analysis for Process Monitoring Cara A

Steps of a Phase I analysis (cont.):
4. Calculate control statistics by using set of data,
plot these on designed control chart.
(a) Points plot within control limits = set of data declared
to represent in-control process, go to Step 5.

(b) Points plot beyond control limits but assignable cause of

variation = corrective actions to improve process.

(c) Points plot beyond control limits but no assignable cause
— discard observations (“outliers’);
return to Step 2.

5. Parameter estimates for Phase II application.
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@ Phase I Analysis for Process Monitoring Cara A

Phase I analysis for attributes data:

e binomial counts X1,..., Xy according to Bin(n,w)

with fixed sample size n known, or
e Poisson counts Xq,..., X according to Pois(u).

Recommendation (Montgomery, 2009):
Shewhart-type control charts, i. e., np charts and ¢ charts,

respectively, for binomial and Poisson counts.
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@ Phase I Analysis for Process Monitoring

Initial assumption (‘textbook case): i.i.d. data.

Then, parameter estimation during Phase I analysis

via mean X = £/, X; of set of data:

—~

— 1 —
T = =X VS. v = X.

Note: ML estimator = LS estimator = MM estimator.

If some observations discarded during Step 4:

Compute mean of remaining observations, say
th""’XtK with 1 <1 <... <t <T.
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@ Phase I Analysis for Process Monitoring Cara A

Now allow for serially dependent counts:

e binomial counts Xi,..., Xy according to binomial AR(1)
model (McKenzie, 1985), or

e Poisson counts Xq,..., Xy according to Poisson INAR(1)
model (McKenzie, 1985).

If data complete: ML, CLS and MM estimator known from
literature, e. g., Weilk & Kim (2013) or Weils (2011), resp.

But: ML estimator = LS estimator = MM estimator.
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@ Phase I Analysis for Process Monitoring Cara A

Now allow for serially dependent counts:
e binomial counts Xi,..., Xy according to binomial AR(1)
model (McKenzie, 1985), or

e Poisson counts Xq,..., Xy according to Poisson INAR(1)
model (McKenzie, 1985).

If data incomplete (e. g., during Step 4 of Phase I analysis):

ML, CLS and MM estimator?
Reliability of such estimators?

Or simply ignore outliers?
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@ Parameter Estimation for Poisson INAR(1) Process LT~

Poisson INAR(1) model of McKenzie (1985),
using binomial thinning operator of Steutel & van Harn (1979):

Let >0 and a« € (0;1). Let Xg ~ Pois(u),
let (e;)y be i.i.d. according to Pois(u(l — o).

Then (X;)y, defined via
Xt = aoXy_ 1 + ¢ fort>1,
plus appropriate independence assumptions.

= Stationary Markov chain with Pois(u)-marginals,
autocorrelation function equals p(k) = oF.
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@ Parameter Estimation for Poisson INAR(1) Process LT~

h-step regression properties (Freeland & McCabe, 2004):
For time lag h > 1,

pM(k|l) = P(Xpyp =k | Xe =1)
= st (0) (@h)™ (1 - oty T
(n(1—ah)" "

T (h—m)! exp (— (1 -ah)),
m(M)(z) = ElXigp | Xe=2] = oz + uw(l—ah).
Yajima & Nishino (1999): o(t) = 0 if missing observation.

T = (Z?zl o(t) :Et)/( Z?:l o(t)),
F(k) == (Si=1 o(®)o(t+k) (xt—7) (m4 41— 7)) /(] 0o(t)o(t+k)).
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@ Parameter Estimation for Poisson INAR(1) Process LT~

Available observations: Tt1y- -y Ty 1<t <... <t <T.
Missing observations between x;, and x¢, , when t;, —t,_q1 > 1.
Indicator o(t) = 1 iff t € {t1,...,tx} and O otherwise.

e Modified ML approach: un, apm by maximizing
L(p, ) = p(ay) TE_, pUe=t=1) (24, |2y, ).
e Modified CLS approach: ic|s,acs by minimizing
S(pe) = Sy (w, — mG-1) (2 )%
e Modified MM approach:
oMM = I, amm = (1) /5(0).
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@ Parameter Estimation: Incomplete Data or Outliers ~27~

Simulation study:

Poisson INAR(1) time series of lengths T' = 50, 200;

means u = 1.44, 4, autocorrelations a«a = 0.3, 0.5, 0.7.

For rates »r=0.02, 0.05, 0.10, 0.25, |r-T'| observations

discarded or contaminated as positive additive outliers (AO™):
Oy = Xt + k¢, wWhere k; ~ Pois(4/p) (Barczy et al., 2012).

10,000 replications for each scenario,
ML and CLS estimates numerically via R’'S nlminb,

ARL computations with Markov chain approach in Matlab.
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@ Parameter Estimation: Incomplete Data or Outliers ~27~

Selected results from simulation study:

a-estimate invalid if outside (0;1): If missings ...

pw=1.44 pu=4a
o T Rate InvML InvCLS IﬂVMM InvML I”VCLS InvMM
0.5 50 O 15 18 16 13 15 15
0.02 10 10 10 12 14 14
0.05 23 25 25 17 18 18
0.1 37 40 39 36 40 40
0.25 106 120 120 109 119 122
0.5 200 O 0 0 0 0 0 0
0.02 0 0 0] 0 0 0
0.05 0 0 0 0 0 0
0.1 0 0 0 0 0 O
0.25 0 0 0 0 0 0

Christian H. Weils — Helmut Schmidt University, Hamburg



@ Parameter Estimation: Incomplete Data or Outliers ~27~

Selected results from simulation study:

a-estimate invalid if outside (0;1): If outliers ...
uw=1.44 u=4

« T Rate InvML InvCLS IﬂVMM InvML I”VCLS InvMM

0.5 50 O 15 18 16 13 15 15
0.02 138 189 183 157 157 156
0.05 518 521 502 435 436 426
0.1 1588 1588 1564 | 1489 1488 1472
0.25 | 3177 3166 3145 | 3019 3003 29381

0.5 200 O O 0 0 0 O O
0.02 0 1 0 0 O O
0.05 4 4 4 4 4 4
0.1 117 116 113 6l 60 58
0.25 1004 994 979 849 838 310
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@ Parameter Estimation: Incomplete Data or Outliers ~27~

Selected results from simulation study:

Certainly, u-estimate increased iff AOT contamination.

Means of a-estimates (for p = 1.44):

Qo T Rate

ML

Missing
acLs

MM

ML

Outlier
ACLS

MM

0.5 200 O
0.02
0.05
0.1
0.25

0.494
0.494
0.493
0.493
0.492

0.485
0.484
0.484
0.484
0.4382

0.483
0.484
0.483
0.484
0.481

0.494
0.379
0.252
0.151
0.077

0.485
0.353
0.251
0.175
0.110

0.483
0.351
0.250
0.174
0.109

Qutliers mimic much less serial dependence,

ML estimator more sensitive to outliers,

while less biased (and less s.d.) otherwise.
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@ Parameter Estimation: Incomplete Data or Outliers ~27~

Selected results from simulation study:

Design of c-chart with estimates,
choose smallest UCL such that ARLg > 200:

. Q UCL ARL

Theoretically: £
Y- 144 05 6 323.3
Practice:
p=1.44

0.5 200 O 6.112 467.7

0.02 6.118 6.387 476.2 787.7

0.05 6.118 6.810 477.0 1324.0

0.1 6.112 7.194 469.9 2862.0

0.25 6.117 8.653 476.9 37140.0
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@ Real-Data Example: IP Counts QAT

Data set from Weils (2007): [ENBIS-6, Wroclaw, 2006]

Number of different IP addresses accessesing web server
per 2-min on November 29, 2005 (10 a.m. — 6 p.m.)

= time series x1,...,x241 Of length T'= 241.
Tt g I
4
2 l
i.La.d oo e 0 i TP Al Tl
100 150 200 224 t

Mean close to variance (1.315 vs. 1.392) = Poisson model.

SACF indicates AR(1) structure (with p(1) ~ 0.219).
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@ Real-Data Example: IP Counts

Phase I analysis:.

1. Model: Poisson INAR(1); wuse c chart (plot x:).
2. Estimates /1|\/||_ = 1.312, &I\/IL — 0.235.
3. Control limit UCL =6, “believed ARLy": 441.5.

4. Plot data on ¢ chart (see before);
alarm at time period 224;
assume that no assignable cause (Step 4.c)

= zoo4 as AOT, discard from data, return to Step 2.
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a

Real-Data Example: IP Counts

Phase I analysis:.

2.

3.

Revised estimates up = 1.281, ap. = 0.290.

Control Iimit UCL =6, “believed ARLp"": 503.0.

. Plot data on ¢ chart (see before);

Nno further alarm.

Christian H. Weils — Helmut Schmidt University, Hamburg

. In-control model found, start with Phase II monitoring.



@ Real-Data Example: IP Counts QAT

However, for particular data example,
we can associate assignable cause with time period 224:
replace xo>4 = 8 by corrected value xzo54 := 1 (Weils, 2007).

Complete without Corrected
Estimates data o4 Tooa = 1
LML 1.312 1.281 1.282
aM L 0.235 0.290 0.291
ARL of ¢ chart
with UCL =6 and
ML estimates 441.5 503.0 501.3

Estimates for corrected data ~ estimates for incomplete data.
Outlier: p-estimate increased, a-estimate decreased.
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@ Conclusions P varava

e Even few outliers may have severe effect
on estimates and chart design

= diligent removal of outliers from Phase I data.

e Above estimation approaches for time-dependent counts

for incomplete data (without outliers) during Phase 1.

e Even 25 % missing observations (due to outliers)
no serious problem in chart design in Phase I.

only minor effect on ARLy performance.

e Approach successful for real application.
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@ Work in progress P74

e Parameter estimation from incomplete data
for binomial AR(1) processes:
Approaches by Yajima & Nishino (1999)
and Weils & Pollett (2012).

e Simulations for incomplete binomial data,

performance of estimators.
e Additive outliers for binomial data with their finite range.

e Effect of missing observations and outliers on np chart.
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