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Ung' Some introductory words . ..
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Definition & Properties



wi Poisson INAR(1) Processes
Definition of INAR(1) process:

Let (e)y be i.i.d. process with marginal distribution Po(u),
let @ € (0;1). Let Ng ~ Po(3%;). If the process (Ny)n,

satisfies

Nty = aoNy_1 + €, t>1,

plus sufficient independence conditions, then it follows a
stationary Poisson INAR(1) model with marginal distributi-
on Po(ﬁ).

McKenzie (1985), Al-Osh & Alzaid (1987, 1988)
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UN| Poisson INAR(1) Processes

Binomial thinning, due to Steutel & van Harn (1979):

N discrete random variable with range {0O,...,n} or Np.
Binomial thinning N
aoN = Z X,
i=1

where X; are independent Bernoulli trials ~ B(1, «).

Guarantees that right-hand side always integer-valued:
Nt —_ OtONt_l —|— €t.
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wi Poisson INAR(1) Processes

Interpretation of INAR(1) process:

N. = oo Ny_ €.
<t aolNe-y  + &
Population at time ¢ Survivors of time t — 1 Immigration

Interpretation applies well to many real-world problems:

e N;.: number of users accessing web server, €. number of

new users, ao Ny_1: number of previous users still active.

e ... and many more, see Weils (2007).
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wi Poisson INAR(1) Processes

The INAR(1) model ...
e is of simple structure,
e essential properties known explicitly,
e iS easy to fit to data,
e IS easy to interpret,
e applies well to real-world problems, ...

In a nutshell: A simple model for autocorrelated counts,
which is well-suited for SPC!
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Dependence and Jumps



WO Poisson INAR(1): Dependence & Jumps

Basic properties concerning the serial dependence structure

of Poisson INAR(1) processes:

e autocorrelation p(k) := Corr[Ny, Ny ] = o,
e pyy ‘= PWNt=k | N1 =1)
in (k,l - _ .
= Z;-n:'%( 2 (é)oﬂ(l — o) P(eg =k — j).
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UNI Poisson INAR(1): Dependence & Jumps

Explicit expression for
bivariate probability generating function (pdf):

PN, N, (z1,22) = exp(1ts (21— 1)) -exp (s (22— 1))
cexp (72 (21 — 1)(z2 — 1) - aF),

which is essentially a function of p(k).

= Particular type of bivariate Poisson distribution.
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WO Poisson INAR(1): Dependence & Jumps

Taking partial derivatives, one obtains from py, N, , (21, 22)
that

E[Nt | Ni_p=1] = £ - (1—-aF) + o" -z,

VING | Np_p=12] = (1-0a") (& + o 2),

also see Freeland (1998).
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UNI

wii Poisson INAR(1): Dependence & Jumps

From pn, N, ,(21,22), one can derive the explicit expression
P(Nt = Ny_ £ j)

exp (=2 £ (1 —a®)) - I;(2 £ (1 - a¥)), j € No,

where
() e (5)F - (B)F
)= i e )

denotes the modified Bessel function of the first kind.
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WO Poisson INAR(1): Dependence & Jumps

Distribution of jumps J; := Ny — N;y_1:

P(Jy = =£j) = exp(—2u)-1; (2u), J € No.
0.2_,"
OJ15 — U=2
U=0
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wii Poisson INAR(1): Dependence & Jumps

= Important properties of the distribution of jumps:
Mean and skewness of J; are equal to O,
its variance equals 2u, and

the excess of J; is given by %
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WO Poisson INAR(1): Dependence & Jumps

Final remark:

Similar results are also derived for

higher-order jumps J;(%) := N, — N,_,.

Also INMA(q) models show a similar dependence structure

and a similar distribution of jumps.

For further details, see Weilk (2008a).
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UN| Poisson INAR(1) Processes

Poisson INAR(1) model:

(Nt)N, is stationary Poisson INAR(1) process with innova-

tions (e)n ~ Po(u). SO Ny ~ Po(#).

State of statistical control: u = pupg and a = agp.
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WO Controlling INAR(1) Processes — Concepts

Weils (2007) proposed the following control charts:

e c-Chart for Poisson INAR(1),

e Residual control chart,

e Conditional control chart,

e Moving average control chart.

Simulation study for ARL performance.
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WO Controlling INAR(1) Processes — Concepts

Disadvantages of the charts proposed by Weilk (2007):

e charts cannot be applied universally,

e Often insensitive towards a change only in the serial de-

pendence structure, i. e., where mean unaffected,

e exact ARLs are extremely difficult to obtain.

T herefore, . ..
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Wi Combined Jumps Chart — Concept

T he standard c-chart:

Observed counts N; plotted on chart with control region
Ce(lyu) :=Hl,...,u}, l,u € Np, 0<I<puno<u.

Process considered as being in control unless Ny € Ce(1,u).
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Wi Combined Jumps Chart — Concept

The new jumps chart:

Observed jumps J; .= Ny — Ny_1 plotted on chart with con-

trol region
C](k) L= {—/{,...,k}, k € N.

Process considered as being in control unless J; QCj(k).

Possible choice of k: k= |3-v2u0]
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Wi Combined Jumps Chart — Concept

Proposition: (Weils, 2008b)

Let (N¢)n, be stationary Poisson INAR(1) process.
Then (Vg J¢)y is bivariate Markov chain, range Ng x Z.

Transition probabilities

P(Nt=n,Jit =3 | Nio1=m,J;_1 = 1)

p(n,j | m,i) :

5j,n—m ) pn|m

Marginal probabilities

p(n,j) L= P(Nt:nw]t:j) — Pnn—j-
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Wi Combined Jumps Chart — Concept

Idea: Combine ¢~ and jumps chart, i. e., monitor both 1V
and J¢; simultaneously.

Advantages:

e c-part sensitive to changes in the mean, jumps-part sen-
sitive to changes in the dependence structure (decreased
dependence = larger jumps).

o (N, Ji)y Markov chain = exact ARL computation with
approach of Brook & Evans (1972).
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Wi Combined Jumps Chart — Concept

Combined Jumps Chart:
Let l,u,k € Ng with Il <u and k£ <u —I.

Observed pairs (Ng, J¢) plotted simultaneously on c-chart
with control region C.(l,u) and jumps chart with control

region C;(k).

Process considered as being in control
unless Nty € Cc(l,u) or Je & C;(k).

Christian H. Weils — University of Wiurzburg



Wi Combined Jumps Chart — Concept

Combined Jumps Chart: ARL computation.

Exact ARL computation through solving appropriate system

of linear equations
I-Q)-pn = 1

Dimension of matrix determined by number of reachable

in-control states.

For details and proofs, see Weils (2008b).
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Combined Jumps Chart — Concept

Real-data example:

CJ chart, design 1712

(Lu k) =(2,19,10), MMM\AVW M M Y
applied to 2.2 \// / \j\/ W
claims count data T w w 80
(Freeland, 1998). i ‘

In-control model: ’ "'.VIVA"‘."' ""“ Mv.“'l'l'A‘vlﬁ'l"“"l?l vA“"yA‘
po = 5.2 N ’

and ag = 0.40.
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Combined Jumps Chart — Concept

ARL performance
of above

CJ chart

with design

(l,u, k) =(2,19,10):
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WO Combined Jumps Chart — ARL Performance

We study three types of out-of-control situations:
e o = qp is fixed, but u varies,
e 1n = g IS fixed, but « varies,

= Marginal process mean La IS affected.

e Marginal process mean uy = ﬁ = 152@ is fixed, but «

varies, and therefore also u = un - (1 — «).
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WO Combined Jumps Chart — ARL Performance
el Y (oo LUK):
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a = «aq fixed, but p varies: Au = u — up.
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WO Combined Jumps Chart — ARL Performance

1800 (Lu.K)
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a = 0.3 fixed, but u varies compared to ug = 9.8.
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Combined Jumps Chart — ARL Performance
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u = uo fixed, but a varies: Aa ;= a — agp.

Christian H. Weils — University of Wiurzburg




UNI

800

700 1

600

500

ARL

300

200 r

100

400

Combined Jumps Chart — ARL Performance
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u = 9.8 fixed, but a varies compared to ag = 0.3.
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Conclusions

e INAR(1) model:
Simple, easily interpretable model, well-suited for real-
world problems from SPC.

New results concerning serial dependence structure and
distribution of jumps.

e Combined Jumps chart:

Exact ARL computation with Markov chain approach,
sensitive to various types of out-of-control situations,
only three design parameters.

But design has to be selected carefully!
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