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INAR(1) Processes

Popular for real-valued stationary processes:

ARMA(p,q) model. Let (ϵt)Z white noise, then

Xt = α1 ·Xt−1+ . . .+αp ·Xt−p+ϵt+β1 ·ϵt−1+ . . .+βq ·ϵt−q,

where α1, . . . , αp, β1, . . . , βq ∈ R suitably chosen.

Autocorrelation via Yule-Walker equations:

ρX(k) =
∑p
j=1 αj ·ρX(|k−j|) + σ2ϵ

σ2X
·∑q−k

i=0 βi+k ·ai + δk0 ·
σ2ϵ
σ2X

.

Example: AR(1) model Xt = α·Xt−1+ϵt with ρX(k) = αk.

Not applicable to count data processes: generally, α·X ̸∈ N0.
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INAR(1) Processes

Several approaches in literature of

how to avoid the “multiplication problem”.

In this talk, we consider models based on

binomial thinning operator (Steutel & van Harn, 1979):

α ◦X :=
X∑

i=1
Yi, where Yi are i.i.d. Bin(1, α),

i. e., α ◦X ∼ Bin(X,α) and has range {0, . . . , X}.

(≈ number of “survivors” from population of size X)
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INAR(1) Processes

Let (ϵt)Z be i.i.d. with range N0 = {0,1, . . .},
denote E[ϵt] = µϵ, Var[ϵt] = σ2ϵ . Let α ∈ (0; 1).

(Xt)Z referred to as INAR(1) process if

Xt = α ◦Xt−1 + ϵt for t ≥ 1,

together with appropriate independence assumptions.

(McKenzie, 1985)

Homogeneous Markov chain with

P(Xt = k | Xt−1 = l) =
min {k,l}∑

j=0

(l
j

)
αj(1−α)l−j ·P(ϵt = k−j).
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INAR(1) Processes

If INAR(1) process stationary (see below), then

pgfX(z) = pgfX(1− α+ αz) · pgfϵ(z).

In particular, if µϵ, σϵ < ∞, we have

µX =
µϵ

1− α
, σ2X = µX ·

σ2ϵ
µϵ

+ α

1+ α
.

(Note: Xt equidispersed iff ϵt equidispersed.)

Autocorrelation function: ρX(k) = αk, i. e., AR(1)-type.

For further properties and references, see Weiß (2008).
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Poisson INAR(1) Processes

Most popular instance of INAR(1) family:

Poisson INAR(1) model, Xt = α ◦Xt−1 + ϵt.

Here, innovations (ϵt)Z i.i.d. Poi(λ), such that µϵ = σ2ϵ = λ.

Stationary marginal distribution:

also Poisson distribution, Poi( λ
1−α), because:

additivity of Poisson distribution, and

Poisson distribution invariant to binomial thinning:

If X ∼ Poi(µ), then α ◦X ∼ Poi(α · µ).
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Poisson INAR(1) Processes

Poisson INAR(1) has equidispersed marginals.

Modifications to get overdispersed marginals:

• modify thinning operation (Weiß, 2008), or

• modify distribution of innovations, e. g.,

as in Jung et al. (2005), Pedeli & Karlis (2011):

negative binomially (NB) distributed ϵt’s.

In the following, we more generally consider

compound Poisson (CP) distributed innovations.
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Compound Poisson Distribution

Y1, Y2, . . . i.i.d. with range N = {1,2, . . .},
denote pgf as H(z).

Let N ∼ Poi(λ), independent of Y1, Y2, . . .

ϵ := Y1 + . . .+ YN compound Poisson distributed:

ϵ ∼ CP(λ,H).

Then pgfϵ(z) = exp
(
λ(H(z)− 1)

)
. (Feller, 1968)

More precisely:

ϵ ∼ CPν(λ,H) if H(z) = h1z + . . .+ hνzν with hν > 0,

ϵ ∼ CP∞(λ,H) if Yi have infinite range.

Christian H. Weiß — Darmstadt University of Technology



Compound Poisson Distribution

Some examples:

• CP1(λ,H) = Poi(λ).

• CPν with ν < ∞ and hx = 1/ν for x = 1, . . . , ν:

Poisson distribution of order ν, abbr. Poiν(λ).

• NB(n, π)-distribution: CP∞ with λ := −n lnπ and

H(z) =
ln

(
1− (1− π)z

)
lnπ

=
∞∑

k=1

(1− π)k

−k lnπ
zk.
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Compound Poisson Distribution

Important properties:

• κϵ,r = λ · µY,r (Aki, 1985)

⇒

ϵ equidispersed iff ν = 1,

ϵ overdispersed iff ν > 1.

• If X1, X2 independent with Xi ∼ CPν(λi, Hi) (common ν),

then X1 +X2 CPν(λ,H)-distributed.

• If X ∼ CPν(λ,H), then α ◦X ∼ CPν(µ,G).
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Compound Poisson INAR(1) Processes

INAR(1) process (Xt)t∈Z referred to as

CPINAR(1) process
if innovations (ϵt)Z i.i.d. CPν(λ,H) (possibly ν = ∞).

ν = 1: Poisson INAR(1) model.

NB-innovations: Jung et al. (2005), Pedeli & Karlis (2011).

Using Heathcote (1966), we show:

If H ′(1) < ∞, then unique stationary marginal distribution

of (Xt)t∈Z is CPν(µ,G), where

µ
(
G(z)− 1

)
= λ

∑∞
i=0

(
H(1− αi + αiz)− 1

)
.
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Compound Poisson INAR(1) Processes

Preliminary summary:

Stationary CPINAR(1) process with CPν(λ,H)-innovations

has CPν(µ,G)-observations (same ν), i. e.,

(Xt)t∈Z is equidispersed iff ν = 1,

(Xt)t∈Z is overdispersed iff ν > 1.

Aim: Develop test to distinguish between

• null hypothesis of equidispersion (ν = 1), and

• alternative hypothesis of overdispersion (ν > 1).

Index of dispersion: IX :=
σ2X
µX

, ÎX :=
S2
X

X̄
.
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Compound Poisson INAR(1) Processes

Using Pakes (1971), we show:

If H ′(1) < ∞, then (Xt)t∈Z is α-mixing
with exponentially decreasing weights α(n).

⇒ central limit theorem of Ibragimov (1962) applicable,

e. g., to Y t :=
(
Xt − µX, X2

t − µ2X − σ2X
)
:

1√
T

∑T
t=1Y t

D−→ N (0,Σ) with Σ =
(
σij

)
given by

σij = E
[
Y0,iY0,j

]
+

∑∞
k=1

(
E[Y0,iYk,j] + E[Yk,iY0,j]

)
.
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Compound Poisson INAR(1) Processes

Theorem: For 0 ≤ s1 ≤ . . . ≤ sr−1 and r ∈ N, denote

µ(s1, . . . , sr−1) := E[Xt ·Xt+s1 · · ·Xt+sr−1
].

Let (Xt)Z (arbitrary) stationary INAR(1) process,

with existing moments µϵ,r := E[ϵrt ] for r ≤ 4.

Then for any 0 ≤ k ≤ l ≤ m,

µ(k) = σ2X · αk + µ2X,

µ(k, l) = (µ̄X,3 − σ2X) · αl+k + (1+ µX)σ2X · αl

+ µXσ2X · (αl−k + αk) + µ3X,

(. . . )
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Compound Poisson INAR(1) Processes

(. . . )

µ(k, l,m) = αm+l+k ·
(
µ̄X,4 − 3µ̄X,3 + σ2X(2− 3σ2X)

)
+ µ4X

+ (µ̄X,3 − σ2X)
(
(2 + µX) · αm+l

+ (1+ µX) · αm+k + µX · (αm+l−2k + αl+k)
)

+ (1+ µX)2σ2X · αm

+ µX(1 + µX)σ2X · (αm−k + αl)
+ µ2Xσ2X · (αm−l + αl−k + αk)
+ σ4X · (αm−l+k +2αm+l−k).
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Compound Poisson INAR(1) Processes

Corollary: Defining σij as above, we have

σ11 = σ2X
1+ α

1− α
,

σ22 =
(
µ̄X,4 − (1− 2µX) µ̄X,3 − 2µXσ2X − σ4X

) 1+ α2

1− α2

+(1+ 2µX)(µ̄X,3 +2µXσ2X)
1 + α

1− α
,

σ12 = σ21 =
1

2
(µ̄X,3 − σ2X)

1 + α2

1− α2

+
1

2

(
µ̄X,3 + σ2X(1 + 4µX)

) 1+ α

1− α
.
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Compound Poisson INAR(1) Processes

Index of dispersion: IX :=
σ2X
µX

, ÎX :=
S2
X

X̄
,

where

X̄ = 1
T

∑T
t=1Xt, S2

X = 1
T

∑T
t=1(Xt−X̄)2 =

(
1
T

∑T
t=1X

2
t

)
−X̄2.

Application of delta theorem to above result yields

√
T · (ÎX − IX) D−→ N

(
0, σ2

)
as T −→ ∞,

σ2 =
1+ α

1− α
(µX − σ2X)

µ̄X,3

µ3X
−

σ4X
µ4X


+

1+ α2

1− α2

µ̄X,4

µ2X
−

µ̄X,3

µ3X
(µX + σ2X) +

σ4X
µ3X

(1− µX)

 .
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Compound Poisson
INAR(1) Processes

Testing for Overdispersion



Compound Poisson INAR(1) Processes

Design of test for overdispersion:

H0: (Xt)t∈Z follows Poisson INAR(1) model

with parameters (λ, α).

In this case, we have

√
T · (ÎX − 1) D−→ N

0, 2
1+ α2

1− α2

 as T −→ ∞.

⇒ critical value

1+ z1−β ·

√√√√√2

T

1+ α2

1− α2
,

where z1−β: (1− β)-quantile of N(0,1)-distribution.
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Compound Poisson INAR(1) Processes

Example: Monthly claims counts (1987 to 1994):

burn related injuries in heavy manufacturing industry.

Source: Freeland (1998).
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Compound Poisson INAR(1) Processes

Example (continued): Freeland’s claims counts data.

Length T = 96, x̄ ≈ 8.604, s2x ≈ 11.24

⇒ Îy ≈ 1.306, i. e., about 31 % of empirical overdispersion.

However, plugging-in ρ̂(1) ≈ 0.452 instead of α,

critical value 1.292 (significance level β = 0.05),

i. e., quite narrow decision.

Christian H. Weiß — Darmstadt University of Technology



Compound Poisson INAR(1) Processes

Example (continued): Freeland’s claims counts data.
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Histogram with fitted Poi-marginal distribution.
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Compound Poisson INAR(1) Processes

Example (continued): Freeland’s claims counts data.
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Compound Poisson INAR(1) Processes

Our above result

√
T · (ÎX − IX) D−→ N

(
0, σ2

)
as T −→ ∞,

σ2 =
1+ α

1− α
(µX − σ2X)

µ̄X,3

µ3X
−

σ4X
µ4X


+

1+ α2

1− α2

µ̄X,4

µ2X
−

µ̄X,3

µ3X
(µX + σ2X) +

σ4X
µ3X

(1− µX)

 ,

also applicable to overdispersed alternative!

⇒ Power analysis, e. g., for NB(n, π)-innovations:

n controls mean, π overdispersion, α autocorrelation.

Christian H. Weiß — Darmstadt University of Technology



Compound Poisson INAR(1) Processes

Power analysis for NB(n, π)-innovations:
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Compound Poisson INAR(1) Processes

Power analysis for NB(n, π)-innovations:
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Compound Poisson INAR(1) Processes

Power analysis for NB(n, π)-innovations:
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Compound Poisson INAR(1) Processes

Power analysis for NB(n, π)-innovations:
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Conclusions

. . . and Future Research



Compound Poisson INAR(1) Processes

In a nutshell:

• CPINAR(1) model for overdispersed counts,

• asymptotic behaviour of CPINAR(1) model,

• asymptotic behaviour of index of dispersion, both for

Poisson case (null) & overdispersed case (alternative),

• asymptotic power analysis: sensitivity of test

severely influenced by serial dependence.
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Compound Poisson INAR(1) Processes

Ideas for future research:

• CPINAR(1): approximate marginal distribution

for infinite compounding structure.

• CPINAR(1): parameter estimators

and their (asymptotic) properties.

• Higher-order autoregressions p > 1, diagnosing p > 1.

• . . .

Christian H. Weiß — Darmstadt University of Technology



Thank You

for Your Interest!

Christian H. Weiß

Department of Mathematics

Darmstadt University of Technology

weiss@mathematik.tu-darmstadt.de



Literature

Aki (1985): Discrete distributions of order k on a binary sequence. Ann. Inst. Statist.
Math. 37(1), 205-224.
Feller (1968): An introduction to probability theory . . . – Volume I. 3rd edition, Wiley.
Freeland (1998): Statistical analysis of discrete time series . . . PhD thesis.
Heathcote (1966): A branching process allowing immigration. Jour. Roy. Stat. Soc.
B 28(1), 213-217.
Ibragimov (1962): Some limit theorems for stationary processes. Theory Prob. & Ap-
pl. 7(4), 349-382.
Jung et al. (2005): Estimation in conditional first order autoregression with discrete
support. Stat. Papers 46(2), 195-224
McKenzie (1985): Some simple models for discrete variate time series. Water Re-
sources Bulletin 21(4), 645-650.
Pakes (1971): Branching processes with immigration. J. Appl. Prob. 8(1), 32-42.
Pedeli & Karlis (2011): A bivariate INAR(1) process with application. Stat. Model-
ling 11(4), 325-349
Steutel & van Harn (1979): Discrete analogues of self-decomposability and stability.
Ann. Prob. 7(5), 893-899.
Weiß (2008): Thinning operations for modelling time series of counts – a survey. Adv.
in Stat. Analysis 92(3), 319-341.

Christian H. Weiß — Darmstadt University of Technology


